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Summary

Intelligent agents are computational entities that autonomously interact with an
environment to achieve their design objectives. On the one hand, reinforcement learning
(RL) encompasses machine learning techniques that allow agents to learn by trial and
error a control policy, prescribing how to behave in the environment. Although RL
is proven to converge to an optimal policy under some assumptions, the guarantees
vanish with the introduction of advanced techniques, such as deep RL, to deal with high-
dimensional state and action spaces. This prevents them from being widely adopted in
real-world safety-critical scenarios.

On the other hand, formal methods are mathematical techniques that provide
guarantees about the correctness of systems. In particular, model checking allows
formally verifying the agent’s behaviors in the environment. However, this typically
relies on a formal description of the interaction, as well as conducting an exhaustive
exploration of the state space. This poses significant challenges because the environment
is seldom explicitly accessible. Even when it is, model checking suffers from the curse of
dimensionality and struggles to scale to high-dimensional state and action spaces, which
are common in deep RL.

In this thesis, we leverage the strengths of deep RL to handle realistic scenarios while
integrating formal methods to provide guarantees on the agent’s behaviors. Specifically,
we activate formal verification of deep RL policies by learning a latent model of the
environment, over which we distill the deep RL policy. The outcome is amenable for
model checking and is endowed with bisimulation guarantees, which allows to lift the
verification results to the original environment.

Beyond distillation, we show that our method is also useful for learning representation
in the context of deep RL, facilitating the learning of the policy in complex environments.
In particular, we present a framework for partially observable environments.

We finally show how our method can be leveraged in the context of synthesis, i.e., the
automatic generation of controllers from logical specifications with formal guarantees.
Precisely, we present how deep RL components learned via our latent space models
facilitate synthesis in typically intractable environments.







Samenvatting

Intelligente agenten zijn computationele entiteiten die autonoom interageren met een
omgeving om hun doelstellingen te bereiken. Reinforcement learning (RL) verwijst naar
technieken voor machinaal leren die agenten in staat stellen om een policy te leren op
basis van een gegeven doelstelling. Hoewel bewezen is dat RL convergeert naar een
optimale policy onder bepaalde aannames, verdwijnen de garanties met de introductie
van geavanceerde technieken, zoals deep RL, welke nodig is om met hoog-dimensionale
toestands- en actieruimtes om te gaan. Dit voorkomt dat ze op grote schaal worden
toegepast in veiligheidskritische scenario’s.

Formele methoden wiskundige technieken die garanties geven over de correctheid van
systemen. Met name “model checking” maakt het mogelijk om het gedrag van de agent
in de omgeving formeel te verifiéren. Dit is echter meestal athankelijk van een formele
beschrijving van de interactie, evenals het uitvoeren van een volledige exploratie van de
toestandsruimte. Dit brengt aanzienlijke uitdagingen met zich mee, omdat de omgeving
zelden expliciet toegankelijk is. Zelfs als dat wel het geval is, heeft “model checking” te
lijden onder de vloek van de dimensionaliteit en heeft het moeite om op te schalen naar
hoog-dimensionale toestands- en actieruimten, die vaak voorkomen in diepe RL.

In dit proefschrift maken we gebruik van de sterke punten van deep RL om realistische
scenario’s aan te kunnen, terwijl we formele methoden integreren om garanties te bieden
voor het gedrag van de agent. Specifiek faciliteren we formele verificatie van de deep RL
policy door het leren van een latent model van de omgeving alsook de deep RL policy.
De “model checking” wordt dan in het gedistilleerde latente model wordt uitgevoerd.
Aan gezien het gedistilleerde latente model voorzien is van bisimulatiegaranties, zijn de
garanties overdraagbaar naar de oorspronkelijke omgeving en policy.

Naast destillatie laten we zien dat onze methode ook nuttig is voor het leren van
representaties in de context van diepe RL, waardoor het leren van de policy in complexe
omgevingen wordt vergemakkelijkt. In het bijzonder presenteren we een raamwerk voor
partieel observeerbare omgevingen.

Tot slot laten we zien hoe onze methode kan worden gebruikt in de context van
synthese, d.w.z. het automatisch genereren van controllers uit logische specificaties met




Samenvatting

formele garanties. We laten met name zien hoe deep RL-componenten, geleerd via onze
latente modellen, synthese vergemakkelijken in omgevingen die doorgaans moeilijk te
analyseren zijn.
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Introduction

Intelligent agents are computational entities that autonomously interact with an
environment. The environment often refers to the physical world, a complex simulation
of the latter, a virtual one, or even a software system. Agents are usually designed to
achieve specific objectives within their environment, such as controlling a robot [Xiao
et al., 2022; Haarnoja et al., 2024], playing video games [Mnih et al., 2015; Wurman et al.,
2022], managing a power grid [Mason and Grijalva, 2019; Ceusters et al., 2021], or even
mitigating epidemics [Libin et al., 2020; Reymond et al., 2024] and controlling nuclear
fusion [Degrave et al., 2022].

Suppose you, dear reader, want to design a robot that navigates to a specific location
without colliding with obstacles. One way to achieve this is to program the robot with
a set of rules that dictate how to move based on the sensor readings. If you consider
a toy environment that consists of the map in which the agent operates divided into a
grid (a “grid world”), the number of possible states (number of cells) and actions (the 4
directions) may be small, and the designer can manually specify those rules according to
the position of the agent in the grid. However, this approach is hardly tractable, if not
impossible in realistic scenarios. Indeed, the environment can be

« complex: it may consist of your office, house, garden, or even the park down your
street;
« dynamic: people may enter and leave, change room configuration;

15



CHAPTER 1. INTRODUCTION

« uncertain: this could relate to the unexpected presence of humans or obstacles in
the room, doors being locked, the accuracy of the sensors; or

« large, continuous and embed high-dimensional spaces: the agent may need to
process images or videos and control its joint actuators.

Reinforcement learning. A suitable alternative is to design an agent that learns how
to navigate by itself, by continuously interacting with the environment. This is the core
idea behind reinforcement learning (RL, e.g., Sutton and Barto, 2018; Szepesvari, 2010): the
agent learns a control policy, by trial and error, to maximize some numerical reward signal
expressing a goal or a desirable behavior (Figure 1.1). Then, your role is not to explicitly
program how the robot should behave but to design the way the robot learns to navigate
(i.e., the learning algorithm) and the reward signal that guides the learning process.

A simple analogy to understand RL is the way pets are trained. When you teach a dog to
sit, you give it a treat when it sits down. Then, the dog explores different behaviors until
it learns that sitting down is associated with a reward, and it will repeat this behavior
to get the treat.

Guarantees. Since your goal is to design a robot that navigates safely, you may want
to ensure that the robot does not fall, does not collide with obstacles, and eventually
reaches the target location. In simple environments (precisely, those that can be modeled
through tabular data structures), RL algorithms are guaranteed to converge to an optimal
policy under some assumptions [Tsitsiklis, 1994]. However, when considering more
complex scenarios, neural networks are often used to process high-dimensional inputs
(e.g., images or solutions of differential equations corresponding to states of a dynamical
system) and outputs (e.g., continuous control signals). In that case, all the convergence
guarantees vanish. The introduction of neural networks in RL is known as deep
reinforcement learning (deep RL, e.g., Mnih et al., 2015) as they allow to automatically

m

: reward, observation

Figure 1.1: The reinforcement learning loop. At each step of the interaction, the agent
performs an action, receives a reward, and observes the outcome of the action.

16
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Figure 1.2: Model checking.

learn a representation of the input data, which is crucial to handle high-dimensional
spaces.

So, the first question is: how to ensure that the robot navigates safely and achieves
its target objective in complex environments when its control policy has been
learned via deep RL? Taking a step back, it can be useful to consider mathematical
techniques that provide guarantees about the correctness of systems.

Formal verification. Now, assume that you have a formal description of the
environment and the policy defining the agent’s behavior. Following this description,
you may model the interaction between the agent and the environment as a “transition
system”. You have also formalized the specifications of your agent: “the robot should
not collide with obstacles” and “the robot eventually reaches the target location”. Then,
in that case, you may apply model checking [Baier and Katoen, 2008], which is a formal
verification technique that consists as follows. Given a model describing the interaction
of the agent with the environment and the properties that the agent should satisfy or
not, model checking consists in automatically verifying if the properties hold in the input
model (Figure 1.2).

While model checking is a powerful tool that provides guarantees about the agent’s
behavior, it typically relies on an exhaustive exploration of the state space, which
makes the technique prone to the curse of dimensionality. We discussed it before, your
environment is complex, dynamic, uncertain, and high-dimensional. Then, standard
model checking tools will usually fail to scale to such environments. Furthermore, the
environment is seldom explicitly accessible: you solely designed your agent to interact

17



CHAPTER 1. INTRODUCTION

with the environment, meaning that it is able to execute actions and observe its outcomes,
but it does not have access to an explicit description of the environment.

This raises a second question: how to leverage model checking to verify if the
deep RL policy learned in a complex environment satisfies the specifications
defined for the agent?

To answer those questions, I advance the following thesis.

Thesis

By incorporating principles from formal methods, deep reinforcement learning,
representation learning, generative modeling, and bisimulation theory, it is
possible to enable model checking policies obtained via deep reinforcement learning.

Contributions

Markov models, RL, model checking, and bisimulation: they are the four main
pillars of this thesis. Chapter 2 provides a coherent and comprehensive overview of these
concepts. The contribution lies in their presentation and the way they are unified to
further form a consistent framework that allows reasoning about the questions raised
above. While RL and model checking have already been discussed, Markov models give
rise to a mathematical theory that can be used to model the environment, the agent’s
behavior, and the interaction between the two. Notably, a critical challenge is the choice
of specification formalism to express the agent’s requirements, ensuring compliance with
Markov models and RL algorithms. Finally, bisimulation is a mathematical concept that
allows to relate the behavior of the agent operating within different systems [Larsen
and Skou, 1991; Givan et al., 2003]. The concept is central to this thesis, as it allows
considering smaller models than the original environment, or abstracted from it, which
are amenable for formal verification.

Distillation with guarantees. The core contribution outlined in this manuscript lies
midway between RL and formal verification and consists in the development of the
foundations required to enable formal verification of deep RL policies so that one can
leverage the strengths of deep RL to handle complex environments while integrating
formal verification to provide guarantees on the agent’s behaviors (Figure 1.3). Chapter 3
covers this proposition, which involves learning an abstraction of the environment from
the data collected by executing the deep RL policy, resulting in an explicit and tractable
model, that we call latent model. In parallel, the deep RL policy is distilled over the spaces
of the latent model, yielding a latent policy. The two are amenable for model checking.
Furthermore, by design, the latent policy can be executed both in the latent model and

18



Chapter 3 bisimulation guarantees

Reinforcement Learning
:

I

Model Checking

Values of ¢ in M for

Specification ¢

Figure 1.3: Abstraction of the environment into a tractable latent model M and
distillation of the deep RL policy 7 over the abstracted, latent spaces, yielding a latent
policy 7. The latent model M and the distilled policy 7 are amenable for model checking.
Both are endowed with bisimulation guarantees, which allow to lift the verification
results to the original environment. The approach is detailed in Chapter 3.

the original environment. The guarantees obtained by verifying the latent model are spit
out in the form of values that indicate the satisfaction of the input specification in the
latent model. The abstraction and distillation processes are further designed to ensure
that the latent model obtained is bisimilar to the original environment. In our context,
bisimulation finally enables lifting the verification results (the values) obtained in the
latent model to the original environment.

Representation learning and partial observability. Beyond distillation, the
bisimulation guarantees obtained in the latent model are also useful for learning
representations in the context of deep RL. For instance, you may be interested in learning
a representation of the input data that removes the noise and irrelevant information and
keeps only a sufficient information for learning the policy. If your robot is equipped with
a camera, the raw images may contain irrelevant information for the task at hand, such
as the color of the walls or the shadows. Two objects recorded under different angles
may look very different in the raw images, while they are actually the same object.

We prove in Chapter 3 that the abstraction procedure groups states from which the
agent behaves similarly. Then, the induced representation can be used to facilitate the
learning of the policy. In Chapter 4, we push this idea further in scenarios where
representation learning is crucial: partially observable environments. Getting back to your
problem of designing a robot, the latter may have noisy sensors that do not provide a full
view of the environment. Such sensors might be noisy to the point that the agent is not
able to infer directly the true state of the environment from its current observation —
such a setting is actually widely encountered in practice.

19
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Chapter 4

r Reinforcement Learning ) r Latent Abstraction |

discrepancy
Intractable, latent

belief update rule

Latenp

b; : current belief
a; : action played Model

01+1 : observation

Es 5, P(3.at)- Oog41])
E 5, Ey 50O 0t4115)

A

Learned dynamics P, ©

_J

Figure 1.4: Overview of the approach developed in Chapter 4 for partially observable
environments. During the interaction, a latent model is learned with abstraction quality
guarantees. While this latent model is now accessible, the belief update rule is still
intractable to compute. Then, the dynamics of the latent model are leveraged to learn
a “Belief Updater”, which is trained to replicate the intractable belief update rule. The
updater allows the agent to maintain a belief over the possible states of the environment
at each interaction step. The policy is learned on the induced belief space.

To address this issue, the agent may maintain a belief over the possible states of the
environment at each interaction step, which is proven to be a sufficient statistic to behave
optimally under partial observability [Kaelbling et al., 1998]. However, maintaining this
belief requires a model of the environment and is also generally intractable to compute
exactly at each step. We build upon the latent model developed in Chapter 3 to provide
a framework where learning to maintain a belief is made possible by leveraging the
abstraction (Figure 1.4). The result is also guaranteed to be an accurate representation of
the original, partially observable, environment. Then, this enables the agent to learn a
policy that acts on the belief space learned. We further provide representation guarantees
on the belief maintained at each time step.
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Figure 1.5: Synthesis from deep RL components, presented in Chapter 5. The agent
learns diverse skills and behaviors across different rooms, through verifiable latent models
and policies. Then, given (i) a high-level description of the environment, (ii) a collection
of low-level models and policies for each room, and (iii) the specifications, the synthesis
procedure constructs a high-level controller that is guaranteed to satisfy the specification.

Synthesis from deep RL components. Let us get back to the problem of designing
a policy for your robot. Since you have now access to a set of tools for providing the
agent with formally verified RL policies, you have taught it diverse skills and behaviors
that allow it to navigate safely in different rooms and reach some points of interest in
the house. However, you may want to go further and design a control policy to achieve
more complex tasks, such as grabbing a book from the library, starting from anywhere
in the house, and bringing it to the living room. Learning this behavior from scratch is
challenging because you need to provide a reward signal that guides the learning process
toward achieving this specific task. The most obvious approach would be to provide a
single reward only when the book is in the living room. However, this alone is clearly
not sufficient to make the robot learn the complex behavior you desire. Remember,
you taught the robot to navigate through diverse rooms in the house. Then, a natural
approach would be to leverage the skills the robot already knows to achieve the new task.
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CHAPTER 1. INTRODUCTION

Chapter 5 shows how the components learned via our latent space models facilitate
synthesis in very large environments that are typically intractable, even for an RL agent.
An overview of the approach is given in Figure 1.5. Reactive synthesis refers to techniques
constructing a policy in a given model of the environment that satisfies a given objective
(typically specified as a logic formula) by design. In fact, one can see synthesis as a step
further than model checking, when no policy is provided: the model checker then explores
the model to decide whether a policy that satisfies the input specification exists in that
model. If the answer is “yes”, the synthesis problem requires explicitly constructing
such a policy — usually from the results obtained during the model checking procedure.
Synthesis thus suffers from the same drawbacks as model checking: it is computationally
expensive, struggles to scale complex to environments, and requires an explicit model.

We discussed above the difficulty of modeling the environment explicitly. However,
in realistic scenarios, you may be able to provide the agent with some high-level
description of the environment. For example, while it may be challenging to detail all
the possible interactions the agent may have in your house, you can still provide its
plans, the location of the doors, etc. The question is then how to leverage the set of
different components (latent models and policies) learned by the agent, the high-level
description of the environment, and the specifications to automatically generate a
high-level controller that is guaranteed to satisfy the input specifications. This further
comes with several challenges. Notably, each component learned by the agent may have
been learned in different latent spaces, they come with their own set of guarantees, and
they may not be directly compatible with the high-level description of the environment.
Our approach is designed to address these challenges and provide a solution to this
synthesis problem.

Finally, we conclude this thesis in Chapter 6 by discussing the perspectives and future
directions that arise from the contributions presented in this manuscript.

Reading Guide

To aid your navigation through this manuscript, here is a brief reading guide to help you
find the sections that are most relevant to you.

Should I really spend some time on the background? How to read it?

This manuscript aims to be accessible to a diverse audience, including readers without
prior experience in formal methods or reinforcement learning. A particular effort has
been made to provide a comprehensive background (Chapter 2), bridging the gap
between the two fields. It not only introduces the necessary notations and knowledge
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to understand the contributions but also integrates model checking and reinforcement
learning concepts into a coherent framework.

If you are not familiar with the concepts of stochastic model checking and RL, I
recommend reading the entire background chapter. Otherwise, you should be familiar
with the concept of Markov decision processes (MDPs), so be sure to check the notations.
Then, you may be tempted to jump directly to Section 2, but I recommend having a look
at Section 1.4 about the limiting behaviors that the agent may have within MDPs,
especially if you are not a formal methods enthusiast or if you are not familiar with the
concepts of stationary distributions and ergodicity.

Section 2 provides an introduction to deep reinforcement learning, covering the
main paradigms and algorithms used in practice, the guarantees they provide, and a
discussion on the reliability of the learned policies. If you are an RL practitioner, you
may be tempted to skip this section, but before, I recommend having a look at the part
related to episodic processes, in Section 2.1. The episodic setting is one of the primary
(if not the main) settings in which RL is considered, and it comes with a collection of
specificities and very useful properties that will be used throughout this manuscript.

Section 3 introduces the main concepts of stochastic model checking and
synthesis, backed up by the usual linear temporal logic (LTL) formalism. If you
are not familiar with the concepts behind model checking, I recommend reading this
section entirely. When considering LTL in the context of RL, one faces the fact that
some properties expressible in LTL are not learnable by RL algorithms in general,
which is discussed in Section 3.4. Thus, one needs to wisely choose the logic to
express the specifications. In this manuscript, we instantiate the discounted p-calculus
theory of de Alfaro et al. [2003] in the context of MDPs, giving rise to a learnable
specification formalism that we call valued lambda calculus (VLC). The logic is covered
in Section 3.5. Discounting in formal verification is not necessarily a common practice
(in contrast to RL), and comes with its own set of specificities and challenges, so I
recommend reading this section, especially if you never considered discounting in the
context of model checking before.

Finally, Section 4 introduces the concept of bisimulation and its derived distance,
which are central to the contributions of this manuscript. Be sure to check this section
as the (same) distance notion has been introduced in two different and complementary
ways in the two communities [de Alfaro et al., 2003; Desharnais et al., 2004; Ferns et al.,
2005; Chatterjee et al., 2010; Ferns et al., 2011], and we provide a unified view of the two.

I already trained my agent via my favorite RL algorithm and I am mostly
interested in formally verifying its behavior.

Then, go to Chapter 3. The first part (Section 1) covers the abstraction and
representation quality guarantees that can be obtained through a latent space model.
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The second and third parts (Sections 2 and 3) cover the activation of formal reasoning:
we detail how the latent abstraction can be learned through generative auto-encoders, and
how the deep RL policy can be distilled over the resulting latent model. Once enabled,
you may use your favorite model checking tool to verify the distilled policy.

I am interested in training my agent within partially observable environments
and I want to have learning guarantees.

Then, go to Chapter 4. The framework developed is backed up by the latent space
models developed in Chapter 3 and provides a solution to learn a suitable representation
of input sequences when the observation is non-Markovian. Compared to state-of-the-
art RL algorithms in partially observable environments, we bypass the need for training
recurrent neural networks to process interaction sequences, which do not provide any
learning guarantees and are sometimes intricate to train. Our approach further spits out
an abstract model of the environment which enables formal reasoning.

Representation learning is my main concern, I desire to train my agent to learn
a representation of the environment that is useful for further learning its policy.

Then, you may want to dive into bisimulation theory. Chapter 2, Section 4
provides a gentle introduction to the concept. Afterward, you may be interested in the
representation guarantees yielded by our latent space models (Chapter 3, Section 1.2).
Notably, the abstraction procedure described in Chapter 3, Section 3 is not only useful
in the context of distillation, but yields a general latent space learner for RL agents. A
deep RL algorithm derived from this idea is further detailed in Chapter 5, Section 2.2.
Finally, you may want to read Chapter 4 to see how the latent space model can be used
to learn a representation of the input data in partially observable environments, being
challenging for standard RL algorithms.

My area of interest is synthesis, but the environment I am considering is too
large and intractable for standard verification techniques.

Then, I propose to read Chapter 1, Section 2 to get familiar with the main concepts of
RL and Chapter 3 with the distillation procedure. This way, you will be able to train
deep RL algorithms and then distill the learned policies over a verifiable latent model.
This allows checking properties of interest and if the reward signal you provided to the
training algorithm is sufficient to learn the desired behavior. More dynamically, you may
use the approach developed in Section 3 to combine deep RL and model checking (as
presented in Chapter 5, Section 2.2) to monitor the satisfaction of the specifications
during the learning process.

Finally, if the specification you consider is too intricate or if the environment is too
large, even for standard RL techniques, you may want to read Chapter 5 to see how to
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decompose the problem into tractable sub-procedures.

If you lose track of a concept, please don’t forget to refer to the index at the end of this
manuscript.

Overall, I hope this manuscript provides you with new perspectives on reinforcement
learning and formal verification, as well as the potential benefits of combining the two
fields. I hope you enjoy reading it.
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Background

1 Decision Making under Uncertainty

Decision-making problems involve scenarios where an entity, which we formally denote
as the agent in this thesis, interacts within an environment intending to fulfill its design
objectives. The formalization of this interaction can take various shapes, according to
the specific assumptions made about this environment. Questions regarding the nature
of this interaction may include whether time proceeds in rounds or elapses continuously,
whether the focus lies on worst-case behavioral scenarios for the agent or rather on its
expected outcome, and whether the scenario involves a single or multiple agents, engaged
in mutual interactions.

Throughout this thesis, we formalize sequential decision-making in uncertain
environments as Markov decision processes (MDPs). An MDP is a model that embodies
both stochasticity and nondeterminism. Within this framework, the agent engages with
a probabilistic environment by realizing (nondeterministic) choices and observing their
inherently probabilistic outcomes. Before formally framing the decision-making problem
through MDPs, we introduce some concepts from measure theory. This introduction
is necessary to get a clear understanding of the underlying concepts of stochasticity,
inherent in Markov models.

In this chapter, we may introduce new results via Lemmae and Theorems. To distinguish
them from other results, we mark them with the symbol *.
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CHAPTER 2. BACKGROUND

1.1 A Brief Tour through Probability Spaces

In this subsection, we introduce the notions of o-algebra, probability space, random
variable, the expected value of a random variable, and conditional probabilities.

Definition 1: o-algebra

Let X be a set, denote by 2% its power set, and let > C 2% Then, Y isa o-algebra and
the tuple (X, >) a measurable space if and only if ¥ satisfies the following properties:

« 3 contains the empty set as well as X: @ € ¥ and X € 3;

« ¥ is closed under complementation: if E belongs to ¥, then so does its
complement X \ E; and

« X is closed under countable unions: if Ey, Eq, E,, ... belong to X, then so does
EyUEiUE, U....

X is the sample space, whose elements are called the outcomes, and those of X the events.

Definition 2: Probability space

Let (X, ) be a measurable space and write Ry = {x € R : x > 0} for the set of
positive real numbers, then a function P : ¥ — Ry, U {oo} is a probability measure
over (X, ) if and only if it satisfies the following properties:

o P(@)=0and P(X) =1;
« P maintains countable additivity: for any countable collection {E,},.n of
pairwise disjoint events E, € ¥ with N C N, P(UneN En) =Y en P(Ey).

In that case, (X, 2, P) is a probability space.

Notations. Given a probability space (X,Z,P), we say that the event E C X is
measurable if E is an element of ¥ whose probability is given by P(E). When the
measurable space is clear from the context, we write 3(X) for the set of measurable events
of X and A(X) for the set of probability measures over the measurable space (X,3). A
measure P is deterministic if it is Dirac, i.e., P assigns a value of 1 to any set containing a
specific outcome, and 0 to all other sets: there exists an element x € X so that P(E) = 1if
and only if x € E, for all E € ¥. We may use the notation P = §, for any such measure. For
the sake of presentation, we may simplify the notation by writing P(x) instead of P({x})
when it is clear from the context that E = {x} C X is a measurable event consisting of a
singleton. Finally, we say that an event almost surely occurs if it holds with probability
one on the probability space, i.e., everywhere with the exception of a set of events with
measure Zero.
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1. DECISION MAKING UNDER UNCERTAINTY

Some examples. Unless otherwise specified, when & is countable, we assume that
% = 2¥. Then, any single outcome is measurable and we use the simplified notation P(x)
instead of P({x}) for any P € A(X) and x € X. We further have P(E) = Y, P(x) for
any E € 3. Moreover, the set A(X) can be seen as the set of discrete distributions over X,
ie, A(X) = {P: X > [0,1]| Yyex P(x) = 1}.

Example 1: Dice roll

We consider a simple (fair) dice roll scenario consisting of rolling a pair of dice and
observing their resulting uppermost faces. The probability space of a dice roll is
(X,3, P), where:

« the set of outcomes of a dice roll is the finite set X = {E], (9, 69, 63, 62, }2;

« all the possible events are in 2% and

- the probability measure maps every single outcome to /36, i.e., P({d;,d>)) =
1/36 for any (d;,d,) € X.

For instance, the probability of obtaining two faces (J is P(((J,()) = 1/3. The
probability of the face of the first dice being (3] is in contrast P({ (&,d)|deD }) =
Yaep PEE,d)) = 6/36 = 1/s, where D = {E], I, 6, 63, ,}, because the events
{ (,) } { (,) } ey { ((,E9) } are all pairwise disjoint.

Other important examples include the Borel o-algebrae defined over topological spaces,
which are generated by the open sets, i.e., by considering the countable union and relative
complement of all intervals in this space. As a concrete example, the Borel o-algebra on
the set of real numbers is the standard general algebra considered in probability theory
when dealing with real numbers.

For any discrete or Borel probability space (X, 2, P), we define the support of P, written
supp(P), as the smallest closed set of outcomes with non-zero probability: supp(P) is the
smallest closed set H C X so that P(X \ H) = 0.

The goals of the agent are often formalized as quantities or real-valued signals to
optimize. Then, we need to associate each possible outcome with such a quantity. This
notion is formally called a random variable.

Definition 3: Random variable

Let (X, 3, P) be a probability space and ) be a set equipped with a o-algebra, then
a random variable is a measurable function X : X — Y that maps any possible
outcome to a value of Y so that the pre-image of every measurable subset I € 3())
is measurable as well, i.e., X 1(I) = {x € X | X(x) € I} € 2(X).
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For P € A(X), the probability that X takes on a value in the measurable subset I € 2(}) is
P(X el)=P{x e X| X(x) € I}).

Furthermore, X has for probability density function fx : ¥ — Ry U {oo} if and only if,
given any measurable subset I € (Y),P(X €I) = /1 fx(y) dy. We say that P admits p as
density function (or more simply, P has density p) if p is a density for the random variable
X consisting in the identity function X(x) = x for all x € X.

Of particular interest is the average value that X can take according to P.

Definition 4: Expected value

Let X be a real valued random variable over the probability space (X,, P), the
expected value of X is defined as

X[EP [X] = /XX(x) dP(x).

Here, we use the notation x ~ P for sampling, or drawing an outcome x from the sample
space X according to the probability measure P. Then, E,-p explicitly indicates that the
expectation is with respect to the samples x, which are distributed according to P.! Notice
that the expectation becomes merely a weighted sum in the discrete case: assume that X
is countable, then Ey-p [X] = ) cx X(x)-P(x). If X : X — Y has for density fx, we have
Ex-r[X] = /y y - fx(y) dy. If P admits p as density, then Ex—p [X] = [, X(x) - p(x) dx.
We may omit the subscript when it is clear from the context.

Finally, the variance V,-p of the random variable X is the squared deviation from the
expected value of the random variable:

- x[NEP [Xz] B x[NEP [X]2 '

VI[X]=E
x~P X

(x- £ 1)
P x~P

Example 2: The random variable of a dice roll

Consider the probability space (X, 3, P) from Example 1. We define the random
variable X : X — {2<i<12: i€ N} as a mapping from X to the sum of the
numbers depicted on the face of the two dices: X = {(E] () » 2,8 -
3,...,(EL,E) — 12}. For instance, the probability of obtaining a roll dice greater
than or equal to 11 is P(X > 11) = /12 (via the event { (&, 69) , (63, &) , (B3, E3) })

lthis notation is particularly useful when dealing with complex models with possibly multiple sources of
randomness.
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1. DECISION MAKING UNDER UNCERTAINTY

Furthermore, the expected value of X is

[X] = Z X(dhdZ)'P(dhdZ)
di,dreX

= X(ELE) - Yso + X(ELED) - Yao + -+ XCELED) - 1/
=2-1/36+3-2/36 +4-3/36+5-4/36 + 6-5/36
+7-6/36+8-5/36 + 9-4/36 + 10 - 3/36 + 11 - 2/36 + 12 - 1/36

E
(di.d;)~P

=17

Conditional probabilities. We conclude this tour with the notion of conditioning in
the context of probability measures. Let (X,3) be a measurable space, Y be another set,
and the mapping P : Y — A(X), we use the notation P(A | y) as shorthand for P(y)(A)
with A € 3, y € Y. Given any probability measure P € A(X), the conditional probability
measure P : ¥ — A(X) is defined through the axiom of probability as

P(AnB)=P(A| B)- P(B),

for all A, B € ¥ so that P(B) > 0. This intuitively means that the joint probability of events
A and B is the probability of event B occurring times the one of A occurring provided
that B has occurred. This further yields the so-called Bayes rule:

P(AnB) P(B|A)-P(A)

PAIB==pE =

Similarly, the conditional expectation of a random variable X over X given an event A € 3
is obtained via Ey-p [X | A] = Ex-pll{xeA}-X]/pa), where 1 {x € A} is the indicator function
for the event A, yielding 1 if x € A and 0 otherwise.

1.2 Markov Models

As previously mentioned, we consider environments modeled as Markov decision
processes, where the agent interacts through nondeterministic choices, and the outcomes
of these choices are inherently probabilistic. The stochastic nature of such models is
ruled by the so-called Markov property. This property dictates that the probability of
transitioning from one state of the environment to another is independent of the history
of observations and decisions that led to the current state. Instead, it solely depends on
the current state and the agent’s present choice.
Formally, an MDP is defined as follows.
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Definition 5: Markov Decision Process and Markov Chain
A Markov Decision Process (MDP) is a tuple M = (S, A,P, R, AP, ¢, s;,y) where

. S is a set of states;

« A is aset of actions;

« P: Sx A — A(S) is a probability transition function that maps the current
state and action to a probability measure over the next states;

« R: SxA — Risa reward function that we assume bounded, i.e., there is a
bound Ry« € R so that forall s € S and a € A, |R(s,a)| < Ryax;

« £: S — 28% is a labeling function over a set of atomic propositions AP;

« s; € S is the initial state; and

« y € (0,1) is a discount factor that indicates the agent’s preference between
short and long-term outcomes.

If | A| = 1, then M is called a Markov chain (MC).

Atomic propositions and labeling functions purely stand for model checking purposes.
Intuitively, they are building blocks to formalize properties and specifications that the
agent must fulfill. Sometimes, we may omit AP and ¢. In that case, we consider the
natural labeling of M: AP = S and ¢(s) = {s} for each state s € S. When M is an MC,
we may omit the action space in the definition since |A| = 1, M being in that case a purely
stochastic process. We refer to MDPs with uncountable infinite state or action spaces as
continuous MDPs. In that case, we assume S and A are complete separable metric spaces

equipped with a Borel o-algebra and we assume that ¢ has an inverse function so that

¢7Y(A) = {s € S| A C £(s)} is measurable for any A C AP.

Example 3: Grid world

Consider the grid world environment of Figure 2.1. In this environment, the agent
@ seeks to reach the target cell |9 without being eaten by the adversary f. The
latter is sleeping M. but when G enters the cell located at the adversary’s left and
tries to move upwards T or downwards |, the adversary wakes up and tries to eat
the agent. In that case, the agent manages to dodge the adversary with probability
9/10 but randomly escapes upwards or downwards. The adversary then goes back to
sleep. Each time the agent stays in the target cell, it receives a reward of 0.1. If the
adversary eats the agent, then the latter is stuck in a sink state where a (negative)
reward of is received whatever the move chosen. Everywhere else, the reward
obtained upon the execution of an action is null.
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o
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»

Figure 2.1: Grid world environment (left) and its MDP model (right). Actions are depicted
in blue, labels are drawn next to their states, and non-null rewards are depicted in

The symbol * means that the transition holds for all actions. Transitions are labeled by
their probability; unlabeled ones are deterministic (probability one). Omitted actions lead
to a self-loop (probability one of staying in the current state).

The state space of the related MDP M is S = {s, 51, ..., S¢} Where the initial state
is s = sy, the action space is A = {«, —,1,],0}, and the atomic propositions are
AP = {/ =N} 3}. The action o represents the no-op operation, where the agent
does nothing. Every safe state is labeled with v.

Intuitively, at each step t > 0 of the interaction, the agent is in a certain state s; € S of
the environment M and must choose an action a; € A. When chosen, the agent executes
a;, then receives a scalar reward r; = R(s;, a;), and the environment finally evolves to the
next state according to the probability distribution defined by the transition function:
st+1 ~ P(- | s, a;). The resulting sequence is named a trajectory and is defined as follows.

Definition 6: Trajectories and interaction traces

A trajectory of M is a sequence of states and actions 7 = (sy.7, dp:7—1) so that s, = s;
and s;11 ~ P(- | s;,a;) for all t < T.? The sets of finite and infinite trajectories of M
are respectively denoted by Trajﬂ' and Traj,,. A trace © = (So.7,0:7—1,T0:T—1,lo:T)
of M is a finite trajectory where labels and rewards are additionally recorded, i.e.,
(So:1>a0:7-1) € ijﬁ', 1, = R(ss,a;) forallt < T,and [, = ¢(s;) forallt < T. We
denote the set of traces of M of size T > 0 by Traces(T).

“notice that a trajectory may consist of a single state by taking T = 0.
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Example 4: Grid world trajectories

In the grid world of Figure 2.1, s = $1 4 S5 = S 1s a finite trajectory, so = $1 4
55 — (ss =) is an infinite trajectory, and (s, {/}) = (s51,0) 4 <s4, {ﬂ}> —
<s4, {ﬁ}) is a trace. Here, w refers to the first ordinal number N and (s, —°>)’*’ means

that the transition s; — s is repeated infinitely many times.

1.3 Policies

The agent’s behaviors in M are induced by a policy, which intuitively plays the role of a
template that prescribes to the agent the action to choose at each step of the interaction.
Formally, policies are defined as follows.

Definition 7: Policies

A policy 7 : Trajjf,’ll — A(A) for M is a stochastic mapping from sequences of states
and actions encountered along the interaction to a probability measure over actions.
In particular,

« 1 is Markovian if the decisions solely depend on the system state at the current
time step: for all 7,77 € Trajﬂl so that 7 = (so.r, @p:r—1) and 7 = s}, a}.,_; »
are trajectories of length t > 0, s; = s/ implies 7(- | 7) = #(- | 7’). Then, 7 can
be defined as the sequence (r;),¢y Of stochastic mappings 7; : S — A(A).

« 7 is stationary if the decisions solely depend on the last state of the trajectory:
it is a Markovian policy (71;),ey o that (- | s) = m14(- | s) for all s € S and
t > 0. In that case, 7 is fully conditioned on states and can be merely defined

as the sole stochastic mapping 7 : S — A(A).

Property 1: Policies as Mealy machines
Any policy can be encoded via a stochastic Mealy Machine = = (Q, 7., 7y, qr) where

« Qs a set of memory states;

o Ty S xQ — A(A) is the next action function;

o Ty SxQx A — A(Q) is the memory update function; and
« ¢ is the initial memory state.

We say that 7 has finite memory if Q is finite and has a memory of size n if |Q| = n.
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Again, even when Q is uncountable, we assume O being endowed with a proper o-
algebra. Note that all Markovian policies can be encoded through Mealy machines
with countable memory space whose memory update function is solely dependent on
the current memory state: m,(- |s,q,a) = m(-|5’,q,a) for all s,s" € S, q € Q, and
a € A. Furthermore, any stationary policy can be encoded through a Mealy machine
with [Q] = 1.

Intuitively, the agent acting according to a policy proceeds as follows. At each time step
t > 0, the agent is in state s, € S while its policy 7 is in state ¢, € Q. The agent executes
an action prescribed by 7 via a; ~ m,(: | s1,¢q;) and the memory of the policy is updated
accordingly: g1 ~ mu(- | 8, gr» a;). Then, the agent goes to the next state s;.; ~ P(- | s, ar)
and the agent proceeds to the next step. Therefore, policies solve the nondeterminism
linked to the choice of actions in M, which leaves us with a purely stochastic process.
The aforementioned procedure essentially describes the MC induced by 7.

Definition 8: Induced Markov Chain
Let & = (Q, 7a, 7y, qr) be a policy for M. The Markov chain induced by r is
My = (S5, Pr, Ry, AP, £, {s1,q1) ,Y), where, for all s € S and g € Q, we have

+ S; = S x @ is the product of the state space of M and the memory of ;
Pa(S%Q|5,) = Evonisg) [7a(Q ] 5.0.0) - B(S | 5,@)] for SEX(S), 0 € 3(Q);
* Rz(s,9) = Ea-ry(ls,g) R(s,a); and

the labels are the same as in M: £,(s, q) = £(s).

The transition function embeds the next action and the policy update functions from the
policy, and the rewards are averaged over the possible actions produced by the next action
function. In the case of stationary policies, we omit the memory dimension since they are
memoryless. When considering trajectories in M, we take the projection of sequence of
states, memory, and actions (s;.7, qo:7» 0:7—1) of the induced MC to M, i.e., {so.1, o:7-1)-

Example 5: Grid world policies

Consider the MDP from the grid world of Figure 2.1. When the goal of G
is to optimize the accumulated rewards, then the optimal policy is clearly the
deterministic stationary policy depicted in Figure 2.2a. Intuitively, this policy brings
the agent as fast as possible to the state labeled with [~ and prescribes to stay in
the latter ad infinitum.

Consider now that the goal of @ is to eat a & while accumulating rewards. The
policy depicted in Figure 2.2b allows to continuously visit both & and [< until @
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14 N7

(a) Stationary deterministic policy, defined to (b) Stationary (randomized) policy, defined to
optimize the rewards by reaching I=. visit both @ and 3.

(c) Deterministic policy using a memory of size 2: the agent seeks first reaching é (via the memory
state qy), then [2 (via the memory state q;).

Figure 2.2: Markov chains induced by various policies. Chosen actions are highlighted
in blue. Unreachable states are omitted. While the stationary policy highlighted in
Figure 2.2b is enough to ensure that G visits at least once &, its execution is not safe since
states that are not labeled with v (i.e., s; or s4) are continuously visited (until hitting ).
In contrast, the policy highlighted in Figure 2.2c limits the agent visiting s, resulting in
safer behavior while allowing collecting more rewards by eventually staying in [~
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eventually catch G. If the agent rather simply cares about visiting & once, then a
safer way to accumulate the rewards is to use a memory. In Figure 2.2c, the policy
uses a memory of size 2: the memory is initialized in memory state gy where the
agent focuses on visiting & and then, when s; is visited, the memory is updated to
q: where the agent focuses on reaching and staying in s, labeled with [,

Cylinder sets and o-algebra. Now that we have introduced policies and observed
that they induce purely stochastic processes (namely, Markov Chains), it is natural to
consider quantifying the agent’s performance under a specific policy and measuring
its probability of success or failure. To proceed, we require a formal definition of the
probability space induced by the policy 7 in a given MDP M. Precisely, 7 induces
a Markov chain M, that is equipped with a probability space whose outcomes are
trajectories and where events can be understood as properties, i.e., conditions that the agent
should satisfy or not. The underlying o-algebra of the induced MC is the one for which
the events are generated by the cylinder sets spanned by the prefixes of trajectories of M.
Formally, given a base of measurable
subsets B = Sy x Ag X --- X Ar_q X St so that
A; € 3(A)and S, S;1 € 2(S) forallt < T,
the set of trajectory prefixes occurring in
the scope of the base B is

Pref(B) = { (S0:77,@o.7-1) € ijﬁ ‘
T=T,s€So, a € A,

Figure 2.3: Illustration of a cylinder set
in the trajectory space. Each colored line
corresponds to an infinite trajectory whose
prefix is squeezed into a cylinder.

and ;.1 € 544 forall t < T}.

Then, the cylinder set spanned by Pref(B)
consists of the set of infinite trajectories
that share those prefixes, i.e.,

Cyl(B) = { (S0:00 @0:c0) € Trajyy | there exists a prefix {s.7,ay.7 » € Pref(B)

with @, = a] and s;4; = s/, forall t < T}.

Given a policy 7 for M, the o-algebra of M, is the smallest o-algebra containing all the
cylinder sets Cyl(B), where the bases B embed the prefixes of M. The outcomes of M,
are Traj,, while the events = ( Traj M) are those formed by countable union, intersection,
and complementation of cylinder sets. The Carathéodory’s extension theorem [Robert
B. Ash, 2000] induces a unique probability measure P2 over the cylinders sets.
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Theorem 1: Probability measure induced by a policy [Revuz, 1984]

Given a policy 7 for M, P is the unique probability measure of M, over cylinders
spanned by prefixes of measurable bases B = Sy x Ay x --- x Ay_; x S, with

[P’,,M(Cyl(B)) =1{s; € SO}/ / /na(dao | st,qr)P(ds; | sr,a0)-mu(dqy | s1,qr1,a0) -+
Ay S5 JQ

// / mu(dgr— | ST—2, qr—2, ar—2) * Ta(dar_; | s7—1,qr-1) - P(dsr | sr—1, ar—1).
Q JAr JSr

We write EM for the associated expectation operator [E;\fp > and PM(- | s; = 5) for the
measure obtained by replacing s; by s € S in M. We omit the superscript when it is clear

from the context.
Remark 1: The discrete case

In the discrete context, when the state and action spaces are countable, all states
s € S and actions a € A are respectively measurable under P and x,, thus it is
possible to tighten cylinders to such an extent that the spanned prefix set merely
consists of a single finite trajectory [Baier and Katoen, 2008; Baier et al., 2018]. Then,

for any t = (So.7,do:7-1) € ijﬁ’

Cyl(r) = { {5} .00: .00y € Trajpy | @] = a; and s, = s4; forany ¢t <T },

and

P2 (Cyl(e)) = T {s = so}

qi~ma(Cls0.q1,00)  qr-1~mu(-lsr—2.qr-2.ar-2)

7a(ao | s1,qr) - P(s1 | s0,a0) -+ malar—1 | sr—1, qr—1) - P(st | s7—1, a1-1)|.

Consequently, a set of (infinite) trajectories is measurable if and only if it can be derived
from a countable union, intersection, or complementation of cylinder sets.

Example 6: Reachability event
In the grid world of Figure 2.1, we define the event of reaching I as

Ol = {(so:oo,aozm) € Traj,, | thereisat > 0 so that [P € {’(sz)}.
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This event is measurable. Indeed, consider the set
Prefys = { (So.1,@0:7-1) € Trajf,? |IF ¢ ¢(s,) forallt < T and [P € t’(sT)},

that embeds every finite trajectory of the form®

— (( . _>)*( LorT( = <_)* ¢)*( Lort T)*>*
so—=((s1—=s0—=) (si— (s =53 =) s, >) (51— s5 >

J —
S1 = S5 —> S

where (-)* means that the content of the parenthesis is repeated finitely many times.
Then, it is clear that QI = | .. Prefy o Cyl(r), which implies its measurability.

Now, let = be the policy depicted in Figure 2.2a. We have by definition of any
probability measure that P, (0IF) = Zfeprefolg P.(Cyl(r)). Under 7, the prefixes
that yield a non-zero probability for the event 0| in Prefy - have the form

—

A
So —>|S1 > S2—>) S > S5 — S¢.

Then,
Pﬂ(olg) = Z [pﬂ- (Cyl(S() :—> (Sl i> S2 i’) S1 i> S5 :—> Sé))

ieN

= Z P(s1 [ 50) - (Pr(sz | 51) - Pr(sy | 32))i “Pr(ss | s1) - Pr(se | s5)
ieN

9\ 9 9/20 9 . .

= Z — | == ==, (geometric series)

= 20 20 1—92 11

“for the sake of readability, we omitted self-loop transitions occurring with probability one, but they
are also part of Prefi.

Discussion. Given a policy & for M and a set of specifications formalized as events of
M, verifying the behaviors of the agents in M when it operates under 7 boils down
to checking the probability of those events occurring in M,. The related automated
verification procedure is named model checking (e.g., Baier and Katoen, 2008; Baier et al.,
2018). We may distinguish two kinds of properties: (i) qualitative properties, where the
events should hold either with probability one or zero and (ii) quantitative properties,
where the goal is to check whether the events hold with sufficient probability. In this
thesis, we rather focus on the latter since they allow for a general analysis of the agent’s
behaviors. In this context, another typical quantitative analysis is to compute the minimal
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or maximal probabilities of achieving the events in M, ranging over all possible policies.
This corresponds respectively to the best or worst case analysis of M. Alternatively, we
may also start from a specification: in that case, the agent’s objective is formalized as
optimizing the probability of the given specification. The related automated procedure
is named synthesis (e.g., Kwiatkowska and Parker, 2013).

As concrete examples, verifying the MDP M of Example 3 may include the computation
of the maximal probability of reaching [=, or the minimal probability of being stuck in
states labeled with @. In contrast, verifying a policy 7 for M amounts checking the
probability of events in M, for instance checking the probability of reaching I/ under
the policy of Figure 2.2a, as done in Example 6.

Of course, properties are rarely specified as raw events, i.e., countable union and
intersection or complementation of cylinder sets. Instead, they are specified via a formal
logic whose semantics allow reasoning about measurable events. We investigate these
logics and the algorithms that enable the efficient computation of the induced events in
Section 3.

1.4 Limiting Behaviors

We consider now different classes of important properties focused on the limiting
behaviors exhibited by the agent in M when it operates under a given policy. Specifically,
let 7 be a stationary? policy for M, those properties are closely related to the following
two types of distributions.

(i) The transient distribution &L : S — A(S) maps any state s € S to the probability
of being in a state s” € S’ C S, after exactly t > 0 steps (where S’ is a measurable
subset of S):

§;(S'|s) ZPH({sozw,aoszteS’} |31:s). (2.1)

Furthermore, the occupancy measure is given by

(S| s5) Z £(s"|s) (2.2)
and can be interpreted as the fraction of time the agent has spent in the region
S’ € 3(S) within t time steps when starting from state s € S.

(ii) Stationary distributions are invariant distributions that preserve the behaviors of the
agent across transitions and remain unchanged as the time steps increase. Precisely,

For the sake of presentation, we stick to stationary policies in this subsection. Nevertheless, the results
also hold for finite-memory policies by considering the state space of the induced MC S x Q.
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for any S € 3(S), a stationary distribution &, € A(S) satisfies

&ES)=E E P(S|s,a). (2.3)
s~&r a~n(:s)
Then, &, is invariant by the transition function P. One can see &, as a distribution
over states that are visited when 7 is executed in a “stable” region of the system:
in such a region, the marginal distribution over states visited at any time always
corresponds to this stationary distribution. Note that £, need not be unique.

We aim to establish the link between the transient and stationary distributions and to
formalize sufficient convergence conditions towards stable regions of the system where
a stationary distribution exists. To that aim, we distinctly separate the discrete and the
continuous case, where the conditions to reach such stable regions of the system and the
properties that hold at the limit of the interaction are different.

The finite case

Assume M, is finite, i.e., S is finite. In this setting, there exist regions of the system
where the agent eventually ends up with probability one and can no longer leave. Those
regions are called bottom strongly connected components and are defined as follows.

Definition 9: Bottom strongly connected component

Given a stationary policy « for M, a subset B C S is a bottom strongly connected
component (BSCC) if and only if the following assertions hold:

(i) B is strongly connected, i.e., there is a finite trajectory linking every pair of
states in B: for all states s,s” € B, £L(s” | s) > 0 for some ¢ > 0;

(if) B is a maximal strongly connected component, i.e., B cannot be expanded
without breaking its strong connectivity; and

(iii) once B has been reached, B can no longer be left, i.e., P,(B | s) = 1 forall s € B.

Remark 2: BSCCs are linked to policies

It is worth noting that the set of BSCCs of a given MDP M is linked to the policy
executed in M. Concretely, the BSCCs of M may differ according to the policy
considered: any finite MC leads to its own set of BSCCs, and different policies may
lead to different MCs, so the set of BSCCs may be different as well.

BSCCs play a crucial role in the analysis of long-term behaviors of agents operating
under a given policy. To see why, given an infinite trajectory 7 = (:c0, @:00) € Trajyy ,
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let us define the set of states visited infinitely often as
inf(r) = {s € S |foralli > 0, there exists j > i so that s; = s}. (2.4)

Note that the event of visiting a set of states A C S infinitely often is measurable since
it can be formalized as countable intersections of unions of cylinders:

{reTrajy |infyna=o}=J |J oyl (2.5)

12020 7 ¢ pref]

where Pref} is the set of finite trajectories <so; > @o: j_1> € Trajf/': of length j that end up
in A with s; € A. Specifically, the agent is ensured to almost surely end up in a BSCC
[Baier and Katoen, 2008], i.e.,

IP’,[({T € Trajy,, | inf(7) is aBSCC}) =1 (2.6)

Stated differently, in every BSCC B induced by the execution of the particular policy =
in M, all states of B are almost surely visited infinitely often. Furthermore, each BSCC
is equipped with its own unique stationary distribution &2 so that for any pair of states
5,5, € B, the occupancy measure converges almost surely to £2:

£5(s) = lim 4G5 | 5.).

Example 7: BSCCs in the grid world environment

Let us consider again the grid world environment of Example 3. The MC induced
by the deterministic policy of Figure 2.2a has two BSCCs: {s,} and {ss}. In contrast,
by considering the MC induced by the randomized policy of Figure 2.2b, notice that
{s4} is the only BSCC here because s; is connected to ss: E£(s4 | $5) > 0 when t > 3.
Now, slightly modify the

randomized policy of v

Figure 2.2b so that the agent
deterministically goes to
s3 in s, and sg in ss.  The
resulting policy allows visiting
infinitely often [ or & since the
induced MC has three BSCCs:
By = {s3;83},B; = {s4}, and
Bs = {ss, 5¢}.
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Irreducibility and periodicity. If the space of all reachable states of M, consists of
a single BSCC, i.e., if {s € S | there exists a t € N so that £.(s | s;) > O} is a BSCC, then
we say that M is irreducible under 7. To ensure the convergence to the stationary
distribution of the induced MC, we need to investigate the cycles that may occur in the
trajectories generated by the agents. In particular, when the agent can return to a given
state at specific time points, then the agent never reaches a stable, stationary behavior
[Meyn and Tweedie, 1993]. In that case, we say that M is periodic under 7. Formally, the
period of a state s € S is the greatest common divisor of the set {t >0|&(s]s)> 0}.
When the period is one for every state reachable under 7, then the induced MC is said
aperiodic.

Example 8: Periodicity

Take the final policy highlighted in Example 7 with BSCCs By, B, and B;. Notice
that the BSCC B; is periodic since the period of both s, and s; is 2. In contrast, B,
and Bs are aperiodic since the period of sy, s5, and s is 1.

Definition 10: Ergodic MDP (finite case)

We say that M is ergodic if and only if M, is irreducible and aperiodic whatever
the stationary policy = for M.

Theorem 2: Convergence to stationarity (finite case)

When M, is irreducible and aperiodic, then for any s € S,
lim & (s | 57) = &:(s), 27)

where &, is the unique stationary distribution of the unique (reachable) BSCC of
M.

In fact, it is worth noting that Equation 2.7 does not only hold from the initial state s;,
but also from any reachable state under .

The general case

In the general case, when S is infinite, reasoning about the behaviors of the agent at the
limit is considerably more complicated. First, we cannot ensure that the agent almost
surely ends up in a region of the environment where states are repeated infinitely often.?

3To see why, simply take a Markov chain where S = N and P(i + 1 | i) = 1.
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Second, there is no notion of strong connectivity: when the state space is uncountable,
the events that consist in reaching a specific state from any other state are not measurable
in general and most of them have zero probability.

For convenience, we focus on a subset of well-behaved Markov chains, namely Harris
chains (e.g., Athreya and Ney, 1978; Revuz, 1984), which are guaranteed to converge to a
stationary distribution at the limit under some conditions. Specifically, we focus on the
recurrent case, where a measurable region of the system is almost surely visited. This
property ensures the existence of a stationary distribution [Durrett, 2010].

Definition 11: Recurrent Harris chain
Let 7 be a stationary policy for M. Denote the reachability event to H € 3(S) by
OH = {(sozw,aozw) € Traj,, | thereisat € N so that s; € H} :

The induced MC M, is a recurrent Harris chain if there exist a measurable set H €
3(S), an € € (0,1], and a probability measure p € A(S) so that

(i) H is recurrent,ie.,P,(QOH |s; =s)=1forall s € S;and

(i) H is a small set, i.e., for any s € H and C € 3(S), P,(C | s) = ep(C).

Notice that for any H € X(S), the event OH is measurable since it can be formalized as
a countable union of cylinders:

of = Joyl((SNH) x A) " xH). (2.8)

ieN

Then, condition (i) means that the chain almost surely returns to H, from any state s € S.
This further implies that the region of the environment defined by H is almost surely
visited infinitely often. Condition (ii) means that, when H is reached via any state s € H,
the next state of M, can be purely decided according to a biased coin flip with success
probability e: if heads, the next state is chosen according to p; if tails (which only occurs
when € < 1) the next state is chosen according to the measure defined as W’ for
any C € X(S). Importantly, recurrent Harris chains are guaranteed to have a stationary

measure &, [Durrett, 2010, Theorem 5.8.9]. In particular,
5;1 = tll)rgﬂfr( | SL)

almost surely [Asmussen and Glynn, 2011] for any state s, € S.
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Example 9: Markov chains with restart

Let M be any MC with state space S endowed with a Borel o-algebra. From M, we
create another MC M whose state space embeds a special state Syesrr- A trajectory
in M/ unfolds as follows: at each time step, the process is in a certain state s € S.
Then, a Bernoulli-biased coin with success probability ¢ € (0,1) is tossed. If heads,
the Markov chain restarts, i.e., it transitions to S,q:. Otherwise, if tails, the next
state follows the original distribution s’ ~ P(- | s). In Syestars, the MC deterministically
transitions to the initial state s; of M, and the process starts again. We denote by
P, the resulting transition function.

Processes of this form are referred to as Markov chains with restart [ Avrachenkov
et al, 2013]. These processes find diverse applications in telecommunications
and computer science. Notably, protocols like TCP (transmission control
protocol) and HTTP (hypertext transfer protocol) exhibit such restarting behavior
[Krishnamurthy and Rexford, 2001; Maurer and Huberman, 2001]. Additionally, the
GooGLE PAGERANK algorithm, which simulates the browsing behavior of an Internet
user, involves periodic restarts [Brin and Page, 1998].

It is clear that s, is almost surely visited infinitely often. Therefore, condition (i)
from Definition 11 is fulfilled by taking the set H = {spsan}. Then, take the
measure p € A(S) defined as the Dirac measure p(C) = 1{s; € C}, we have that
P.(C | srestart) = p(C) for any C € 3(S), which means that H is a small set and
fulfills condition (ii). Therefore, M., is a recurrent Harris chain.

Periodicity. Similarly to the discrete case, we say that a Harris chain is aperiodic if and
only if there is a moment from which the agent can return to the region H at any time:
for any s € H, there exists a moment i € N so that for any j > i, &(H | s) > 0.

Definition 12: Ergodic MDP (general case)

An MDP that induces an aperiodic recurrent Harris chain under any stationary
policy is ergodic.

Theorem 3: Convergence to stationarity (general case)

Assume M, is an aperiodic recurrent Harris chain with stationary distribution &,
then & converges to &, in total variation as t goes to oo, i.e.,

lim dry (8£(- | 5), &) = 0,

for any s € S and where dry is the total variation distance, defined as dry (P, Q) =
sup 4.5 [P(A) — Q(A)| for any P, Q € A(X) defined on the o-algebra (X, Z).
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Additional notations. In the sequel, we may write s ~ &, for s ~ €L | s7) givent > 0.
We also write p!. for pi! (- | s;) and s, a ~ d,, for first sampling s from d,;, then a from 7 (- | s)
with d € {fﬂ, Ept } Similarly, we write s,a,r ~ d; and s,a,r,s’ ~ d, where we draw
r = R(s,a) and s’ from P(- | s, a), after that s, a have been sampled from d,.

1.5 Return and Value Functions

Until now, we drafted two kinds of agent objectives. Namely, either the policy is designed
to maximize or minimize the probability of satisfying some properties in M. This boils
down to finding a policy that induces the probability measure with the highest or lowest
probability of satisfying the related events. Alternatively (or in a complementary way),
the agent’s behavior can be purely reward-driven. In that case, the agent’s goal is to
maximize the expected return, where the return is a random variable being defined as the
discounted cumulative rewards accumulated along the trajectories.

Definition 13: Expected return

Given a policy 7 for M with discount factor y € (0, 1), the expected return of M is

[Eﬂ

Z Y R(st, az)} . (2.9

t=0

Definition 14: Value function

The value function is a mapping V7 : S — R that yields the expected return
obtained from any state s € S by running 7 in M, i.e.,

V™(s) =E,

YV Risna) | s = Sl .

t=0

The typical goal of an agent is to find a policy that optimizes the expected return in M,
ie, argsup, V7 (s;). We denote the optimal values of M by V*, thus defined as V*(s) =
sup, V7 (s). We further write Q*(s,a) = R(s,a) + Ey-p(|s.a) [y SV )] for the Q-value of
the state-action pair (s,a) € S x A. In fact, an optimal policy can be obtained by acting
purely greedily w.r.t. the value of every state, as described in the following Theorem.
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Theorem 4: Bellman’s equation [Bellman, 1957]

The optimal value function V* is the unique solution of the Bellman’s equation

V*(s) =sup |R(s,a)+ E [y -V (s/)] forall s € S, (2.10)
acA s'~P([s,a)

or more compactly V*(s) = sup,. , Q*(s,a) for all s € S.

Notice that in the particular case of MCs, the sup operator of Equation 2.10 vanishes since
the action space merely consists of a singleton. Precisely, given any policy 7 for M, the
optimal value function of M, is the value function V" where

V7™(s) = R.(s) + S/NIQE(-‘S) [y VT (s’)] , (2.11)

for any state s € S,;. Similarly, we write Q" (s, a) = R(s,a) + Ey~p(js,0) [y V(S )] for the
Q-value function of the state-action pair (s,a) € S, x A, when the agent operates in M
by following the actions prescribed by 7.

Theorem 5: Stationary policies are sufficient [Puterman, 1994]

For all € > 0, we say that a policy 7 is e-optimal for the expected return if and only
if V7(s) > V*(s) — e for all s € S. Then,

(a) if A is uncountable and endowed with a Borel o-algebra, then an e-optimal
stationary policy almost surely exists;

(b) if A is countable, then there exists an e-optimal stationary policy; and
(c) if A is finite, then there exists a deterministic optimal stationary policy.
In particular, when A is finite, let 7%(a | s) = 1 {a = argmax, 4 Q“(s,a) } then

Z v R, a)l .

t=0

Vo« (sr) = V*(sy) = supE,

T

Example 10: Values of the optimal policy in the grid world environment

Let M be the MDP modeling the grid world environment of our running Example 3.
It is easy to notice that the deterministic stationary policy 7 of Figure 2.2a is an
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optimal policy: intuitively, it allows reaching as quickly and safely as possible the
sole BSCC that yields positive rewards in M.

The Bellman’s equation for the value function V” (Equation 2.11) leads to the
following system of linear equation:

Vi(s)) =y - V(s1)  V(s1) =y - (%20V7(s2) + 110V (s4) + 920V (s5))
Vi(s2) =y -V™(s1) V7™(s)) = Yo +y-V7(sy)
Vi(ss) =y -V7(se) V7(se) =Yo+y V()

Let us solve the system for y = 0.9. We start with the two BSCCs of M,,: V*(sg) -

aQ-y)= %, which means that V”(s¢) = 1, and V”(s;) = —1 by the same reasoning.

Thus, V*(s5) = y = 0.9. Then, we have:
Vi(s1))=y- (9/20 V™ (sp) + 1/10 V" (s4) + 9/20 V”(sS))
=y- (9Y/20 V7*(sy) — 110 + 81/200)
= 9% /20 V" (s1) — ¥/10 + 81¥/200
= V7(s1) - (1 — 9*/20) = 81v/200 — ¥/10
81y/200 — ¥/10
1—9%%/20

= 549/1971.

= HOE

Then, V7™ (sy) = V7(s) = 549 /1271 = 4941/12710 = 0.39.

1.6 Solving MDPs for the Expected Return

Linear Programming

Interestingly, when the state-action space of M is finite, the problem of computing the
optimal value function V* can be encoded through the following linear program (LP) of |S|
variables and |S x A| constraints, derived from the Bellman’s equation [d’Epenoux, 1963]:

Minimize Z Vs
seS
Subjectto v; > R(s,a) + Z Y- P(s’ | s,a) Uy forallse€ S,ac€ A. (2.12)

s'eS

The unique solution of this LP coincides with the unique solution of the Bellman
equation, i.e., V*(s) = vs for all s € S. LPs can be solved in polynomial time in the
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number of variables, constraints, as well as the maximal number of bits used to represent
the coefficients of v, which naturally leads to the following theorem.

Theorem 6: Complexity of solving MDPs

An optimal deterministic stationary policy defined for any finite MDP M can be
constructed in polynomial time in the size of M.

Intuitively, once the solution of the LP is found, optimal policies can be constructed by
applying Theorem 5(c). This boils down to finding the actions that tighten the constraints
of Equation 2.12.

Discussion. While Theorem 6 is highly significant in theory, the degree of polynomial
of the resulting LP is nontrivial, and LP solvers that ensure polynomial-time efficiency
run slowly in practice. Alternatively, one can use simplex-based methods [Dantzig, 1991]
to solve the LP, which are known to perform well in practice, but their running time is
exponential. Nevertheless, it is worth mentioning that when the LP of Equation 2.12 is
used to encode the values of a Markov chain M, to evaluate the values V” of a given
policy 7 for M, all the constraints of Equation 2.12 are tight (there is only one constraint
left per state). This means that we are left with the simple system of |S,| linear equations
of Equation 2.11, whose degree of polynomial is affordable* (e.g., as in Example 10).

But can we do better? Is it possible to devise an algorithm that runs fast in practice for
general MDPs? Importantly, LP solvers do not leverage the MDP structure significantly,
in contrast to iterative methods, which can be derived from dynamic programming.

Value Iteration

Let V be the space of bounded® real-valued function V: S — {x € R: |x| < Ruw/1-y}.
We define the Bellman operator B: ¥V — V as

(BV)(s) = sup [R(s, A+ E v V(s’)]] ) (2.13)

s'~P(-|s,a)

Similarly, let V 4 be space of real-valued functions Q : SxA — {x € R : |x| < Run/1-y}, by
slight abuse of notation, the Bellman operator can also be applied on the V4 space, where

(BQ)s.@) = R(s.0)+  E

. (2.14)
~P(Is.0)

y-supQ(s',a’)
aeA

4solving a system of n linear equations has a complexity of at most O (n3 ), the best-known algorithm running

in O(n2'37") [Coppersmith and Winograd, 1987].
Ssince SUPc s gen R(5, @) < Ryax, we have supes [V(s)] < 372 V' Ryax = Ruax/1.
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Then, the Bellman’s Equation 2.10 can be rewritten as V* = BV™ (resp. Q* = BQ"). In

particular, for any policy 7 for M, applying B in the MC M, also yields V" = BV”

(resp. Q" = BQ7) since the supremum vanishes in any MC (cf. Equation 2.11). This
formulation allows deriving interesting properties from the Bellman operator, which are

useful to practically compute the expected return.

Lemma 1: Monotone contraction mapping [Puterman, 1994]

Define the relation < € V x V as {{V,U) | V(s) < U(s) for all s € S} and |.|, as the
supremum norm, ie., |[V], = sup,s[V(s)| so that [V —U|,, = sup,¢|V(s) —U(s)|
for any V,U € V. The Bellman operator B fulfills the following properties:

(i) B is monotone, i.e., for any V,U € V,V < U implies that BV < BU;

(ii) B is a contraction under the supremum norm, i.e., |BV — BU|, < a|V — Ul
for some « € [0, 1). In particular, B is a contraction for & = y.

Lemma 1 suggests that Equation 2.10 can
be approximated via dynamic programming
[Bellman, 1957]. In particular, by the
Banach’s fixed point Theorem (e.g.,
Puterman, 1994), the sequence (V;);y
defined as Vi;; = BV, converges to V*
with linear convergence rate y. The related
(generic) algorithm is called value iteration
(VI) and is described in Algorithm 1. In
its simplest version, the algorithm stops
when the largest value difference obtained
between two consecutive steps falls below
an error term €. Note that (V;),y converges
whatever the initial values V; € V. In the
context of optimizing the expected return, €
is often called the Bellman error.

Algorithm 1: Value Iteration

Input:
« update function U: V — V;
« initial values V; € V; and
« error term € > 0.

> Initialize the value function
V « VO
repeat
V<V
> Update the values
Vo« uv’
until [V -V’ <€
return V
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Lemma 2: Bellman error [Puterman, 1994]
Let € = |Viy1 — Vi| be the Bellman error, then [V, — V¥, < %. Furthermore,
when A is finite with |A| > 1, let 7 be a deterministic stationary policy so that

n(a|s)=1 {azargmaxR(s,a/)+ E [y~1/i+1(s’)]},
a’eA s’~P(|s,a’)

then 7 is a (%¢/1-y)-optimal greedy policy.

In consequence, given an error term § > 0, Lemma 2 suggests that obtaining an
approximation with error § to V* or V” can be achieved by setting the Bellman error €
to 9(-v)/y, while further ensuring the 2§-optimality of the resulting greedy policy. Other
types of stopping criteria (e.g., based on relative instead of absolute error) can also be
adopted, depending on the initial values, the update function, and the guarantees sought
when the execution of the VI algorithm stops [Hartmanns and Kaminski, 2020; Granzotto
et al., 2021; Kretinsky et al., 2023].

Interestingly, VI with update function B is guaranteed to converge in norm, even if S
and A are not finite [Puterman, 1994], essentially because B is a contraction mapping on
V. However, in practice, VI is only generally applicable when S and A are finite.

Time complexity. Assuming M is finite, one can easily notice that each value update
can be computed in polynomial time in the size of M, but the number of iterations
required to reach the stopping criterion is polynomial in 1/1-y [Littman et al., 1995]. While
VI is still guaranteed to operate in polynomial time assuming y is fixed (i.e., not part of
the input), y is generally assumed to be a rational number given in binary that is part
of the instance of M, so the number of value updates required is generally exponential®
(see Balaji et al., 2019 for a further discussion).

Sprecisely, it is pseudo-polynomial: it would have been polynomial if the encoding of the input was given in
unary, but it is exponential since the input is binary encoded. Here, VI is generally exponential in the number
of bits required to encode the denominator of y (assuming y is a rational number).
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Policy Iteration

Policy iteration (PI, Algorithm 2)
is another iterative method
that rather consists in strictly

Algorithm 2: Policy Iteration

Input:
« evaluation function eval(r);
« initial policy 7, for M.

alternating between policy
evaluation and policy improvement
steps. Specifically, we start with
a policy m that is initialized
by greedily selecting arbitrary
actions. At each iteration i > 0,
V7 is evaluated via the function
eval(rr), which can be implemented
through VI or a linear equation
solver. Then the policy is improved
by selecting the action that
maximizes the current Q-values
for the policy n;, ie., myi(als) =
1 {a = argmax, Q™(s,a’ )} for
every state s € S and action a € A.

> Initialize the policy

T < Ty

repeat

> Policy evaluation

V « eval(r)

> Policy improvement

e n

foreach s in S do
a* < argmax, 4 R(s,a) +

IEs’~P(s,a) [Y . V(S/)]

m(a*|s) « 1
m(a|s) < 0forallae A\ {a*}

until 7 = 7/
return 1

Lemma 3: Convergence of policy iteration [Puterman, 1994]

Let 7; be the policy resulting from the it" iteration of PI where eval(z;) = V7™
is implemented as the resolution of the system of linear equations yielded by
Equation 2.11 for the MC M. Additionally, let (V,);en be the sequence resulting
from VI when (i) the Bellman operator B is used as the update function, and (ii) V"
as the initial values V. Then, for alli > 0 and s € S,

Vi(s) SV7i(s) S V(s).
Since VI converges to V*, then so does PL

While Lemma 3 suggests a quicker convergence of PI to the optimal policy in terms
of iterations compared to VI, PI is often particularly less efficient. This is because the
policy evaluation, performed at each update step, crucially relies on solving the system
of linear equations of the MC induced by the current policy, making it drastically more
computationally intensive than a straightforward VI update step.
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Time complexity. One can always derive an error term § > 0 for VI that implies the
optimality of the resulting greedy policy [Littman et al., 1995; Balaji et al., 2019], and
again, the resulting number of iterations i € N required is exponential in the size of
M (polynomial in 1/1-y, but y is a binary encoded rational number). Consequently, by
Lemma 3, the running time of PI is still exponential.

Discussion

So far, we presented an LP encoding yielding polynomial solutions, but whose solvers
run slowly. At the price of switching to exponential-time solvers (simplex-based
methods), faster solutions can be derived, but the resulting algorithms do not leverage
the MDP structure. Alternatively, one may craft another exponential time algorithm
that iteratively computes the value function through a contraction mapping and returns
approximate solutions, while running fast in practice. Finally, we presented another
iterative exponential algorithm that delivers exact solutions.

So which algorithm runs faster? It is folklore that VI tends to yield solutions faster,
even in the undiscounted case (y = 1), where the Bellman operator B is not a contraction
mapping. This is the reason why VI is the default MDP solver in the majority of model
checkers [Budde et al., 2020; Hartmanns et al., 2023]. Using VI, all operations can further
be implemented through multidimensional (possibly sparse) arrays, enabling the use of
efficient numerical solvers for linear algebra (e.g., Bargiacchi et al., 2020; Hensel et al.,
2022) which can be parallelized on GPU, yielding solutions even faster (e.g., Delgrange
et al., 2023a; Farrington et al., 2023).

While VI and PI notably depend on the exhaustive knowledge of the model to iteratively
compute the full value vector, challenges arise when dealing with large state spaces or
sparse rewards — zero reward for the majority of transitions. In such cases, certain,
potentially substantial, parts of the state space contribute minimally to the computation
of the expected return from the initial state and exhaustive updates (over the whole state-
action space) scale poorly. Additionally, in practice, a model of the environment is seldom
explicitly available (i.e., in explicit MDP formalism), and the environment is often very
large (or even infinite), which hinders the applicability of dynamic programming. An
alternative is to learn the optimal value function or policy instead of computing them
explicitly, solely based on the interactions of the agent with the environment. This
method is named reinforcement learning and is detailed in the following section. Even
though VI and PI are not applicable when the MDP is not explicitly available, those two
approaches will serve as general templates for the algorithms presented in the sequel.
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2 Reinforcement Learning

Reinforcement Learning (RL) comprises algorithms that empower an autonomous
agent to learn a control policy through interaction with an unknown environment by
gathering experiences in the form of execution traces. In the context of this thesis, we
assume that the environment is modeled as an MDP M (e.g., Szepesvari, 2010). The term
unknown is pivotal here, indicating that the agent lacks explicit access to M, but can
instead interact with it dynamically. Typically, the goal of an RL agent is to maximize
its expected return.

The interaction follows the usual RL loop described in Figure 2.4. At each time stept > 0,
the agent executes an action g, in the environment M, then it receives a scalar reward
r; and observes the next state of the environment s;.;. When receiving this feedback
from M, the agent updates its current policy 7 according to the transition (s;, a;, 11, $+1)
observed. Then, the next action is drawn from some behavioral policy 7° embedding in
its memory (some information about) the current policy. Note that the agent does not
know and does not get access to R nor P: it can only interact with M to reinforce its
policy 7 from the traces drawn in M through z°.

Exploration vs. exploitation. To balance between exploration — trying actions to
reach unvisited regions of the state space and discover further reward strategies — and
exploitation — executing the best actions known so far by the agent — the behavioral
policy 7° should be wisely chosen. Too much exploration slows down the learning
process, while too much exploitation may cause the agent to be stuck in local optima
(see, e.g., Amin et al., 2021; Ladosz et al.,, 2022 for a discussion about the exploration
vs. exploitation duality). When 7° coincides with 7, we say that the RL algorithm is on-
policy, since it explores the environment with the actual policy learned. Otherwise, the
algorithm is said off-policy.

n =R (s, a)
Ste1 ~ P (| s,a)

\ Ty St+1

Figure 2.4: Classic reinforcement learning loop.
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Optimization of parameterized functions. Henceforth, we use the notation
f(;0): X - Y to denote functions f of measurable domain X and image space Y
parameterized by some vector € R? with d € N. We omit the parameters 0 when it is
clear from the context. We call the set of RL algorithms that make use of parameterized
functions to learn a representation of the input states or model the agent’s policy as deep
reinforcement learning (deep RL, or DRL for short). A notable example of parameterized
function approximators is neural networks (e.g., Schmidhuber, 2015). For completeness,
we define the feed-forward network, the most common type of neural network used as a
nonlinear function approximator.

Definition 15: Feedforward network

A (fully connected) feed-forward network is a parameterized function
f(;0): R" — R™ which consists of a sequence of L layers, each layer
1 €{1,...,L — 1} being a function f; : R"' — R™ with weight matrix W' € R"-™
and a bias vector b € R™. The first layer (! = 0) is the input layer, and the
last layer (! = L — 1) is the output layer. In between, we call them the hidden
layers. Each layer [ is associated with n; > 1 nodes (called cells or neurons)
with nonlinear activation function o;: R — R (e.g., the sigmoid function
0(x) = 1/1+exp(—x) or ReLU(x) = max {0, x}), where ny = n and n;_; = m. Precisely,
for I € {1,...,L—1}, given z"! € R™ and z' € R™, we have fl(zl_l) = Zlif
and only if z§ = Y o2 Wllj +b§) for all j € {1,...,m}. Then, we have
f(x;0) = fr—1 00 fi(x), with x € R" and 6 so that 6 encodes the set of weights
and biases {<Wl,b’> €ERMPM xR |0< < L}.

The RL algorithms that we present in the sequel will often involve the minimization
of loss functions L of the form L(0) = E,-p f(x; 0), where x € X, P € A(X), for
some parameterized function f. Supposing that we are able to sample from P, L can
be approximated via Monte Carlo methods by drawing a finite number of samples {x;}|_,
from X according to P, with 1/n Y"", f(x;; ) — L(0) as n goes to o, by the strong law of
large numbers. The minimization of L according to 8 can further be performed in rounds
via stochastic gradient descent (SGD, Robbins and Monro, 1951):

Ori1 =6 — o 'Ve,f(xz; 0y,

where t > 0 is the gradient step, x; is a sample drawn via P, and ¢ is a learning rate,
usually assumed to be in the interval o, € (0, 1). Alternatively, one can perform a mini-
batch update at each step, meaning that a batch of samples {x;}!_, is drawn at gradient step
t > 0 and the parameters are updated via 0,41 = 0, —a;-1/n Y, Vo, f(x:; ;). This may lead
to smoother convergence in practice. Typical implementations use an adaptive learning
rate to find a well-suited sequence (a; ),y according to the specific optimization instance,
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possibly depending on the parameters used to design the function f, the loss function L
chosen, as well as the current parameters 6, at each gradient step t > 0. Popular examples
of such adaptive gradient algorithms include RMSprop [Tieleman and Hinton, 2012] or
Apawm [Kingma and Ba, 2015]. Notably, when «; is appropriately decayed as t goes to oo,
SGD almost surely converges to a local minimum, and even to the global minimum if L
is convex [Robbins and Siegmund, 1971].

2.1 Episodic Processes

In the RL literature, algorithms are broadly categorized into two families: those where
the agent is designed for continual tasks and those for episodic tasks (e.g., Sutton and
Barto, 20138).

In the former, the agent continuously interacts within the environment without
interruption, so the goal is typically to learn a policy 7 which maximizes the average
reward (or mean-payoff), defined as liminfr_ 1/T Z,T:o E, [R(s:,ar)], ie., the reward
obtained in average at the limit of the interaction. In that case, the stationarity of the
system under the learned policy is often assumed [Sutton and Barto, 2018; Huang, 2020].

In the latter, the agent trains in epochs (referred to as episodes), each culminating in
one of three possible outcomes: either the agent (i) achieves success (accomplishing its
objective, e.g., reaching a goal state), (ii) encounters failure (visiting an illegal state), or
(iii) undergoes termination, indicating the agent is stuck or a time-out has occurred (e.g.,
Brockman et al., 2016; Pardo et al., 2018). Then, the environment is reset.

In this section, we mainly focus on the latter category, as it encapsulates predominant
training scenarios in the literature. Formally, an episodic process is defined as follows.

Definition 16: Episodic Process

An MDP M is episodic if and only if its state space S embeds a special reset state
Sreser = S SO that:

(i) under any policy 7 for M, the environment is almost surely eventually
reset from every state s € S: P,(OSpeser | 1 =5) = 1, where Ospeser =
{80:00, 4g: 0 | there exists a t > 0 so that s; = Syeeer);

(i) when reset, the environment restarts from the initial state: for all a € A,

P(s | Sresets @) = 1; and

(iii) the reset state yields no reward: for all a € A, R(Spesers @) = 0.
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Definition 17: Episode

An episode is a finite trajectory (so.7,do.7-1) € Trajf,f so that s; = Syeser and s; # Speger
for all t <T. The set of all episodes of M is denoted as Episodes,.

Remark 3: Alternative definitions of episodic processes

We note that our definition of episodic MDPs differs from the line of work of Dann
and Brunskill [2015]; Dann et al. [2017]; Azar et al. [2017]; Zanette and Brunskill
[2019]; Domingues et al. [2021], where episodes surely (in contrast to almost surely)
terminate. Then, there is a fixed horizon H > 0 which is assumed to be part of
the input, i.e., directly included in the instance of any episodic MDP. Notably, in
such a setting, Markovian policies that record the current time step t < H of the
interaction are necessary to optimize the expected return, which is not the case
with our definition.

We rather generally assume that the horizon of every episode is almost surely
finite. The aforementioned framework can be reformulated by encoding the current
time step t as part of the state space of the model, which is reset when the horizon
is reached.

An agent operating within an episodic process seeks to optimize the episodic return,
whose definition slightly differs from the usual expected return defined in general MDPs
(compare with Definition 13):

Definition 18: Episodic Return

Let M be an episodic process and 7 be a policy for M, the episodic return of M is
the expected discounted rewards accumulated upon the end of the episode®:

IE” Z(Hy -1 {si * Sreset}) . R(st,at)l .

“here, we assume that [0y = 1.

The related episodic value functions are given by

R(s,a) + Ey~p(|sa) [y . Ve’;is(s’)] if § # Speser, and

0 otherwise;

Qgpis(s’ a) = {

and V”~

epis

(s) = Ea~n(ls) [Qé’pis(s, a)], foralls € Sanda € A.
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Now, define the terminal MDP M®* as the episodic process M where we solely change
the transition function P so that sy is absorbing (often referred to as the terminal state in
the RL literature). Precisely, let P© be the transition function of M, then PO(- | 5,a) =
P(- | s,a) if s # Speser and PO({Speser} | 5,a) = 1 otherwise, for any s € S, a € A. The
episodic return obtained in M actually corresponds to the usual expected return obtained
in M®, which means that

Z(HY -1 {si + 3reset}> ' R(sz, a[) | S = Sl

t=0 i=1

Ve;;)is (S) = IEnM

=)

T
Z 1 {<SO:T>a0:T—1> € EPiSOdeSM} : Z v RGsna) | s = Sl
=0

T=0

=M

O
=EM

S R(sa) | s =s

t=0

Concretely, Q7;; and Vg are thus the usual value functions of the MDP M. This means
that the episodic value functions benefit from exactly the same arsenal of guarantees as
those presented in Section 1.5 for the usual value functions. In particular, the episodic

Bellman operator Beyis : V — V defined as

(Bepisv) (S)

sup,e 4 R(s,a) + Ey~p(fsa) [y - V()] if s # Speser, and
0 otherwise

supR(s,a)+ E  [r-V(s)]
acA s'~PO(-\s,a)

is guaranteed to be an isotone contraction mapping for any V € V and s € S. The same
observation remains for the operator applied on the state-action value space, where

R(s,a) + Ey~p(|sa) [y -sup,, Q(s’, a’ )] if § # Speser, and

0 otherwise

(BepisQ)(s, a) = {
-RG@+ E bmmmidﬂ
§~PO(]s,a) a
forany Q € Vy,s € S,anda € A.
Remark 4: Undiscounted episodic process

In contrast to general MDPs, optimal deterministic stationary policies are
guaranteed to exist for the undiscounted (y = 1) episodic return in any episodic
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MDP with finite state-action space, and the solution of the Bellman’s equation

epis .
> otherwise

V. (s)= {SupaEA [R(s, a) + Ey~p(sa) [V:pis(s’)]] if § # Speqer, and

is unique [Bertsekas and Tsitsiklis, 1991]. For general state-action spaces, the
uniqueness is not necessarily guaranteed [Puterman, 1994, Chapter 7]. Intuitively,
the related Bellman operator Bepis, although monotone, is not a contraction mapping
in infinite state spaces when y = 1. Nevertheless, any stationary policy 7 still does
satisfy the Bellman’s equation

Veji)is(s) = Rﬂ(s) aF /~lgz(.‘ ) [ enpis (s/)] -1 {S * Sreset}~

Now, given any episodic process, a critical question is whether finding a policy 7 that
optimizes V7" is sufficient and equivalent to finding a policy #’ that optimizes Ve’gis (e.g.,
with 77 := 7). This would mean that optimizing the usual expected return is sufficient
to optimize the episodic return. Unfortunately, the answer is negative, as stated in the
following lemma.

Lemma 4: Episodic return mismatch *

In general, a policy maximizing the expected return in an episodic MDP does not
necessarily optimize its episodic return. Formally, there exists some episodic MDP
M with state and action spaces S and .4 where

{a €EA:a= argmaxQ*(s,a/)} n {a €EA:a= argmaxQ:pis(s,a’)} =0Q
a’eA adeA

for some state s € S.

Proof. Intuitively, the mismatch is a consequence of the discounting effect: even if a
policy leads to the optimal episodic return, the horizon required to reach the reset state
might yield a low subsequent discount and further lead to alow expected return for the
remaining trajectory suffix. In contrast, a policy that maximizes the (usual) expected
return may quickly reach the reset while still providing a non-negligible return for the
subsequent suffix of the trajectory. Let us construct such an MDP.
Consider the episodic process M of Figure 2.5. Fix 7, and 7, as the deterministic
stationary policies which respectively choose a and b in s;. Then, we have

Vé;uis

Vst =r-(1+y+ Y2).

(s;) =2r, and
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Figure 2.5: Counter-example showing that the optimal episodic and usual expected
returns might lead to different policies. The reward is strictly positive.

The policy m;, is the sole optimal policy for the episodic return of M whenever

Viss(sr) < V(o). ie, wheny > #g Consider now the usual discounted return.
We have
V%(sp)=2r+y-V™(sy) =2r+ yz V7 (Sreser) = 2r + y3 -V (sp)
and
Vo (s)) =r+yV™(s)) =r+y-r+y-Vo(sy) =r+y-r+y*r+y>-V™(s,)
=r-(L+y+y)+y> Vo)
=r- (1 + Y + Yz) + Y4 : Vﬂb(sreset)
=r-(1+y+y)+y - Vo(sp).
Then,
V7a(sp) = 2r +y* - V™(s;) V(s =r-(1+y+y2) +y° - V™(s)
2 -4y +y?)
T 1- v? a 1—yp° ’

Observe that V™ (s;) > V”™(s;) whatever the discount y. Then, in the particular case
where y > %ﬁ, we have that m, and 7, are respectively the optimal policy for the

episodic return and the usual expected return of M and

argmax Q*(s;,a”) = a # b = argmax Qg (s1,a").
a*€{a,b} a*€{a,b}

O

For the sake of presentation, in the remainder of this chapter, when referring to the value
functions of episodic processes, we rather consider their episodic return. That is, except
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if otherwise specified, for every episodic process, we override the notation V' := Ve,

Q = eris; and B := Bepis~
Remark 5: About the stationarity of terminal MDPs.

In the following, we show that any episodic process M is (or can be made without
loss) ergodic, which implies the existence of a unique stationary distribution
&, under any stationary policy = for M. When using stationary measures to
compute a quantity written as the expectation of a random variable (e.g., possibly
involving Vepis), it is worth noting that we do consider the distribution defined over the
original episodic MDP M, and not over the terminal MDP M* where the stationary
distribution is trivially defined as the Dirac function with impulse on state Ses;.

Ergodicity. Interpreting any episodic process as an MDP that is almost surely infinitely
often reset (see Definition 16) introduces a perspective that diverges from their traditional
treatment in the RL literature. Typically, RL algorithms handle the continual case —
where the agent is optimized across an infinite MDP rollout — and the episodic case —
where finite trajectories are drawn to optimize the finite-horizon return — as distinct
scenarios [Sutton and Barto, 2018]. Our approach aligns with the perspective of Huang
[2020], where learning across episodes is viewed as an infinite unrolling of the MDP,
akin to the continual case. We demonstrate in the following that the underlying training
environment is ergodic (in both the finite and general cases), ensuring the existence of a
stationary distribution in all episodic scenarios (cf. Section 1.4 for a detailed discussion
about the ergodicity of MDPs). This implies that sampling transitions from the episodic
process under a particular policy can be conceptualized as drawing transitions collected
along a single rollout. Specifically, every point in the trajectory obtained by running a
stationary policy for a sufficient number of time steps (up to convergence) is guaranteed
to be an unbiased sample of the induced stationary distribution [Lovasz and Winkler,
1995; Propp and Wilson, 1998; Huang, 2020].

Throughout this thesis, adopting this perspective enables us to formally reason about
and analyze the underlying learning procedures of RL algorithms and further derive
corresponding guarantees.

Theorem 7: Episodic processes are ergodic *

Proof. Let M be an episodic process and 7 be a stationary policy for M. We first
show that M, is irreducible in the finite case and Harris recurrent in the general case.
Intuitively, this result follows from the fact that every state reachable from s; allows
to almost surely eventually visit sy, which transitions to s;. So all states are visited
infinitely often with probability one. More concretely:
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The finite case. Assume M has a finite state space and fix 7 in M. We say that a state
s is connected to another state s, written s ~ s’, if and only if £I(s’ | s) > 0 for some
T > 0. Notice that the relation ~- is transitive by definition. We show that the set of
states reachable under z from s;, written B = {s | s; ~» s} C S, forms a unique BSCC
since we have P, (Osyese: | St = s) = 1: it is clear that all states s € B are connected
to s; since s almost surely reaches syt and P, (sy | Syeser) = 1 by Definition 16. Then,
$ ~> Speser ~ 7. Consequently, we have for all pairs s, s’ € B that s ~» " since s ~ s;
and s; ~ §’. So, Bis strongly connected (cf. Definition 9). Furthermore, B is the largest
subset of S containing s;: by definition, all states outside B are not reachable from s;.
Then B is an SCC.

It remains to show that B is a bottom SCC, i.e., B satisfies P,(B | s) = 1 for any s € B.
Assume this is not the case, i.e., P,(B|s) < 1 for some s € B. This would mean that
there is some state s” € S\ B so that s ~» §’. This is not compliant with the definition
of B since this means that s; ~> s ~> s/, and by transitivity that s; ~ s’. Thus s’ needs
to be part of B since it is assumed to embed all states that are connected to s;.

Then, we have that B is a BSCC, so the MC M, is irreducible.

The general case. We show that M, is a recurrent Harris chain (cf. Definition 11).
The proof is closely related to Example 9, where we show that a Markov chain with
restart is Harris recurrent. Let H = {S;:}. By Definition 16, it is clear that H is
recurrent. Furthermore, H is also a small set: let p € A(S) be the Dirac measure
defined as p(C) = 1{s; € C}, then we have P, (- | Speser) = p-

Now, it remains to show that the process is aperiodic. While it is not always the
case (e.g., in Figure 2.5, the MCs induced by deterministic stationary policies are
irreducible but not aperiodic), one can enforce aperiodicity without any impact on the
episodic value functions. Intuitively, one can enforce the aperiodicity of the system by
injecting a small amount of noise into the transition probabilities. This modification
is referred to as the recursive e-perturbation trick by Huang [2020]. The idea is to add
a dummy state s; to S so that all states that are supposed to transition to s first
transition to s, before with a low probability € > 0. Formally, we modify P to P’ so that

P,(sreset | S, a) = (1 - 6) : P(sreset | S, a)
and P’(s, | s,a) = € for all state-action pairs (s, a) in

{s,a €S xA|P(speser | 5,a) >0} U {s,}.
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We also require that the rewards yielded by s, are null: R(s;,a) = 0 for alla € A.
Notice that the latter condition ensures the fact that Vep,is and Qepis undergo no change
as a result of this perturbation.

Then, the aperiodicity is enforced: intuitively, for any episode of length T, there
exists another episode of length T + 1 with non-zero probability which involves the
dummy state s, at the end of the episode, just before reaching s, Precisely, take
any episode (so.7,a0:7—1) € Episodes,,, then for all T/ > T, there exists another
episode {s}.;,,a).;_,» € Episodes,, where s, = s/, @, = a/, and s/ = s, for all
0<t<T<i<T. Then, & (Spser) > 0.

Since (a) M, is either irreducible or Harris recurrent under any stationary policy 7,
and (b) one can enforce the aperiodicity of the system without impact on the episodic
value functions, we conclude by (a) and (b) that M is ergodic. O

Corollary 1: Episodic processes converge to the stationary distribution

Let M be an episodic process and 7 be a stationary policy of M,,. Then, M, has a
unique stationary distribution &,. Furthermore,

(i) if M, is aperiodic, lim;, &£ = &, is the unique stationary policy of M,;

(ii) otherwise, if M, is periodic, slightly perturb the process via the e-perturbation
trick described in the proof of Theorem 7, let M, be the resulting MC for some
€ € (0,1) and &.° be the transient distribution of M¢ for any ¢t > 0. Then, the
unique stationary measure of M is given by lim, . £2¢ = £ and &, « &,

with
&(S)

)= Ty

for all S € 3(S) [Huang, 2020].

In practice, this corollary means that when one needs to evaluate or approximate the
expectation of a random variable over the stationary distribution, one simply has to
perturb the environment if necessary, execute the policy within the (possibly perturbed)
environment, and let it converge to the stationary distribution. When a sufficient number
of time steps have elapsed, we obtain an unbiased sampling point. If the process has been
perturbed, one just needs to rescale the quantity to 1/1-£s,).

Alternatively, one can obtain a (biased) Monte Carlo estimation of such an expectation
by uniformly sampling batches of transitions occurring along a trajectory: when the
number of time steps elapsed ¢t > 0 becomes very large, this is close to sampling from
the occupancy measure p, which almost surely converges to &,. Enlarging ¢ reduces
the bias of the estimation; this intuitively allows to de-correlate transitions randomly
sampled along the trajectory.
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Remark 6: Existence of a unique stationary distribution

We stress once again that while a unique stationary distribution is typically assumed
in continual RL scenarios [Sutton and Barto, 2018], it is guaranteed to exist in the
episodic setting. Consequently, in the formal analysis of RL algorithms we will
present in this dissertation, we often assume the existence of such a stationary
distribution.

Effects of the e-perturbation trick. Note that the e-perturbation trick presented
in the proof of Theorem 7 further allows to control the speed of convergence of any
episodic process to the stationary distribution: the time steps that the agent spend in the
dummy state s, follows the geometric distribution with expectation ¢/1-e. Interestingly,
Huang [2020] empirically found that setting € to 1 — /g, [t], where T is a random variable
capturing the length of every episode, tends to enforce the convergence to the stationary
distribution within T = 3 E,; [T] steps in various environments.

In the remainder of this section, we assume that the environment is episodic, and we
give an overview of value-based and actor-critic methods. While the former can be seen
as a counterpart of VI in the RL setting, the latter are generalized PI algorithms suited for
learning through interactions within an unknown environment.

2.2 Value-based Methods
Q-learning

One of the most popular vanilla RL algorithms is Q-learning [Watkins and Dayan, 1992], a
stochastic form of value iteration which is designed for finite MDPs. Intuitively, Q-learning
maintains a table taking the form of a vector # € Rl (the so-called Q-table) which
allows learning the optimal Q-value of each state-action pair. The Q-value function is
usually merely implemented as a look-up function to the Q-table §: S and A being finite,
one can enumerate all state-action pairs from S x A as <s(i), a(i)> forall1 <i<|Sx A
with Q(s(i), a®: 9) being defined as the ith entry of 6.

The Q-values are learned iteratively off-policy. At each step t > 0 of the interaction, a
transition (s, ay, 1y, Sy+1) is drawn in M, and the Q-table 6; is updated to 6, according to
the following equation: for all s € S, a € A,

Q(s,a; 0,11) = Q(s,a; 6,) + o4 (rt + yn}gj{Q(sHl,a’; 9,) —Q(s,a; Qt)> (2.15)

if s = s % Speser and a = ag; and Q(s, a; Op11) = Q(s, a; ;) - 1{s # Syeser} Otherwise, for a
given learning rate ¢; € (0, 1). The policy of the agent is further defined as #(a | s; 6) =
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1 {a = argmax ., O(s,da’; 9)} for all states s € S. Then, the update rule of Figure 2.4
consists in updating 6; to 6,4, by applying Equation 2.15.

Exploration. In practice, 7° can be seen as a Markovian policy. In the particular
context of Q-learning, (ﬂ}’ )teN is usually implemented as an e-greedy policy. Under such
apolicy, the agent acts greedily with probability (1—e¢;) and randomly with probability €;:

: (2.16)
ef|A| otherwise,

1—¢) ifa=argmax, s,a’; 6,); and
ﬂ_;g(as):{( t) g aeAQ( t)
forany s € S,a € A, and 0 < ¢ < 1. A good practice is to further decay ¢, to zero along
the training process, as t goes to . Another popular choice is the use of Boltzmann
policies. Intuitively, the arg max operator over the actions maximizing the Q-values that
defines the deterministic distribution of the agent’s policy is replaced by a softmax:

exp(Qa:0)/3,)
Toren exp (2 0)72)

for a given temperature parameter 0 < A; < 1. Again, annealing the temperature
As to zero as t goes to oo is a good practice and allows to eventually retrieve
1 {a = argmax, 4 O(s, a’; Gt)} at the limit of the interaction.

thb(a |s) = (2.17)

Guarantees. Notably, when the learning rate o of Equation 2.15 is decayed
appropriately’ and when 7° ensures to almost surely visit all state-action pairs infinitely
often along training steps t > 0, then Q(-; 6;) is guaranteed to almost surely converge to
Q" as t goes to co [Watkins and Dayan, 1992; Jaakkola et al., 1993; Tsitsiklis, 1994].

Q-learning can also be modified to provide probably approximately correct (PAC)
guarantees. Intuitively, given an error € > 0 and confidence § > 0, the RL algorithm
is PAC if one can find a lower bound T > 0 on the number of interaction steps required
to ensure that for all t > T, the policy x at time step t is e-optimal with probability at
least 1 — 6. To provide such guarantees, the update rule of Equation 2.15 can be modified
to delay the updates of : the Q-value of each state-action pair is updated only when the
pair is experienced a sufficient number of times, and the update is then averaged over
the recently missed updates opportunities [Strehl et al., 2006].

Beyond the tabular setting, convergence guarantees can be preserved for general state
spaces. Nowé [1994] proved that the convergence to the optimal values holds by using
piecewise linear interpolation of the Q-function, and Tsitsiklis and Roy [1997] further
proved the result using more general linear function approximators to model the Q-
function. However, the use of general nonlinear function approximators to model the

"Precisely, (a;);en should satisfy the so-called Robbins-Monro condition [Robbins and Monro, 1951].
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Q-function breaks all guarantees linked to the optimality of the algorithm in general
state spaces.

Deep Q-learning

Deep Q-networks (DQN) [Mnih et al., 2015] maintain an approximation of the Q-values
by modeling the Q-function through (deep) neural networks (the so-called Q-networks),
which are parameterized nonlinear function approximators. Convergence guarantees
are here sacrificed in favor of scalability to general state space environments, while the
action space is still assumed finite.

Precisely, as vanilla Q-learning, DQN seeks QF, i.e., the optimal (Q-)value function.
Recall that max,e 4 Q*(s, a) is the unique solution of the Bellman’s Equation 2.10, where

0*(s,a) = (BO*)(s,a) = R(s,a) + F [}/ -max Q* (s, a’)] .
§'~P('|s,a) a’eA
Assume that 7° is Markovian, let Q(-; §) € V4 be the Q-network parameterized by
weights 6, and let the random variable

Y(s, ar, s’) =r+y- maxQ(s',a'; é) (2.18)
a’eA

denote the target value obtained for the transition (s, a,r, s’). Such transitions are drawn
from the interaction of M when the agent executes 7°. Precisely, after t > 0 time steps,
we consider transition drawn from the occupancy measure p!, (cf. Equation 2.2).

Importantly, given s € S,a € A, and r = R(s,a), (BQ(-;@))(S, a) = Ey-psa) Y]

Notice also that we generally consider that Y embeds its own set of parameters 6. A DQN
agent tries adjusting the parameters 6 of the Q-network Q(- ; #) by minimizing the mean-
squared Bellman error (MSBE) between Q(s, a; 0) and the expected target Y, to eventually
retrieve the unique fixed point of the Bellman’s equation so that Q(-; ) almost surely
matches BO(- ; §) by minimizing the following loss to zero:®

2
E [( E [Y]-0C(,a 9)) l (2.19)
s,a,r~y;b s’~P("|s,a)

Lasge(6)

E [ E [YP+0G,a;0°-2 E [Y]O(s a;0)
s,al,r~/,1;l7 s'~P(-|s,a) s’ ~P(:|s,a)

8Note that our derivation of the MSBE leads to subtracting the marginal variance Vary =
Es,a~p‘b [\/S/NP(,‘M) [Y]] from Lpgn(6) = [Esxamuutb [(Y - 0(s,a; 9))2] in Equation 2.20, whereas Mnih et al.

[2015] curiously derives adding Vary to Lpon(6). Our analysis agrees with the one of Fan et al. [2020].

66
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= E [Q(s,a0)-2YQ(s.a; )]+ E [’~P[E| )[Y]Z]

s,a,r,s'~,uj[b s,a,r~y;b
= E [Q(s, a; 0)* —2YQ(s, a; 0) + YZ] +
s,az,r,s'~,uj[b

E [YP- E [Yz]]

s,a,rNH:rb s’~P(:|s,a) s’ ~P(:|s,a)
= F [0-QGao)] - E [ y m]. (220)
5»“»’:5/’”/1:[1, s,a~p;b s'~P(:|s,a)

Interestingly, when 6 and 0 are distinct, the marginal variance E;q, [\/SINP(,‘W) [Y]]

is independent from 6, so differentiating Lyispr(0) with respect to 0 yields the following
gradients:

VoLmspe(0) = -2 E

/ t
s,a,r,s’~
ars~pty

(r +y- n}?j(Q(s’, a’; é) —Q(s,a; 0)) -VpOC(s, a; 9)} . (2.21)

Furthermore, if § is periodically updated to 8 after Tiarge Steps and if 0 is fixed during this
period, the optimization of Lysgg w.r.t. 6 (Equation 2.19) coincides with the minimization
of

E [((BQ(-; 0))(s.0) - QGs.as e>)2] .
s,a,r~y;b
The optimization procedure taking place during this period of Tiaree: steps can then be
seen as an approximate® stochastic VI step (Algorithm 1), where the MSBE is minimized
instead of the usual Bellman error.

Since the agent has no access to P and the gradient of Lyspr coincides with those of
Esars—, [(Y - Q(s, a; 9))2] when separate target parameters are used, it is sufficient for
a DON ;gent to merely minimize the loss function

Lpon(@) = E

/ t
s,a,r,s"~
SATSS )y

2
(r + - max (s, d’; 0) — O(s, a; 9)) l ) (2.22)

Furthermore using SGD to minimize Lpgny w.rt. 8, the gradient descent step of the
parameters 0 is given by

01 =06, +a- (r +y- max o', d'; ét) - Q(s, a; Ht)> -Vp,Q(s, a; 0y), (2.23)
a’e

%or exact if (i) the global minimum is reached during the procedure and (ii) the Q-network is powerful
enough to model BO(-; 0), i.e., if there exist some weights 6’ so that §’ minimizes Lysgg (cf. Equation 2.19),
where Q(-; 6”) almost surely matches BO(-; 0), w.r.t. ,u;b.
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where o; € (0,1) is alearning rate fort > 0 and (s, a, 7, s’) is drawn from ,ufrh. Equation 2.23
can be seen as the gradient counterpart of the Q-learning update rule (Equation 2.15).

To efficiently practically learn the Q-network by minimizing Lpgn(6), two tricks
introduced by Mnih et al. [2015] are crucial.

Experience replay. The transitions collected during the interaction of the agent
executing 7 in M are sequentially correlated, and thus yield biased samples of pty for
t > 0 interactions steps. An experience replay buffer [Lin, 1992] can be introduced to
alleviate this issue, that is used to emulate yi!, by storing transitions encountered along
the interaction. Intuitively, at each step t > 0 of the interaction, the agent stores the
transition (s, a;, 13, $;+1) in D. Then, a batch { <s,«, a;, 1, 31/> }f\il of N samples is drawn from
D uniformly, and Lpon(6) is approximated through 1/n YN, (i — Q(si, ai; 6))* where
Vi =1+ ymaxgeq Q(s/,a'; é) is the target.

In practice, the buffer size of D is usually very large (Mnih et al., 2015 use a size
of 10°), so sampling from D is close to sampling independent transitions from !,
Drawing transitions randomly from D allows breaking the strong sequential correlation
of transitions collected during the interaction, further reducing the variance of the
updates.

Target network. Asmentioned above, the gradients derived in Equation 2.21 are sound
if and only if a target network Q(-; é) is used with its own distinct parameters 6. On the
contrary, when 0 = 0, minimizing Lpgy is significantly different from minimizing the
MSBE since the minimization of Lpgn involves minimizing the marginal variance of the
target as well (cf. Equation 2.20). Additionally, an optimization step would push the
parameters of both the Q- and target networks at the same time in the gradient direction,
which further usually leads to oscillations and the divergence of the policy. Thus, a target
network with separate parameters allows for stabilizing the overall learning procedure.

In practice, g is periodically updated to match § at regular intervals: given a target
update rate B € (0,1], the target update rule is given by & = -0 + (1 — ) - 6. When
B = 1, the rule is a hard target update, as used by Mnih et al. [2015], while § < 11leads to a
soft target update which corresponds to applying Polyak averaging [Polyak and Juditsky,
1992] to the target parameters (e.g., as used by Haarnoja et al., 2018).

Learning the policy. The gradient step implemented through the update function of
the RL loop (Figure 2.4) is detailed in Algorithm 3. Note that the DQN policy can be
implemented as a pure greedy policy with regards to the Q-network learned. However,

1Note that the subscript here corresponds to the i transition sampled from D, and not the i transition
visited along the interaction at time step t = i.
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Algorithm 3: DON template
Input:

+ Respective parameters 6, 6 of the Q- and the target networks;
« Current interaction step ¢ > 0;
« Replay buffer D;
o ()sens Bi O-network learning and target network update rates;
* Ticarn> Ttarger Q-network learning and target update periods with Ticarn < Tiarget;
« P: §xV 4 — A(A) policy distribution template (e.g., e-greedy or Boltzmann);

function update(n(-; 0),s,a,r,s")

D« Du{s,a,r,s)} > store the transition (s,a,r,s’) in D
if t mod Tjym = 0 then

{<s,-, ai, i, sl’> }11 ~D > sample a batch of transitions from D
foralli < 1 to N do

t Vi < I + maxXgyeg Q(si’, a’; é) ~T{s; = Sreser} > compute the target

> Perform a (mini-)batched gradient step

N
1
0« 0+a;- N ;(J’i - Q(Si,ai ; 0)) - VBQ(Si,ai; 9)

if t mod Ttarget = 0 then
L 0—p-0+(1-p)-0 > smooth target update
| return 7 so that (a|s; 0) = P(a|s,Q(-; 6))

since we have no guarantee on the optimality of the related Q-function, injecting a small
amount of randomness (e.g., via an e-greedy policy) is a good practice to prevent the agent
from being blocked by an action believed to be optimal (Mnih et al., 2015 evaluate the
agent using € = 0.05). Alternatively, one can implement the final policy as a Boltzmann
policy to exploit the meta-information learned through the Q-networks. Indeed, while
the outputted Q-function has no optimality guarantee, Q(s, a; 6) tells us how confident
the learning agent is on the optimality of the action a € A in every state s € S, so using
a Boltzmann policy to turn this information into a distribution may be better suited in
states whose approximated Q values are close.

Further tips and tricks. The extensions of DQN are numerous and include the
addition of a second Q-network to prevent the DQN agent from overestimating the values
of the state-action pairs [van Hasselt et al., 2016], the replacement of D by a prioritized
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experience replay buffer to replay important transitions more frequently and learn more
efficiently [Schaul et al., 2016], or a modification of the Q-function in a distributional
perspective [Bellemare et al., 2023]. All of these extensions are compiled into a cohesive
algorithm called Rainbow DON [Hessel et al., 2018]. This algorithm not only outperforms
other DQN variants in experimental performance but also demonstrates state-of-the-art
performance within the deep RL landscape.

Guarantees. We note that when sparse neural networks solely composed of rectified
linear units (ReLU, Nair and Hinton, 2010) are employed, DQN generates a sequence of
policies whose corresponding value functions converge to the optimal values when both
the sample size and the number of iterations tend to infinity [Fan et al., 2020]. However,
achieving those guarantees is extremely challenging and is significantly constrained by
practical limitations. First, one needs to have access to a fixed distribution over the
state-action space in replacement of the replay buffer. Second, each optimization period
needs to reach the global minimum of the least mean square Bellman error, while the
application of the Bellman operator on the Q-network must remain accurately modelable
by the neural network itself (essentially the conditions discussed in footnote 9, where
the capability of the Q-network to model BQ is relaxed). Precisely, the application of
the Bellman operator to the Q-network should yield a composition of Holder smooth
functions; this guarantees the Q-network to approximately be capable of modeling BQ.

2.3 Actor-critic Methods

Generalized policy iteration (GPI) embeds all algorithms implementing PI (Algorithm 2)
so that the evaluation step eval only partially evaluates the current policy. Indeed,
the global evaluation (i.e., over the whole state-action space) may quickly become
intractable, in particular when considering general state-action spaces. GPI is often
implemented through the actor-critic paradigm: intuitively, at each optimization step,
the critic evaluates the values of the current policy, and the actor improves the policy
based on the critic evaluation.

Note that due to the partial evaluation, GPI does not generally leverage the policy
improvement guarantee provided by Lemma 3. Then, the policies learned may oscillate
during their training if a local optimum is found, even if the evaluation step is exact
[Bertsekas and Tsitsiklis, 1996]. Nevertheless, GPI embeds methods compliant with
general state-action spaces, and guarantees can be derived from some well-designed
algorithms, relying on Mirror descent theory [Kuba et al., 2022].

The Actor: policy improvement. We first consider the policy improvement step. Let
7 be a stationary policy for M with parameters 6. The improvement step of 6 performed
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by the actor involves the maximization of the discounted return in the terminal'’ MC

Mj?:
DV R(sna)|.

t=0

J0) =X (2.24)

In order to modify the parameters 6 to further increase J(0) through stochastic gradient
methods, we define the discounted occupancy measure'? 1, € A(S) of each state in the
terminal process M for the discount factor y as the (normalized) discounted probability
of visiting that state along the interaction:

(S = (1=1) - Yy P ({5000 0.0 | 5 € S)). (2.25)

t=0

One can see 1 as a discounted counterpart of the stationary distribution &, = lim;_,e g,
in the original MDP M. Intuitively, 1% (S) describes the expected proportion of time the
agent spends in the region S C S when executing , which is weighted by the discount
factor y. Importantly, the expected return from the initial state can be reformulated using
this measure [Puterman, 1994]:

J(©) = EM

iyt “R(s, a)} = % E R(s,a), (2.26)

=0 —Y sepr

where we use the same notation s,a ~ ,ufr as for &, ie., first sampling s from ,ufr,
then a from (- | s; 0). Importantly, notice that since the occupancy measure ), gives a
distribution over states visited when 7(- ; 0) is executed, the gradients of J(0) w.r.t. 0 does
depend on y .p) Which is hardly tractable. Interestingly, Sutton et al. [1999a] proved that
the gradlents of J(0) can be rewritten as an analytical expression that is independent of
the gradients of ,uff.

Theorem 8: Policy gradient
For any episodic MDP M, let 7 be a stationary policy for M with parameters 6,

(i) [Sutton et al., 1999a]: for y < 1, the gradient of J(6) is given by

Vol (0) = ——

/Q (s,a)-Vor(da|s; 6)|;

s~,u,,

the following discussion (including Theorem 8) also holds in the general, non-episodic setting. However,
in that case, we only allow for y < 1. One just needs to replace M by M in the equations.
12/ is defined here for M®, but it can be trivially lifted to M (see footnote 11).
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Theorem 8: Policy gradient (continued)

(if) [Huang, 2020]: assuming the objective is undiscounted (y = 1), let &, be the
stationary distribution of M, , then

v@](g) = ([Eﬂ [T] - 1) = [/ Q”(S, a) 'V(;T[(da | s; 0) | S F Sreset|
s~&y A

where T : Traj; = N, (So:00,@0:00) P Dopo(T + 1)1 {SO;T,aO;T_l € EpisodesM}
is the length of the (first) episode of the trajectory, while /& (swe) = E, [T] is
the average episode length (AEL) [Serfozo, 2009, Chapter 1, Theorem 54].

Remark 7: Average episode length and adaptative learning rate

In the undiscounted case, Theorem 8 slightly differs from the classic policy gradient
theorem introduced by Sutton et al. [1999a], where the AEL term is omitted and
treated as a proportionally constant. We contend that the AEL does depend on
7(-; ) and is thus not a constant: changing the policy changes the AEL as well.
While omitting the term does not alter the gradient direction, it does affect the
learning rate control [Huang, 2020].

Interestingly, for the state distribution d, € A(S) so that

Q- ,u% ify<1, and
T E(|1{s €S |s = spser}) otherwise,

Assuming 7 has density p,, one can rewrite the integration over the whole action space
as a tractable expectation:

7O E | [ @60 wntaal s e)]

- £ [ [ a0 g0 Bl
L A

s~dy prals; 6)
= [5 / n(dals; 0)-Q"(s,a) - Vg log p(a|s; 0)]
s~dr | J A

(because ;—9 log p,(-; 0) = m . % (- 0))
[Ed [Q"(s,a) - Vglog pr(a|s; 6)].

s,a~dy

This enables the optimization of J(#) through stochastic gradient ascent algorithms.

72



2. REINFORCEMENT LEARNING

The Critic: policy evaluation. In practice, Q" (s, a) can be estimated through Monte-
Carlo methods, using the reward accumulated along episodes drawn by executing 7: for
any trajectory 7 whose prefix is an episode (so.7,do:7—1) € Episodes,,, one can estimate
Q" (s, a;) via Gl () = ZiT;tl y'r with r, = R(s;, a;) for t < T. This results in an unbiased
estimation of Q”(s,a) when s = s, and a = @, since

[EﬂM Zﬂ {30:T>a0:T—1 € EpisodesM} -GtT | st =s,a = al =Q"(s,a).
T=0

An alternative approach is to introduce a neural network Q(- ; n) with parameters  whose
updates are based on transitions observed during the execution of the current policy 7.
The optimization of the parameters n may then follow similar update procedures and
tricks to those employed in DQN, as used by soft actor-critic (SAC) agents [Haarnoja et al.,
2018]. Notably, in the context of policy evaluation, the max operator in Equation 2.18
vanishes in favor of an action @’ drawn from 7, as the focus is on seeking the values of
the current policy.

Nevertheless, the variance of policy gradients arising from such estimations tends to
be high. A baselineb: S — R is typically subtracted from the (estimated) Q-values to
mitigate the variance of policy updates. Notably, the policy gradient theorem still holds
in the presence of the baseline:

Vo] (6) o E [(Q"(s,a) —b(s)) - Vo log pr(a|s; O)].
A typical choice is b(s) = V”*(s), resulting in the so-called advantage function:

A"(s,a) = Q"(s,a) — V7 (s).

Then, in practice, a value network V(-; 1) can be learned (instead of Q(-; 1)) to estimate

the advantage function. Note that episodes have often different length according to the

current policy, so a good practice is to fix a horizon n > 0 and consider the n-step return

collected along episodes (sy.T, o1, 1o:T), then bootstrap the values of the remaining steps

from V(s,; n7) to estimate Q" (s, a;):

A= {Gz“" +y" V(s ) =V(sn) ift+n<T (2.27)
Gl = V(s;; 1) otherwise.

This is precisely the critic implemented in Advantage Actor-critic (A2C) agents [Mnih
et al.,, 2016]. The general update procedure of A2C agents is presented in Algorithm 4.

Discussion. In essence, the inherent practical challenges associated with actor-critic
algorithms encompass those associated with GPI. Notably, in the interval between each
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Algorithm 4: Advantage Actor-critic template

Input:

Actor and Critic parameters 0, ;

Current interaction step t > 0;

Sequentially ordered replay buffer D;

Advantage estimation function advantage : R x V x Traj,; — R (e.g.,
Equation 2.27 or the one introduced by Schulman et al., 2016);

Value network V(-; n) € V;

Actor and Critic learning rates (;);en, (Bt)enss

Learning update period 7 and return horizon n;

.fin

function update(n(-; 0),s,a,r,s")

> store the transition (s, a,r,s’) occurring at time step t in D
D <~ Du{s,a,r,s)}
if t mod 7 = 0 then

> Critic
fori < 0to7 —1do
H <« min{i+n, 7T} > horizon for the n-step return

> Compute the n-step return from transitions <si, aj, 1y s{) stored in D
Gi « Zf:_ll [( izo Y- 1 {Sk * sreset}) : rj]
> Compute the target return by bootsraping from V(- ; n) if necessary
if Sreset & {si’ Sit1s e s SH} then

L i< Gi+y" - V(susn)

else
LyH—Gi

> Value network update

nen+ B3 N5 0= Vs m) - Vs m)
> Policy evaluation
fori< 0to7 —1do

L A; < advantage(G, V(-; 1), D)

> Actor: policy improvement

0 —0+a- % ZiT:BI A; -Vglog pr(ai | si; 0)
clear D

L return w

74



2. REINFORCEMENT LEARNING

policy improvement step, the policy evaluation step demands the construction of a
suitable estimator for the value function, which is challenging.

Actor-critic methods additionally suffer from learning instabilities [Zhao et al., 2012];
to further stabilize the training procedures, certain algorithms restrict the drift that
occurs between policy updates within a defined neighborhood, ensuring the theoretical
improvement of the policy. Examples of such algorithms include trust region policy
optimization (TRPO) [Schulman et al., 2015] and proximal policy optimization (PPO)
[Schulman et al., 2017], both implementing more generalized advantage estimation
techniques [Schulman et al.,, 2016]. Notably, TRPO and PPO are instances of Mirror
Learning [Kuba et al., 2022], ensuring convergence to optimal values when the policy
evaluation step is exact and when the states are drawn from the suitable distribution d,.

Remark 8: Shambles in ad hoc policy gradient algorithms

A critical problem occurring in most of the practical implementations of actor-critic
algorithms is related to this suitable distribution d,;. All of the aforementioned state-
of-the-art methods use a discount factor y < 1, collect data on-policy, store them in
a buffer D, and update the parameters 6 according to the gradient given by

Voh(0) = E_[Q"(s.a)-Volog px(als; 6)].

E
a~D
When the number of data collected ¢ is sufficiently large, we are close to sampling
from y. (the undiscounted occupancy measure, cf. Section 1.4, Equation 2.2), which
almost surely converges to &, as t goes to co. However, as it is wrongly assumed in
all those methods, Vg }(0) # VyJ(0) since the samples used to update the policy are
not distributed according to the discounted occupancy measure i, but they are rather
collected on-policy, i.e., distributed according to the stationary measure &, (ast — o),
which intuitively boils down to removing the discounting effect in the occupancy
measure® . This further means that all those algorithms do not optimize the
correct objective function. Notably, most of the papers related to state-of-the-
art policy gradient methods even made erroneous or misleading claims regarding
the discounted policy gradient theorem. This important mismatch between theory
and practice has been discussed and analyzed by Nota and Thomas [2020], which
showed that optimizing the policy through }(0) even leads to the worst possible
policy in some well-chosen environments.

Nevertheless, surprisingly, computing Vy J>(0) does not lead to poor performance
in practice — on the contrary, state-of-the-art methods implementing this biased
version of policy gradient are very effective. This leads to questioning the reason
for the effectiveness of those algorithms and whether those performances can be
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further improved by optimizing the correct objective function. In particular, it is
unclear whether fixing this bias would lead to better performance, or whether the
bias is, actually, beneficial in practice.

Fixing the bias. This bias can be fixed by introducing the missing discount factor
' in the dual formulation of the policy gradient theorem — where full trajectories
are considered instead of transitions — since

O o0
E, [07(s.a) Volog pr(a|s; )] = Ex*" | Dy - Q"(s,:0) - Volog pala|s; 0)| .

S~ t=0

Equivalently, one can also consider sampling from p, which boils down to
sampling from the stationary distribution of the episodic environment where we
add a special state s, to the state space that is entered with probability (1 —y) at
each time step, as discussed by Puterman [1994, Chapter 5.3] and White [2017].
Concretely, this means one needs to modify Ptoy - P(S | s,a) + (1 —y)- 1 {s,, € S},
forany s € S, a € A, and S € 3(S). This obviously poses sample efficiency issues,
so one could alternatively take inspiration from off-policy and importance sampling

techniques to draw from the stationary distribution of the original environment and
Y
I'll

rescale the gradients according to a learned approximation of the ratio %

to Gelada and Bellemare [2019].

Finally, since the discount is the core of the problem, one could simply question
whether discounting is really important and merely use the undiscounted version of
the gradient theorem. However, even though undiscounted objectives are possible
in the context of episodic RL (cf. Remark 4), this amounts to dealing with the
stochastic longest path problem” in the terminal MDP [Bertsekas and Tsitsiklis, 1991],
which is a relatively different problem coming with its own set of challenges.
In particular, in general state spaces, the Bellman operator is not a contraction
mapping and the uniqueness of the solution of the Bellman’s equation is no longer
guaranteed.

similarly

“Note that we can even obtain unbiased samples from &, in the episodic setting (cf. Section 2.1).

bWe note that the stochastic shortest path problem studied by Bertsekas and Tsitsiklis [1991] involves
the minimization of the expected costs along trajectories, which does admit negative costs. The
maximization of the episodic return can be merely reduced to the stochastic shortest path to the terminal
state by inverting the sign of all rewards, to turn them into costs.
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2.4 Are Deep RL Algorithms Reliable?

Throughout this section, we have explored deep RL algorithms that leverage function
approximators to model the value function, the policy, or even both, to scale to large or
even continuous state-action spaces.

Value-based methods are essentially stochastic VI algorithms. A notable example is Q-
learning, which employs alookup table to maintain the value of each state-action pair and
is further equipped with convergence guarantees at the limit of the interaction. However,
this approach struggles to scale to general state spaces, necessitating the introduction
of function approximators to effectively scale to reasonable settings. Although linear
function approximators and piecewise interpolation can preserve some guarantees, they
all vanish with the use of general function approximators. Despite the loss of guarantees,
employing neural networks to model the Q-value, as seen in the DQN algorithm,
has yielded significant performance improvements compared to previous value-based
methods. DQN can be modified to additionally provide convergence guarantees, but
this modification highly limits the applicability of the algorithm, relying on unrealizable
assumptions in practice (a fixed dataset, an exact optimization procedure, and a sparse
ReLU network capable of approximately capturing the Bellman operator).

Actor-critic methods on the other hand, are generalized PI algorithms. The policy
gradient theorem provides a principled approach to optimize the policy through gradient
ascent methods. Policy gradient is further compliant with general nonlinear function
approximators and some algorithms can even be connected to Mirror learning, which
additionally provides convergence guarantees to an optimal policy.

The gradient computation involves the estimation of the value function, which often
leads to high variance. This variance can be corrected by subtracting a baseline from the
estimation. A popular solution is learning a value function through a neural network,
which is further used for computing the advantage function and bootstrapping the value
when a finite horizon is considered. This neural network introduction for learning the
value function, however, leads to the same challenges as those discussed in the previous
paragraph.

Besides the loss of guarantees incurred by the introduction of a value network, the
policy gradient theorem is also often misused in practice, leading to a biased objective
function (cf. Remark 8). Nevertheless, this bias does not seem to degrade the performance
of the algorithms in practice, and the reason for this still remains unclear.

So, are deep RL algorithms reliable? Following this discussion, it becomes evident that
the reliability of deep RL algorithms is an open issue. Specifically, in addition to robust
and principled RL algorithms, there is a significant need to delve into understanding the
effectiveness of deep RL policies and their resulting behaviors.
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Figure 2.6: Model checking and synthesis of stochastic systems.

In this dissertation, we endeavor to address these questions to some extent. We adopt an
approach relying on formal methods to comprehensively grasp and analyze the behaviors
exhibited by an agent when operating under any deep RL policies generated by any
algorithm. This involves formally modeling the interaction between RL policies and
the environment, employing a technique known as model checking, to formally verify
that the policies adhere to desired behavioral properties. Further details on this formal
verification technique are introduced in the following section.

3 Model Checking and Synthesis

In the previous section, we assumed that the environment is unknown, i.e., that the agent
is able to interact within the environment and observe the consequence of its actions, but
without having explicit access to the model prescribing its underlying dynamics. We also
described algorithms compliant with general state-action spaces. However, we have seen
that the techniques used to scale to large problems lead to the loss of any useful guarantee,
further impacting the reliability of the underlying algorithms.

Let us take a step backward and assume on the contrary that the model of the
environment is known (i.e., explicitly given) and finite. Such a setting is well suited
to formally analyze and reason about the behaviors of the agent. In particular, in this
section, we focus on model checking [Baier and Katoen, 2008], a model-based formal
method that consists of formally verifying whether a set of properties, expressed in some
logic, holds in a given model.

In the context of stochastic model checking, the model of the environment is often
considered as being an MDP M. The properties we consider in this thesis are expressed

78



3. MODEL CHECKING AND SYNTHESIS

in a temporal logic, such as linear temporal logic (LTL), which allows to specify properties
such as safety (something bad never happens), reachability (eventually accessing some
region of the state space), liveness (something good keeps happening), or persistence
(something good eventually happens and keeps happening). More generally, such logics
allow to express w-regular properties over infinite traces of the model.

The high-level idea of model checking is depicted in Figure 2.6. The model M, the
property ¢, and a probability threshold p are given as input of the model checking
algorithm, along with a policy 7 for M if one requires to verify the specific behaviors of
the agent when 7 is executed in M. The model checker generally performs an exhaustive
exploration of the state space of M to formally verify whether there exists a policy that
allows satisfying the property ¢ with at least (or at most) probability p (or whether =
satisfies ¢ with probability p if provided). The model checker then outputs “yes” or “no”,
depending on the result of the verification, along with the maximum (resp. minimum)
probability of satisfying ¢. Finally, if the answer is “yes”, synthesis is a step further which
consists in constructing a policy ™ that allows satisfying ¢ with at least (resp. at most)
probability p.

The first part of this section is devoted to the formalization of the stochastic model
checking problem and is sketched as follows. We first introduce the so-called linear
temporal logic (LTL). We show that the latter allows expressing a rich subset of all
the properties over the measurable fragment of the (infinite) trajectory space of the
MDP (i.e., properties that can be expressed through countable union, intersection, and
complementation of cylinders). Then, we focus on the particular reachability property,
whose model checking procedure consists of verifying whether a region of the system
is reachable with a sufficient probability. Intuitively, this property constitutes the
cornerstone for the verification of all other properties. We further show that any LTL
formula can be translated into a deterministic Rabin automaton (DRA), a deterministic
finite automaton that allows for generating words of infinite length. By doing the product
of the MDP and the DRA representing the LTL formula, we obtain a new MDP in which
the model checking problem can be reduced to the reachability to particular regions of the
resulting product. Finally, we discuss the challenges and limitations of model checking
properties in the context of reinforcement learning.

3.1 Linear Temporal Logic

We start by defining the syntax and semantics of LTL, to further express specification
through this logical formalism.
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Definition 19: Syntax of LTL

The syntax of LTL formulae over the set AP is defined by the following grammar:

pi=al-pleiAngslop|eiUg,

where a € AP is an atomic proposition, — is the negation operator, A is the
conjunction operator, o is the next operator, and U is the until operator.

The size of a formula ¢, denoted |¢|, is the number of recursive calls needed to
parse ¢ through the grammar.

Intuitively, op means that the formula ¢ holds at the next time step, while ¢; U ¢, means
that ¢; holds at the current step and will hold during the next steps until ¢, holds. LTL
allows for standard logical connective abbreviations such as ¢; vV @2 = (—¢; A ¢2). The
true proposition is further defined as true = a v —a, for any a € AP.

Temporal operators can further be derived: Q¢ = true U ¢ means that ¢ will eventually
hold along the trajectory, and Clp = =0—¢ means that ¢ always hold, at any time step.

Figure 2.7 depicts the intuitive meaning of LTL operators in the simple case where the
formulae consist of atomic propositions. Intuitively, in an MDP, we say that an atomic
proposition a holds at a time step ¢ if s; is labeled with a, i.e., a € £(s;). Also notice in
Definition 19 that the syntax permits the combination of temporal operators. As concrete
examples, the formula ¢0J¢ means that ¢ will eventually hold and will keep holding
forever, whereas Q¢ means that ¢ holds infinitely often.

Semantics. The semantics of LTL formulae are defined over the space of infinite
trajectories of the MDP M. We say that a trajectory 7 = ($p. 0, Go:0) satisfies a formula
¢, denoted 7 F ¢, when the following conditions hold:

Tka ifand only if a € £(s))

TE-g ifandonlyif 7¥¢

TE@iANp; ifandonlyif 7F¢@,and7F @,

TEOp ifand only if (1.0, G1:00) F @0

Tk@Ug, ifandonlyif there existsa stepi > 0 from which (s;.c0, di:0) F @2 and
forall 0 < j <1, <Sj;oc,aj:oo> F o
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ay a; a,
Trajectory 7 = e e
a
not
and
I
A

next

aA-b aA-b b
until o,
aUb
-a -a a
eventually

always

with @ := arbitrary

L e
0a

a holds in s,

so is labelled with a

a does not hold in s,

aandb
hold in s

a holds in s;

aA-b
holds in every state

before visiting
a state where b holds

a eventually holds

a holds in every state

Figure 2.7: Intuitive semantics of LTL operators, for a,b € AP.

Example 11: LTL properties in the grid world environment

Consider the MDP of our running example (Example 3), that we slightly modify to
embed a passage behind the adversary [, as depicted in Figure 2.8. Properties of
interest in this example include the following LTL formulae:

« O-M: the agent G should always avoid the adversary f;

« O0v: the agent should eventually remain in a safe region of the environment;
« OIF: the agent should eventually reach the target [<;

« —IFU (8 A 00IF): the agent should at least eat a cherry & before going to

the target; and
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Figure 2.8: Back to our running example (Example 3). The environment is slightly
modified and now embeds a passage between the cell labeled with & and the target cell
[X. This passage allows the agent G to sneak up behind the opponent @ without the
latter waking up.

. D((}lﬁj/\ ()3): the agent should continuously reach the target and eat
cherries.

The model checking problem in an MDP M consists of verifying whether there exists
a policy whose induced trajectories allow satisfying a given LTL formula ¢ with a
predefined minimum (resp. maximum) probability. If the policy is provided, then the
model checker outputs the probability with which the policy satisfies ¢.

First of all, we focus on reachability properties, which intuitively constitute the
cornerstone for the verification of all other properties.

3.2 Reachability

Reachability properties have the form ¢, where ¢ is an LTL formula. The simplest
formula consists of a single atomic proposition ¢ = a, which means that the agent must
eventually visit a state labeled with a. This event is measurable since it can be expressed
as the countable union or intersection of cylinder sets where

{r € Trajy | Tk <>a} = U U Cyl(z),

t20 rePref!

where Pref, = {sojt, ag:1—1 € Trajﬂl |ace€ t’(st)} is the set of finite trajectories of length ¢
whose last state is labeled with a. In fact, this event is not only measurable in the finite
setting, but also in the context involving general state spaces (cf. Equation 2.8).
Therefore, verifying M for the reachability property ¢a and the lower probability
bound p (resp. upper bound p) consists in computing sup, IP,T({T € Trajy | Tk <>a})
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(resp. the infimum of the same quantity), and then checking if the result agrees with the
given threshold.

In keeping with tradition, for any initial state, this quantity is a solution of Bellman’s

equation modified to take into account the reachability property.

Theorem 9: Bellman’s equation for reachability [Forejt et al., 2011]

Let a € AP be an atomic proposition and opt € {max, min} be the optimization
direction. Recall that the transient distribution £.(E | s) gives the probability of
being in a state from E C S in exactly t steps from s (see Equation 2.1 in Section 1.4).

Then, define S_; = {s € S | a € £(s)} as the set of states labeled with a, and S_ so
that s € S_ if and only if

(i) there is no stationary policy « nor ¢ > 0 so that ££(S-; | s) > 0 whenever
opt = max, and

(ii) there exists a stationary policy 7 for M so that ££(S-; | s) = 0 for any ¢ > 0,
whenever opt = min.

Then, S- is the set of states that are disconnected from S-; under all policies when
opt = max (resp. under some policy when opt = min). Finally, define S; = S\
(S=1 U S5). The optimal value function V5, for the reachability property Oa is a
solution of the following Bellman’s equation:

optye s Ey-p(lsa) Voa(s) foralls e Sy,
V3a(s) = 11 for all s € S_;, and (2.28)
0 for all s € S_.

Furthermore,

(i) V3.(s) = sup, IP,,({T € Trajy, | Tk <>a} | s; = s) for all s € S is the least
solution of Equation 2.28 when opt = max, whereas

(ii) V§,(s) = inf, [P’,,({T € Trajy, | Tk Oa} | s = s) for all s € S is the unique
solution of Equation 2.28, when opt = min.

Note that S-, can be computed in polynomial time via purely graph algorithms, merely by
checking the connectivity of states to S-;. As usual, we write V7, for the value function
of the MC M, induced by a policy = for M in Equation 2.28 (where the opt operator
over the action space vanishes since the latter consists of a singleton).
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Remark 9: Uniqueness of the solution

Notice that in the case where opt = max, Bellman’s equation is not guaranteed to

have a unique solution.

For instance, consider the MDP depicted in the right
figure. Consider the reachability property ¢v. The value
function V := {s* —» 1,s > 1,/ — 1, X 0} is a solution
of Equation 2.28 for opt = max. However, it clearly does
not correspond to the values of the reachability property

O/ ie, V3, ={s" > 1/2,s > 1/2,/ = 1,X > 0}.

To understand why the solution is not necessarily
unique, construct the MDP M’ from any MDP M
so that y = 1 and where states from S_; as well as
those from S_ transition deterministically to a new
absorbing state s, , whatever the action chosen. We
set the rewards of M’ to zero everywhere, except
when a state from S_; transitions to s,, in which
case a reward of one is earned.

Note that the Bellman’s equation for the (undiscounted) expected return in
M’ (Equation 2.10) coincides with the one for the reachability property in M
(Equation 2.28).* Since the expected return from any states in M is comprised
in [0, 1], it is indeed guaranteed to be a solution of the Bellman’s equation.

However, since the return is undiscounted, the
solution is generally not unique [Puterman, 1994,
Chapter 7.1.2], and the Bellman operator B is not
guaranteed to be a contraction mapping. In the
particular case where opt = min, all states from
which at least one policy does not ensure to almost
surely reach S_; in M are embedded into S_.
Therefore, in contrast to the maximization case, s, is
almost surely reachable from every state under any
stationary policy, either through states from S_; or
S_o. Since s, is absorbing, the Bellman operator
B applied on {V € V| V(s ) =0} is a contraction
mapping and the Bellman’s equation has a unique
solution [Bertsekas and Tsitsiklis, 1991]. On the
other hand, when opt = max, the maximum
reachability probabilities can be expressed as the

opt = min
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least fixed point of the operator B applied on {V € V | V(s,) = 0} [Hartmanns and
Kaminski, 2020].

Finally, notice that when we consider the values of a policy r, i.e., the values in the
MC M, the equations coincide when opt = max and opt = min and the solution
is guaranteed to be unique.

Precisely, the computation of the (undiscounted) expected return in M’ is an instance of the
stochastic longest/shortest path problem to the absorbing state s; [Bertsekas and Tsitsiklis, 1991].

Linear programming. Although the solution is not necessarily unique in the case
where opt = mayx, it is guaranteed to be the least solution of the equation. This property
ensures the uniqueness of the solution of the following linear program [Forejt et al., 2011]:

Minimize sign- Z Vs

SES,
Subject to v, > Z P(s' s, a) vy foralls€ S,,ae A
s’eS
v, =1 forall s € S_;
vs =0 for all s € S, (2.29)

where sign € {1,—1} and > € {<,>} are respectively the sign and inequality relation.
Their value differ according to the optimization direction: sign = 1 whenever opt =
max and sign = —1 if opt = min, whereas &> is equal to > if opt = max and to < if
opt = min. The unique solution v, coincides with sup P”({T € Traj, | Tk <>a} | s; = s)
whenever opt = max and inf, [P’,,({T € Trajy |tk Oa} | st = s) when opt = min, for all
s € S. Since Markov chains have only one action, the LP can be further simplified by
removing the action space from the constraints when checking the values of a policy  in
the induced MC M, which again reduces to a simple system of linear equations (see the
related discussion in Section 1.6). Because linear programs can be solved in polynomial
time, the subsequent theorem follows.

Theorem 10: Synthesis of policies for reachability properties

Given an atomic proposition a € AP and an optimization direction opt € {max, min},
an optimal deterministic stationary policy 7* defined for M which satisfies

. sup, P.(r | 7 F Qa) if opt = max
inf, P.(z |7k Qa) if opt = min

can be constructed in polynomial time in the size of M.
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Details on this construction can be found in [Baier and Katoen, 2008]. Essentially,
this boils down to extracting the actions that maximize (resp. minimize) the value of
Equation 2.28 for each state s € S,. Nevertheless, due to the absence of discounting,
this extraction should be carefully realized to avoid the selection of actions possibly
inducing dead cycles. Again, a suitable solution lies in conducting a graph analysis of
the underlying MDP structure.

Computing the solution in practice. The Bellman’s equation can be computed via
an LP, but as discussed in Section 1.6, LP solvers do not scale well to large problems
and are rather slow in practice. Alternatively, one can opt for VI (Algorithm 1) or PI
(Algorithm 2), even though these methods may exhibit exponential worst-case behavior,
akin to the scenario involving (discounted) expected return. Nevertheless, in practice,
they tend to converge quickly to the solution (refer to the final discussion of Section 1.6).
It is, however, worth noting that in contrast to discounted objectives, the Bellman
operator is not a contraction mapping when the optimization direction is max. Although
this does not impact the convergence of PI — as PI evaluates a distinct policy at each step,
the Bellman operator is, in that case, a contraction mapping (cf. Remark 9) — the absence
of discounting introduces considerably more intricate termination criteria for VI [Haddad
and Monmege, 2014; Quatmann and Katoen, 2018; Hartmanns and Kaminski, 2020].

3.3 Stochastic Model Checking of LTL Properties

In the following, we describe a general procedure to model-check any arbitrary LTL
formula ¢ in an MDP M. The procedure is based on the translation of the LTL formula
into a deterministic Rabin automaton, which allows generating w-regular properties.

Intuitively, automata are finite-state machines defined over a finite input alphabet. Each
automaton is equipped with an acceptance condition and an initial state. Input words are
accepted by the automaton if and only if the specified acceptance condition is satisfied
when the word is processed through the state machine from its initial state. The set of
words accepted by the automaton is called the language of the automaton. The family of
w-regular properties is the set of all properties over infinite words, i.e., words of infinite
length.

In our context, the input alphabet of automata consists of all the labels of the MDP. Then,
such automata process traces of the MDP (in particular, the labels of states encountered
along trajectories). When considering a specific formula ¢, we are interested in automata
whose language corresponds to the set of all traces that agree with ¢. In particular, we
consider Rabin automata, whose acceptance condition consists of a set of n pairs of states
of the form

{(L,Ki) |1 <i<n},
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where states from L; should be visited finitely often whereas those of K; should be visited
infinitely often. Formally, a deterministic Rabin automaton is defined as follows.

Definition 20: Deterministic Rabin Automaton
A deterministic Rabin automaton (DRA) is a tuple A = (9,3, §, q;, Acc) where

« Q is a finite set of states;

« X is a finite alphabet of symbols;

e § : Q%X — Q is the transition function;

« gr € Q is the initial state; and

Acc = {{L;,K;) | 1 <i < n}is the acceptance condition, where L;, K; C Q for
all1<i<n.

. . oo o1 oy
For every word w = 00102+ € 2, there is a unique sequence g — q1 — g2 — ...

in A sothatqy = qr, ¢ € Q, and 8(q;, 01) = qi+1 foreacht > 0. The word w is accepted
by A if and only if there exists a pair (L;, K;) € Acc so that ¢; € L; for finitely many
t > 0 and g € K; for infinitely many t’ > 0. The set of infinite words accepted by A
is called the language of A, denoted L(A).

Example 12: DRA encoding an LTL formula

Let ¢ = D(Oa A OICJ) and A? be the DRA depicted in Figure 2.9. The DRA A?
encodes the LTL formula ¢: the acceptance condition requires the state g, to be
visited infinitely often, which is returned every time the atomic propositions & and
I3 are eventually read.

Theorem 11: DRA and w-regular properties

The class of languages accepted by DRAs is equivalent to the class of w-regular
languages [Gréadel et al., 2002].

Furthermore, take 3. = 24P, Then, for any LTL formula ¢ over AP, there exists a
DRA A¢? over ¥ which encodes the property ¢. The resulting DRA A? has a number
of states and transitions which is, in the worst case, of order doubly exponential in
the size of ¢ (2%, where n = |p|) [Vardi and Wolper, 1994; Daniele et al., 1999; Baier
and Katoen, 2008].

Notice that every word accepted by a DRA with input alphabet ¥ = 24? is a sequence of
labels. When considering the LTL formula ¢ translated into a DRA A?, a word w € ¢
is accepted by A if the sequence of labels defined through w leads to the satisfaction of
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Figure 2.9: Deterministic Rabin Automaton (DRA) for the formula ¢ = D(Qa A QICJ).
The input alphabet is & = 24P = {@, {3} , {ICJ} , { 8, IEU}} and the initial state is
q = qo- The edges represent the transitions of the automaton: an edge with an atomic
proposition a € AP indicates the transition occurs upon reading a label embedding a;
with —a, the transition occurs if the label does not embed a; and a; and a, means that
the transition occurs when reading a label embedding both a;, a; € AP. The acceptance
condition is Acc = {(L, K)} where L = @ and K = {qo} (in green).

the formula ¢. Consequently, for all trajectories 7 = (Sy: 0, 0:00) € Traj, and associated
word w = lolil, - € 25P so that [; = ¢£(s;) for all i > 0,

TFk¢ ifandonlyif we L(A).
Specifically, this suggests an algorithm to model-check any LTL formula ¢ in an MDP M:

(i) construct the DRA A? which encodes ¢;

(ii) encode the DRA A? and its dynamics into the MDP M, which results into some
refined MDP M*A’; and

(iii) compute the probability of satisfying the acceptance condition of A? in M’

Concerning step (i), the construction of the DRA A? is highly non-trivial and is out of the
scope of this thesis. We refer the interested reader to [Vardi and Wolper, 1994; Daniele
et al., 1999; Baier and Katoen, 2008] for more details. Furthermore, several software tools
are available to automatically construct the DRA A? from any LTL formula ¢ (see the
survey of Blahoudek et al., 2013 for a non-exhaustive comparison of tools), one of the
most recent and widely adopted being RABINIZER 4 [Kretinsky et al., 2018].

For step (ii), the construction of the MDP M for any arbitrary DRA A, whose alphabet
is over the atomic proposition space of M, is defined as follows.
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Definition 21: Product of an MDP with a DRA

Let M = (S, A,P,R,AP, ¢,s;,y) be an MDP and A = (Q,3, 6, q;, Acc) be a DRA
with alphabet 3 = 24P and acceptance condition Acc = {(L;,K;) | 1 <i < n}. The
product of M with A is the MDP

M= (SxQ AP RAAV, 04 (s, q).y)
where for any s,s" € S,q,q' € Q,and a € A,

« PA embeds the dynamics of both P and §:

Pﬂ. (S/ q/ | 5,q Cl) — P(S/ | S, a) if q/ = 5((], {(Sl))
’ P 0 otherwise;

« R* is the projection of R on the state space of the MDP:
R'A(S, q,a) = R(s, a);
« the space of atomic propositions embeds the acceptance condition of the DRA:

U {Z}uik} c AP’ and

1<i<n

« the labeling function £ allows to record the acceptance condition of the DRA
into the product MDP:

ZA(s,q) =£f(s)U{L;: geLiandi€{1,..n}}U{K;: g€ K;andi€{1,...n}}.

Example 13: Product of an MC with a DRA

Consider the MDP M of Figure 2.8 and the LTL formula ¢ = D(Oa A <>]C3). For
the sake of illustration, we fix the deterministic stationary policy 7 whose chosen
actions are highlighted in blue in Figure 2.10a. Intuitively, the decisions stemming
from 7 consist in leading the agent G towards & or I, and then to continuously
follow the path behind f introduced in Example 11. The DRA A? encoding ¢ is
depicted in Figure 2.9. The product of M, with A? is the MC MZ" depicted in
Figure 2.10.

The final step (iii) consists in computing the probability of fulfilling the acceptance
condition of A? in M?’, ie., the probability of visiting states labeled with L; finitely
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7 s (b) DRA A? encoding the LTL formula

=0(08 A 019).
(a) MC induced by the MDP M of Figure 2.8 and ¢ (<> nol )

the deterministic stationary policy 7 whose chosen
actions are highlighted in blue.

{v} {v./}

Figure 2.10: Product of the DRA A? with the MC M, (unreachable states are omitted).
The BSCCs (Definition 9) of the resulting product are highlighted in red and green. The
probability of satisfying the LTL formula ¢ under the policy r is equal to the probability
of visiting infinitely often states labeled with K. In particular, the BSCC highlighted in
green, B = {{s3,q0) . (S, g2) }, is the only one containing a state labeled with K (precisely,
the state (ss,qp)), where all states are repeated infinitely often with probability one.
Therefore, the probability of satisfying ¢ is equal to the probability of reaching B.
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often and those labeled with K; infinitely often, for all pairs where 1 < i < n. This boils
down to computing the probability of satisfying the following LTL formula in M*":

\/ (0T-L; ADOK).

1<i<n

Note that the event {r € Trajyae | TF Vlgign (OO=L; A D()Ki)} is measurable, since
visiting a set of states infinitely often can be formalized as countable intersections and
unions of cylinder sets (Section 1.4, Equation 2.5), as is the event of visiting a set of states
finitely often since the latter is the complement of visiting them infinitely often.

Reachability is all you need. Let inf(r) be the set of states visited infinitely often
along the trajectory € Traj, e, as defined in Section 1.4 (Equation 2.4). For any 1 <
i < n, detecting whether

(a) L;is visited finitely often along 7 consists in checking whether no state from inf(7) is
labeled with L;, i.e., if inf(z) n {(s, ) eSxQ|L€th(s, q)} = @; and

(b) K; is visited infinitely often along 7 consists in checking whether there is some state
in inf(r) that is labeled with K;, i.e., inf(z) n {(s, q) € SxQ|K;€th(s, q)} * Q.

Recall now that inf(r) almost surely consists of a BSCC (Equation 2.6) for any infinite
trajectory 7. Then, checking (a) and (b) under any policy 7z boils down to computing the
reachability probability to the BSCCs of M2 where some state is labeled with K; while no
state is labeled with L;. The synthesis procedure is similar: one needs to detect the regions
of the system containing the possible BSCCs of M, classify those regions according to
their state labels, and then (i) construct a policy which maximizes (resp. minimize) the
probability to reach the regions fulfilling the acceptance condition, and (ii) construct a
policy in each of these regions which continuously allows visiting states labeled with K;,
while avoiding those labeled with L;.

Limiting regions of finite MDPs. Those particular regions of the system that contain
all the possible BSCCs are called maximal end components.

Definition 22: End Component

An end component (EC) of M is a tuple (B, A) where BC Sand A: B - 24isa
function which assigns to each state its set of enabled actions in B that satisfies the
following condition. Under any stationary policy 7 whose support agrees with A,
i.e., supp(z(: | s)) = A(s) for all s € B, the set B is a BSCC of M,,.
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Note that a single EC with state space B may embed several BSCCs: a policy whose
support does not necessarily agree with all the enabled actions of the EC but which is still
included in the set of enabled actions of each state may induce a BSCC which is included
in B. Then, we say that an EC (B;, A;) is included in another EC (B, A,) if B; C B, and
Aq(s) C Ay(s) for all s € By. Furthermore, the union of two ECs with B; n B, # @ is also
an EC. This leads to the notion of maximal end component.

Definition 23: Maximal End Component

A maximal end component (MEC) is an EC (B, A) which cannot be extended: there
isno EC (B’,A’) with B C B’ or A(s) C A’(s) for some s € B.

While the number of ECs may be in the worst case exponential in the size of M (i.e.,
in the number of states and actions in M), any EC is included in exactly one MEC.
Furthermore, all MECs are pairwise disjoint, so the number of MECs is bounded by the
number of states in M [Baier and Katoen, 2008]. Note that when a policy r is fixed in
M, the MECs of M, are exactly the BSCCs of M,.

Detecting the BSCCs of M under a specific policy & or the MECs of M can once again
purely be done via graph analysis algorithms. Precisely, this detection can be realized
via a strongly connected component decomposition of the underlying graph of the state-
transition structure of M*" [Baier and Katoen, 2008]. Figure 2.11 illustrates an example
of MEC decomposition in an MDP.

Classification of accepting regions. Recall that all states of a BSCC induced by a
policy are repeated infinitely often with probability one. For a given DRA A?, we aim at
determining whether the BSCCs/MECs, with a set of states B, are accepted or not based
on the pair (L;, K;). This is done by verifying if the given policy  allows returning to each
state (s, q) marked with K; with probability one. This return should only occur through
states of B that do not carry the label L;. If this is the case, then the region is classified
as fulfilling the acceptance condition of A®.

Precisely, when the policy 7 is fixed, the classification merely consists of checking
whether there is no state labeled with L;, while at least one state is labeled with K in
the BSCC B. For MECs, the classification is slightly more complex. Indeed, one needs to
check whether at least one EC included in a given MEC (B, A) fulfills the latter conditions.
This can be done by adding the atomic proposition a,, to AP for all (s, q) € B satisfying
K; € ¢4, q). Then, it remains to check if there exists a policy 7 which satisfies with
probability one the property

agg A o(—|Ll~ U as‘q).

from some state (s, ) labeled with K;. Checking the probability of a reach-avoid property
of the form —L;Ua,, can be merely performed by making each state labeled with L;
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absorbing, and then checking the reachability probabilities to a,, in the resulting model.
The next operator o simply consists in checking the probability of transitioning to the
successor states from which the reach-avoid property is satisfied. The full LTL model
checking algorithm is detailed in Algorithm 5. The synthesis procedure — constructing
the policy which maximizes (resp. minimizes) the probability of satisfying ¢ — consists
in constructing the Mealy machine which encodes 7 (cf. Property 1) from the value
functions computed in Algorithm 5.

LTL synthesis. Let r be a policy encoded by the Mealy machine {(Q, ,, 7, qr), then =
maximizes (resp. minimizes) the probability of satisfying ¢ if

(i) the state space Q% of the DRA A? is encoded into the memory of 7 as well as the
transition function é of the DRA into the policy update function: Q@ = Q% and for
any action a € A as well as pair of states s € S, g € Q,

mi(q |s.q.a) = 1 ifq" =6(g, £()
" P 0 otherwise;

(i) let 797 be a policy that maximizes (resp. minimizes) the probability of reaching
states labeled with v in M*’, which can be constructed according to the value
vector V,, computed in Algorithm 5 (cf. Theorem 10). Then, the decisions of 79/
are encoded into the policy: when a state s € S is visited while the policy is in
memory state g € Q, the DRA has for current state ¢’ = 5(q, £(s)).** So, if (s,q’) is
not labeled with v,

r 1.0 =2 (5.4

(iii) on the other hand, if (s, ¢’) is labeled with v, the decisions of 7 depend on the MEC
(B, A) which contains (s, q’), as well as the Rabin pair 1 < i < n which is accepted
in (B, A). Precisely, let V}, be the value vector computed in Algorithm 5 for the MEC
(B, A) satisfying the Rabin pair 1 < i < n, BL, = {(s*,q*) € B|Vi(s*,q") = 1} be

the related almost sure reachability set, and 7 be the policy which is constructed
according to Vg. Then, for all a € A, the decisions of 7'[;3 are encoded into 7 via

my(als,q) ifq ¢K
mals,g) =11 else, if @ = arg opt,.ca( ) pA’ (B":1 |'s,q, a*)
0 otherwise.

13Notice the slight asymmetry which results from encoding § into the memory update function 7,: while
the state of the DRA is updated according to the label of the next state visited, the Mealy machine can only be
updated according to the label of the current state. This results from the fact that the Mealy machine is updated
before that the transition to the next MDP state occurs, while the DRA is only updated after that this transition
is performed. Then, 7, needs to take into account this delay, which is resolved by syncing its memory g with
the one of the DRA at decision time, via ¢’ = §(q, £(s)) where s is the current state of M.
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Algorithm 5: LTL Model Checking
Input:
« LTL formula ¢;
« Special symbol v € AP so that there is no state s € S where v/ € £(s);
« Solver reachf&t : AP — [0, 1] for the reachability problem (Theorem 9) in the
optimization direction opt for the MDP M (e.g., linear programming, VI, or PI);
« (optional) Finite-memory policy ; and
« (optional) Optimization direction opt € {max, min} (default: max).

if 7 is provided then
| M <M,
Translate ¢ into a DRA A? with acceptance condition Acc = {{L;,K;) |1 <i<n}
Do the product between M and A?, resulting in the MDP M’
Detect the MECs of M: M « {(B,A) | (B,A) is a MEC of M}
foreach (B,A) € M do
foralli < 1 ton do
if 7 is provided or A(s, q) is a singleton for all (s,q) € B then
if {(s,q) €B|L € quJ(s,q)} =@ and
{(s,q) €B|K; e {’A'ﬁ(s,q)} # @ then
L Label B with /: £4(s,q) « ¢*(s,q) u{v/} for all (s,q) € B

else
> Make absorbing all states labeled with L; in the MEC (B, A)
forall (s,q) € Banda € A do
{ﬂ {s,q) =(s',q")} ifqeLiora¢A(s,q)
Pi(s’,q/|5,CI»a)‘_ ACr 1 7 .
P*(s’,q" | s,q,a) otherwise
Let M; be the MDP obtained by replacing P’ by P;
> Check the probabilities of returning to each state labeled with K; in M,
foreach (s, q) € B labeled with K; do
AP «— AP U {as,q}; 4 (s,q) <« ¢ (s,q) U {asyq}
Compute the values of reaching (s, q): V}, < reachj&t_ (asq)
Almost sure reachability set: BL, « {(s',q') € B| Vi(s’,¢') =1}
> Label BL, with v/ if the probability of returning to (s, q) is one
if opt,cacs ) Pi(BL | 5,9,a) = 1 then
L A (s*,q) < e (s*, q") u{v} for all (s*,q*) € BL,

Vo, < reachf&tﬂw )

return Probability of satisfying ¢ from the initial state: Vo, (s, q1)
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Complexity. Notice that all operations in Algorithms 5 can be performed in
polynomial time in the size of M (detecting the MECs, iterating over the states of
each MEC, computing reachability probabilities, etc). However, A? is in the worst
case doubly exponential in the size of the LTL formula ¢ (cf. Theorem 11). Then, the
complexity of the LTL model checking algorithm presented in this section as well as
the memory required by the synthesized policies are in the worst case of order doubly
exponential in the size of ¢. Considering more advanced kinds of automata, LTL model
checking in Markov chains is actually shown to be in PSPACE, using unambiguous
automata whose blow-up is single- (instead of double-) exponential [Baier et al., 2023].
In MDPs, the double exponential blow-up cannot be avoided in the worst case, but limit-
deterministic automata can lead to a significantly smaller construction. Moreover, for
some expressive fragments of LTL, the complexity can be reduced to EXPTIME, as
opposed to 2EXPTIME [Sickert et al., 2016; Kini and Viswanathan, 2017a,b].

Example 14: Stochastic LTL Model Checking and Synthesis

We illustrate the application of Algorithm 5 on the MDP M of Figure 2.8 for the
LTL formula ¢ = [J ((}3 A OICU). A DRA encoding ¢ is depicted in Figure 2.9, where
the acceptance condition merely consists of visiting infinitely often the set K = {go}.
We first present an example where a policy is provided, and then, for completeness,
we present the case for which no policy is provided.

Model checking an MC. Consider the deterministic stationary policy = whose
decisions are highlighted in blue in Figure 2.10a. As illustrated in Figure 2.10, the
product of M, with A? is the MC MZ". The BSCCs of M, B, = {(s4,¢:)} and
By = {(56,¢2) , (53, o)}, are the sole regions of the state space of M:*" where states
are visited infinitely often with nonzero probability (and further, almost surely).
Then, the probability of satisfying ¢ under 7 is equal to the probability of reaching
any state belonging to the BSCC B,, since the latter contains (s3, qo) which is labeled
with K. In Figure 2.10, reaching the green region of the MC is clearly equal to %1
Then,

PAr | 7 ko) = P (0B) = —,

where (B, is the event of reaching the BSCC By, i.e.,

OB, = {sozm,qo:m,aozm € Traj ae | thereisat > 0 so that (s, ¢) € Bz}.

Model checking an MDP. Now, consider that no policy is provided. The product
of M with A? is the MDP M*" depicted in Figure 2.11. The next step consists
of detecting the MECs of M*’. The MECs are highlighted in different colors in
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Figure 2.11: Product of the DRA A’ of Example 12 with the MDP M of Figure 2.8
(unreachable states are omitted), resulting in the MDP M*’. The MECs of M*" are
highlighted in colors (respectively, in purple, blue, green, orange, and brown).
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Figure 2.11. In particular, the MEC colored in green is the sole one that includes a
state labeled with K. Then, since there is no state to visit finitely often in A?, the
maximum probability of satisfying ¢ is equal to the probability of reaching the MEC
colored in green, which is equal to 9/10, similarly to the previous example. Indeed,
we know by definition of ECs (Definition 22) that some policy exists which allows
to visit each state of this MEC infinitely often with probability one, then so is K.
On the other hand, the minimum probability of satisfying ¢ is induced by policies
that allow to end up in BSCCs embedding no state labeled with K, which is achieved
by any policy that reaches and allows to stay in the MECs colored in purple, blue,
, and brown, or those that end up in the MEC colored in green but strictly
avoid the state labeled with K. Precisely, the latter policies correspond to those that
never choose the action 1 in the state sq. All those policies yield a zero probability
of satisfying ¢ since they were enforced to avoid the acceptance condition.

Synthesis. Synthesizing a policy that minimizes the probability of satisfying ¢ is
straightforward: in s;, deterministically choosing the action < allows to stay in the
MEC colored in purple, which does not contain any state labeled with K. There, the
probability of satisfying ¢ is zero. More generally, any policy that allows to avoid
the state labeled with K in the MEC colored in green yields a zero probability of
satisfying ¢.

For the construction of a policy that maximizes the probability of satisfying ¢, one
first needs to construct a policy that maximizes the probability of reaching the green
area in M*’. Then, once the green MEC is reached, the policy must choose some
enabled actions of this MEC that allow continuously reaching the state labeled with
K. In particular, any policy whose support agrees with this set of enabled actions
— thus any policy which (probabilistically) chooses all actions highlighted in green
— satisfies this requirement.

3.4 Bad News: LTL is not Learnable

Recall now the context of this thesis. We aim at verifying the agent’s behaviors in the
context of RL, where the model of the environment is not a priori known or explicitly
given (cf. Section 2). To achieve this through model checking, the intuitive idea will be to
learn a model of the environment from data collected by the agent, which will be formally
verified to yield the desired guarantees afterward (cf. Chapter 1).

To provide any guarantee on the satisfaction of an LTL property ¢ via model checking,

the values of ¢ should be at least learnable to consider verifying the policy in a learned
model. Specifically, given a policy 7 for the agent and a desired error bound ¢ > 0 on
the value, one should be able to estimate with a high probability the value of ¢ — or in
other words, derive a probably approximately correct (PAC) estimation. The idea is to
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accurately approximate the value of ¢ using an estimator constructed from a dataset of
trajectories collected via a learning algorithm.

Definition 24: Learning algorithm

Given an MDP M with state space S, action space A, and a policy =z, a
learning algorithm LM is implemented as a distribution that allows collecting finite
trajectories of M when 7 is executed. Precisely, £ is a probability measure Pj;fl/
induced by an MDP M’ and a policy 7’ defined as follows:

(i) M is a copy of M whose state/action spaces are respectively augmented with
S U{Sreser} and A U{@eser}: Whenever d,.q; is executed, the MDP is reset to Syeer,
which transitions to the initial state s; with probability one;

(ii) 7/ mirrors the choice of 7, but eventually produces ayes;; and

(iif) M, is episodic (Definition 16).

Remark 10: Step-bounded learning algorithm

One may further require that the length of trajectories do not exceed some threshold
N > 0. In that case, 7/ embeds in its memory a counter n > 0 which is incremented
at each step of the interaction; 7’ mirror 7 whenever n < N and produces dyes;
when n = N. The counter is then reset to zero and the process restarts.

Intuitively, a learning algorithm LM allows simulating M under any policy 7 by
almost surely periodically restarting the process. The episodes generated through
such a learning algorithm consist of finite trajectories of M (possibly excluding the
last state, sy). This process yields a dataset D comprising trajectory samples from
M. Importantly, as in RL, the learning algorithm does not have explicit access to the
transition function P of M: it samples trajectories by executing 7 and decides when to
restart the simulation. If it is feasible to estimate the value of a random variable O from
a finite dataset formed in this manner, then O is considered PAC learnable.
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Definition 25: PAC Learnable Objective

Given any objective function O : Traj,, — R, and a policy 7 for M, O is probably
approximately correctly (PAC) learnable if and only if for any ¢ > 0 and § € (0,1),
there exists a bound T € N and a learning algorithm £* so that for all collections
of finite trajectories drawn from £ of the form

D = {rl,...,rT : 7; is a prefix of some trajectory 7 ~ [F",“:/l forall1<i< T} ,
there is an estimator Ep € A(Traj M) constructed from D so that
[Ex'[0] — Eree, [O]| < &

with probability at least 1 — 4.

In our context, given an LTL formula ¢, the objective function O merely consists of the
indicator 1 {r ¥ ¢}. The dataset D is generated by simulating the policy x in M through
the sampling algorithm £** during T episodes determined by the desired accuracy. Then,
the estimator €p may, e.g., be defined as the empirical distribution P of the trajectories
in the dataset P(r) = 1/ Y., 1{z; is a prefix of 7}, or the measure P* of another MC M
constructed (or learned) from transitions stored in D [Bazille et al., 2020].

To summarize, the PAC learnability of ¢ consists in accurately estimating the probability
of satisfying ¢ from any finite dataset D formed by executing 7 in M according to some
learning algorithm £, where the size of D is determined by both ¢ and §. Unfortunately,
this is not possible for any arbitrary LTL formula ¢, as stated in the following theorem.

Theorem 12: LTL is not PAC Learnable [Bazille et al., 2020; Yang et al., 2022]

Given any policy 7, there is some LTL formula ¢ so that, whatever the accuracy
requested via ¢ > 0 and § € (0, 1), there is no learning algorithm £ ,J,V‘ which allows
generating an estimator &p with a finite number of sample trajectories so that

PMGr It ko) —Ep(fr [T E D <e

with at least probability 1 —§.¢

“we note that the result was first proven by Bazille et al. in the context of Markov chains. Similar
arguments were then used by Yang et al. for learning optimal values in MDPs with general estimators.

Note that the fact that it is not possible to design an estimator for a particular formula
implies that it is all the more impossible to design an estimator that allows to probably
approximately check the satisfaction of every LTL formula.
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{a} {a}
b &, g

(a Ml (b MZ (C M3

Figure 2.12: Markov chains M, M, M3 illustrating the intractability of learning the
probability of satisfying the LTL formula {a from data, where 0 < § < 2a < 1.

The intuition behind this intractability is that when the number of possible
interactions is (almost surely) bounded, an environment with unknown dynamics may
be indistinguishable from another one with different dynamics, where the satisfaction
probability of LTL formulae might be arbitrarily different. To illustrate this, consider
the Markov chains M, Mj, M depicted in Figure 2.12 (from the proof of Bazille et al.,
2020). Note that

PM({r |7k Oa}) = a+ (1 —2a) - PMi({r | 7k Oa}) = %

PM:({r | 7 k Qa}) = 0, and

PMB({T|TF()a})za—g—i—(l—Za)-PM“({r|T|=<>a})= 2“4;ﬁ =% %

Assume that M, is the original MC, and recall that its transition function is unknown to
the learning algorithm £+ Recall that the value of « is unknown. Therefore, whatever
the error terms ¢, §, the learning algorithm £* cannot be designed according to &. Then,
since the number of transitions collected in D is finite, a sufficiently small « may lead to
a high probability of exclusively observing the transition s, — s, during the interaction.
This deception could further mislead the learning algorithm £ into believing it is
operating within M,. This happens when a™! is large enough compared to the total
number of transitions collected in D. In that case, the error is arbitrarily large (0 vs. 1/2).

In fact, even if one incorporates information about the underlying structure of M, into
Lﬁ/“, accounting for the existence of transitions s, — s; and sp — s, the error might
still be arbitrarily large. To understand why, consider ¢ > 0 as the desired error for the
probability of reaching a. While £ may gather enough data to witness an arbitrarily
small error #/2 on the transition sy — s;, it may then assume it operates within Ms.

However, it is possible that « is so small that z(lﬁ_ 5> a> g In this situation,

My _1_ B 1 _20-9f 1 _1-¢ ¢
P ({T‘”Oa})_z 12 "2 4 2 2 2

leading to an arbitrarily large error (¢/2 vs. 1/2).
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The fact that we cannot ensure a PAC algorithm for reachability properties breaks
the possibility of PAC-estimating the satisfaction probabilities of LTL formulae in
general since the computation of their probability relies on reachability properties
(cf. Section 3.3).

3.5 Valued A-calculus

The intractability of learning the probability of satisfying LTL formulae from data
suggests that we need to tackle the problem of verifying RL policies from a different
perspective and consider other learnable objectives. In particular, one could consider
working with LTL over finite trajectories (LTL;, Camacho et al., 2019) instead of LTL,
which yields simple algorithms, where automata over finite words suffice for checking
properties [Wells et al., 2020]. However, this comes at the cost of losing the expressiveness
of LTL. For example, specifications like ¢0a and [JOa may both induce the same
(undesirable) behavior since a merely needs to hold at the end of the finite trajectory
to satisfy both specifications. This simplified interpretation might be misleading.

Discounting. The primary obstacle hindering the PAC learnability of LTL
specifications lies in the inability to distinguish trajectories that are arbitrarily close.
Consider two trajectories 71,7, € Traj,, that are identical up to a certain large time
step t > 0 but may diverge from ¢ onwards. The length of the shared prefix up to time
t is irrelevant, as both trajectories either satisfy or violate the formula ¢, resulting in a
binary payoff incurred by the objective function O%(-) € {0, 1}. This stands in contrast to
discounting objectives, like the discounted return, where the discount factor decays to
the extent that the discrepancy between trajectories beyond time ¢ becomes negligible.

Moreover, this boolean interpretation of the satisfaction of LTL formulae does not
enable to specify how fast or how well a specification is satisfied by the agent. First,
consider the formula ¢a. In M, (Figure 2.12), any trajectory of the form 7 = (s, —)'s¢
is assigned to a payoff of 093(r) = 1, whatever the value of t. Yet we have seen that t
might be arbitrarily large as long as « is sufficiently small, and there is no cost put on
trajectories that reach a after a long time compared to those which does reach the target
quickly. Second, consider the formula [Jb. In M, @Db(r) almost surely outputs zero,
whatever the length ¢ of the prefix of 7. However, we have seen that it might be the case
that « is so small that even a learning algorithm cannot distinguish between M; and M.,
and no “reward” is put on the fact that the agent stays in b for a long time.

Valued A-calculus. To address such issues, we consider real valued functions, which
assign to each state a value between 0 and 1. Such functions capture the intuitive idea that
events occurring early during the interaction are more important than those occurring
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later. Specifically, we introduce the valued A-calculus (VLC), a logical formalism that
allows to give a discounted interpretation to classical specification formalisms.

VLC is an instance of the quantitative yi-calculus of de Alfaro et al. [2003], originally
introduced in the context of concurrent probabilistic game structures, where discounts
are not necessarily strictly lower than one. In quantitative p-calculus, the semantics
consist of computing the least and greatest fixed points of functions mapping states
to real values (respectively leading to two fixed points operators: p and v). Here, we
assume the discounts to be strictly inferior to one, leading to contraction mappings and
the uniqueness of the fixed points. In that case, one need not distinguish between the
least and greatest fixed points operators, and we simply denote the related operator by A.

Beyond the discounted interpretation, contraction mappings imply the computability
of the fixed points through the Banach fixed point theorem, enabling techniques like
VI to compute the values of the formulae. Furthermore, there is a connection between
general w-regular properties (therefore including LTL) and VLC formulae, which allows
expressing a discounted version of the former in the latter [de Alfaro et al., 2003]. We
further establish the PAC learnability of the values of such linear formulae.

Definition 26: Syntax of valued A-calculus

The syntax of VLC over the set of atomic propositions AP and set of variables X is
defined by the following grammar:

pi=al-@lonely o®e | (1—y)+y - o®" | Axe

" =x |2 [e"Ng" | @

where a € AP is an atomic proposition, x € X is a variable, y € (0, 1) is a discount
factor, o is the next operator, opt € {max, min} is an optimization direction, and A is
the fixed point operator.

Intuitively, the next operator o' carries a discount factor y, which has the effect of
discounting the value of what happens in the future time steps. Notice that we introduced
two modalities: y - 0°P'¢ and (1 —y) +y - 0°"'¢. We need the latter as an interpretation of
the negation of the former. The optimization direction opt allows to specify whether the
value of the formula occurring after the next operator should be maximized or minimized.
When omitted, the default value is max.

Note that we split the grammar into sub-formulae ¢ and ¢*. In every formula, ¢* always
appears after the occurrence of a next operator y - o. Intuitively the sole purpose of ¢* is
to disclose the variable x. Then, each occurrence of a variable x only occurs after a next
operator. This enforces the fixed point operator Ax to be syntactically contractive: every
occurrence of a variable x within the scope of a fixed point Ax necessarily appears in the
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formula subsequent to a next operator y - 0. In consequence, Ax.¢ yields a contraction
mapping which intuitively maps every value function V to the values of the formula ¢
where all (discounted) occurrence of the variable x are replaced by V. Then, the value
of the formula ¢ is the unique fixed point'* of this mapping. A formula ¢ is closed if all
occurrences of a variable x € X are in the scope of a fixed point operator Ax.

Semantics. In the following, we consider value functions V € V, where V denotes the
set of value functions V: S — [0,1]. A wvariable valuation is a function £: X — V
which assigns each variable to a value function in V. Notably, we write € [x — V] for
the valuation obtained by fixing the valuation of the variable x € X to V € V. We also
write V¢(:, @) for the value of the formula ¢ under the particular valuation &, and VZ (-, ¢)
for the related value function in the Markov chain M, induced by the policy 7. With
MCs, note that the action space is a singleton, so the opt parameter is omitted (min and
max vanish, as usual with MCs).
The semantics of VLC is defined by the following rules: for all states s € S,

Ve(s, a) = T1{a € £(s)}

Ve(s, x) = E(x)(s)

Ve(s, —o) = 1=Ve(s. )

Ve(s, o1 A @2) = min {Vg(s, ©1), Ve (s, (pz)}
Ve(s, v -o%p) = yoopt B Ve(se)

acA §'~P(ls.a)

(1-y)+y-opt E Ve(s9)
wed ¥ ~P(lsa)

Ve(s, (1—y) +y-0%)
Ve(s, Ax.¢)  is the unique solution of ~ V*(s) = Vg, ,yi(s,90)  with V" € V.

The value of sub-formulae ¢* is defined similarly. When it is clear from the context, we
omit the valuation £ and simply write V (-, ¢). In particular, when the formula is given
in closed form, all the valuations of variables x are fixed in the scope of Ax, so there is
no need to specify the valuation &£.

Negation. While the value of the formula y - o¢ is clearly the definition of the one-step
discount of the value of ¢, the reason behind the introduction of the formula (1 — y)+y-0¢
is made clear when looking at the negation of the former:

V(s, ~(y - ™))
=1- V(S, Y- Omaxqo)

14the uniqueness is guaranteed by Banach’s fixed point theorem.
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=1—-y-max [E V(s
Y a€A ¢/ ~P(|s,a) ( (P)

=l—-y+y—-y-max E V(s
yry=r acA §/~P(|s,a) ( (P)

=(1 —y)+y(1 —max [ V(s’,(p)>

acA s/ ~P(|s,a)
— _ _ _ / -
=(1 y)+y(1 max B [1-V(s, qo)])

=(1-y)+y-min E V(s,~
(A-ptymn E (s, 7o)

=V(s, Q-y+y- omin—wp). (2.30)
The disjunction of two formulae is obtained via ¢; V ¢ = ~(—¢; A —¢,), with

V(e @1V e2)
=V (., (=1 A ¢2))
=1=V(, (7@1 A —¢2))
=1-min{V(,, 7¢,),V(, —¢)}
=1-min{l = V(, ¢1),1 =V(, @)}
=max{V(, 1), V(. ¢2)}. (2.31)

Finally, note that =(Ax.¢) = Ax.—¢ [x/-x] by definition, where ¢ [x/—x] denotes the
formula obtained by replacing all occurrences of x in ¢ by —x.

Remark 11: Linear time vs. branching time properties

Note that VLC allows not only to express linear temporal properties but also
branching time properties. For instance, consider the formula y - o(a Ab). When
Y goes to one, the value of the formula is the maximum probability that the
agent visits a and b in the next time step, ie, lim,;V(s,y-o(aAb)) =
sup, P.({r [t Fo(anb)}) = sup, P,({r |7 Foanocb}). In contrast, the VLC
formula (y - ca) A (y - ob) expresses the minimum of the maximum probabilities
that the agent visits a in the next time step and the one that the agent visits b,
ie., limy_; V(s, (y - 0a) A (y - ob)) = minpegapy sup, P.({7 | 7 F op}), which is not
directly expressible in LTL.

Contraction mappings. Since all formulae are syntactically contractive, all valuations
of variables x are contractive as well, and the fixed point operator Ax yields a contraction
mapping for all free variables x in the scope of the operator. Thus, the fixed points can be
approximated through value iteration (see Algorithm 1): given a valuation &, the value
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of the formula Ax.¢ is Ve(-, Ax.¢) = lim; . Vi, where V; € V is arbitrarily!® initialized
then updated via Vi;; = A,V; through the contraction mapping

Ay 2V — Vdefined as Ay Vi = Ve[ G, @)

3.6 Linear Properties in VLC

Until now, we have seen that w-regular objectives — and LTL in particular — allow
specifying properties that the agent should satisfy during its interaction with the
environment. When the latter is unknown, the satisfaction of such properties cannot
be learned, meaning that after a finite number of interaction steps, one cannot decide
whether or not the agent is about to satisfy a given specification. VLC, on the other hand,
provides a way to compute discounted properties through contraction mappings. In this
section, we show that VLC can be used to express linear time properties. In particular,
this allows expressing w-regular properties, but with a discounted interpretation. We
further prove that this discounted interpretation is PAC learnable, justifying the usage of
VLC for the specification of properties in the context of RL.

The results presented in the following hold for opt = max, but also for opt = min by
symmetry. Note that when verifying the satisfaction of a formula according to a given
policy 7, the optimization direction opt is irrelevant as we consider the values of the
induced MC M, where min and max vanish.

Reachability. The reachability property, denoted as ¢a in LTL, requires the agent to
eventually visit a state labeled with a € AP. Along trajectories, the property is satisfied
as soon as a state labeled with a is visited. In VLC, a reachability specification expresses
that the agent needs to reach a state labeled with a as soon as possible. Formally, along a
trajectory 7 = (8p.c0, dg: o), the agent receives a “reward” of ' if it reaches a state labeled
with a, where t is the smallest time step at which a is visited along 7, and 0 if a is never
visited. The discounted reachability property is expressed as

QYa=Ax.(avy - ox).
The fixed point interpretation of the formula can be intuitively understood as:

“Either the agent is in a state labeled with a, in which case a reward of one is incurred,
or the reward of the next time step is discounted”.

The associated contraction mapping, A¢ra, is defined as

1 ifa € £(s), and

Y - maxges Ey-peisa) V(s”) otherwise;

(AoraV)(s) = {

Be.g., from below with Vy(s) = 0 or from above with V(s) = 1 for all s € S.
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which yields V (-, 0*a) = lim;_,o, V; through value iteration, with V.1 = A¢yr,V; foralli > 0.
The sequence converges geometrically in y. Thus, the error can be controlled through the
number of iterations i, with V;(s) > V(s, {¥a) — ¢ so that ¢ = y’ when the value function is
initialized from below. Notice that one can further implement this value function through
the computation of the expected return in a modified MDP M2, where all states labeled
with a are made absorbing, and the agent receives a return of one upon reaching such
states, via the reward function R(s,a) = 1{a€ £(s)}- (1 —y) forany s € Sanda € A.
Therefore, optimal deterministic stationary policies exist for (¥ by Theorem 5.

Lemma 5: Reachability in the limit

The value of the formula {¥a coincides with the optimal probability of satisfying
the associated reachability property in LTL as y goes to one, i.e.,

lin} V(s,0'a) = supP,({r | r F Qa} | sy = s)
Y= T

for all states s € S.

Remark 12: LTL in the limit is not sufficient for learnability

Lemma 5 already suggests a discounted interpretation of LTL through reachability
properties expressed in VLC (an “LTL in the limit” version of the standard logic).
Indeed, reachability is all we need to verify LTL properties: all formulae can be
translated into a DRA, and their satisfaction can be verified through reachability
properties to accepting regions in the product of the MDP with the resulting DRA.

While computing the discounted reachability to such regions suffices to guarantee
that the resulting values match the optimal probabilities of satisfying the LTL
formulae when the discount goes to one, the detection of accepting regions is, once
again, not learnable. To see why, recall that detecting accepting regions boils down
to determining the regions of the system where the properties ¢0-L and OOK
are witnessed with probability one, for some propositions L and K. The simple
fact that (undiscounted) reachability properties are not learnable (cf. Theorem 12)
implies that we cannot learn to detect such regions.

Safety. In classic LTL, the safety property [Ja requires the agent to always visit
states labeled with a, and is defined as the dual of the reachability property, i.e.,
Oa = -—0-a. Importantly, the probability of satisfying the safety property is the
complement of the probability of the reachability property: sup, P,({r |z kOa}) =
1 —inf, P,({r |  k 0—a}). In VLC, a safety specification expresses that the agent should
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stay in a state labeled with a as long as possible, resulting in a return of 1 — y* when a is
left (for the first time) at time step ¢, and 1 if a is never left.
Precisely, the discounted safety property is

a=Ax.(an((1—y) +y-ox)).

Notice that this derivation of the safety property is obtained by the definition of the
negation of the discounted reachability property with
Da=-!. ma= —|(/1x.(—|a Vy- omi“x)), (cf. Equations 2.30 and 2.31)

min
where (! . denotes the discounted reachability property with opt = min. Beyond the
negation of the discounted reachability property, the fixed point interpretation of the
formula can be intuitively understood as:

“While the agent visits states labeled with a, it receives a reward of (1 — y) and the
reward of the next time step is discounted”.

The associated contraction mapping, Ary,, is defined as

AoV)s) = {(1 =)y maXacd Ey-psa V() ifa € £(s), and
0 otherwise.

This yields V(-,[0"a) = lim;_, V; through value iteration, with V;;; = Ay, V; for alli > 0.
Again, the sequence converges geometrically in y, from above when V;(s) = 1 and from
below when Vy(s) = 1 for all s € S. In fact, similarly to the reachability case, one can see
this value function as the value of the expected return of a modified MDP MO where
all states that are not labeled with a are made absorbing, and where a reward of (1 —y)
is incurred at each time step while it is possible to avoid such absorbing states, via the
reward function R(s,a) = 1{a€ £(s)}- (1 —y) for any s € S and a € A. Once again,
optimal deterministic stationary policies exist by Theorem 5.

Lemma 6: Safety in the limit

The value of the formula [IVa coincides with the optimal probability of satisfying
the associated safety property in LTL as y goes to one, i.e.,

lirr11V(s, "a) = supP,({r | r £ Oa} | sy = s)
Y= T

for all states s € S.
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Persistence and liveness. Recall that (undiscounted) w-regular properties can be
verified in MDPs by checking the reachability probabilities to accepting regions in
the product of the MDP with the DRA encoding the given property. The acceptance
condition of a DRA involves the satisfaction of properties of the form QUL (persistence;
something good eventually holds forever) and TIOK (liveness; something good keeps
happening) for some propositions L and K (cf. Definition 20): states labeled with L should
be visited only finitely often while those labeled with K should be visited infinitely
often. Interestingly, fixed points in VLC can be used to express several alternatives
and discounted interpretations of persistence and liveness properties, through the same
formula:

AyAx((mana-ox)v(@n((1—B)+p-0oy))
for discount factors @, § € (0,1). When f approaches one, the formula requires that the
distance between the repeated visits to states labeled with a are as small as possible; f — 1
ensures that a is continually visited while a ensures that this will eventually happen. In
contrast, when « approaches one, the formula requires that the number of visits to states
labeled with a is as large as possible but arbitrarily spaced; « — 1 ensures that a will be
eventually visited, and f that this remains always the case.

The resulting discounted interpretation of persistence and liveness properties
introduces a trade-off between the frequency and the regularity of visits to states
labeled with a, leading to the following remarkable observations. First, when a = S,
the discounted interpretation of the formula does not allow to distinguish between
persistence and liveness properties. Second, due to the uniqueness of the solution yielded
by the value of the formula, the order of the fixed point operator is not important.
However, due to Lemmae 5 and 6, the limit of the discount factors are in contrast not
interchangeable, as stated in the following lemma.

Lemma 7: Persistence and liveness in the limit [de Alfaro et al., 2003]

The value of the formula ¢(a, f) = AyAx.((-aAa-ox)V(@A((1— )+ f-0y)))
coincides with the optimal probability of satisfying the persistence or liveness
properties in LTL as a and 8 go to one according to the order in which their limit
are taken, i.e.,

lin} }3111} V(s,p(a, B)) =supP,({r |  k O0la} | s; = s),
%in} lin} V(s,p(a, B)) =supP,({r | r k O0a} | sy = s)

for all states s € S.

In the following, instead of considering specific w-regular acceptance conditions (such
as the Rabin acceptance studied in Section 3.3), we consider a VLC semantics over the
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space of infinite trajectories of the MDP where the different interpretations induced by
the choices of discount factors can be explored.

Linear A-calculus: Semantics over Linear Traces

We call the upcoming semantics of VLC over infinite trajectories of M the linear A-
calculus (LLC). Intuitively, LLC assigns each trajectory of M to a value in [0, 1]. We define
LLC by considering the semantics of VLC formulae in the augmented infinite Markov
chain M™% which encodes all the possible infinite trajectories of M in its state space.
Importantly, although the state space of this model is clearly uncountable, this poses no
issue: we do not perform any computation within M. Instead, we leverage this model
solely as a tool to establish the semantics of VLC over infinite trajectories.

The augmented MC M™% = <S Traj pTraj AP pTraj > is defined as follows.!® The state
space is the set of all infinite trajectories of M augmented with a step counter, i.e.,

sTraj — Trajy, x N = {(T,t) 2 T =(80:00,Ag:00) € Traj, andt > 0}.

Then, each state has the form (z,t), where ¢ represents the current time step t at which
the agent is along the trajectory 7 = ($p.w0, 4: ), indicating that the agent is in state s;.
From any state (, t), the transition function of M™% deterministically makes the system
transition to the next state along the trajectory (r,t + 1). Formally, the transition function
is defined as P ((r,t + 1) | {r,t)) = 1 for all (z,t) € ST% . Finally, the labeling function
£ returns the label of the t* state encountered along 7, i.e., £ 7% ((r,t)) = £(s;).

Denote by VEMMJ (-, ) the value of the VLC formula ¢ in the infinite MC M™% for some
arbitrary valuation £. LLC is defined through the objective function O% : Traj,, — [0,1]
which maps any trajectory  to the value of the formula ¢ in the infinite MC M 79 i.e.,
0°(z) = VA" (1.0).0).

LLC is often linked to the VLC semantics. For example, take the VLC formula {'a. In
LLC, O% ({5000, @:0)) = y', where t is the first time step where a is visited along the
trajectory, with a € £(s;). Hence, under any policy 7, the expected value of 0¢"2 coincides
with the value of the formula, V7 (s, {"a). The same arguments hold for [I"a, but do not
hold for all formulae: take the formula ¢ = (y - 0a) A (y - ob). The linear interpretation
of ¢ is not the same as in VLC (see Remark 11). Then, to establish a connection between
general linear time properties (carried through LLC) and the semantics of VLC, we need
to find the right subset of VLC for which the semantics coincide.

In the classical p-calculus, Emerson and Jutla [1991] showed that strongly guarded
formulae are sufficient to express all w-regular properties.

16\We omit the action space, the reward function, the discount factor, and the initial state from the definition
since they are irrelevant for defining LLC.
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Definition 27: Strongly guarded formulae

A VLC formula ¢ is strongly guarded if and only if ¢ is in closed form and consists
of a string of fixed point operators followed by a A-free part i, where all the
conjunctions have at least one constant argument (i.e., all conjunctive sub-formulae
of  have the form a A ¢/’ for some a € AP).

Precisely, ¢ is generated by the following grammar:

@ =Axop |y
Yyi=al-alyvylany |-any |y oy |(1—y)+y 0Py
X i=x|yvy

where a € AP, x € X, and opt is always equal to max (or always min, in the
symmetric case). Furthermore, we impose ¢ to be closed.

Remarkably, for any strongly guarded formula ¢, LLC coincides with the semantics of
VLG, as stated in the following theorem.

Theorem 13: Linear interpretation of VLC [de Alfaro et al., 2003]

For any strongly guarded formula ¢ and any state s € S, the value of ¢ coincides
with the expected value of the linear objective O, i.e.,

V(s, ) = sup IE,J[\A [O? | s; =5].

This theorem is a key result since it establishes that a discounted interpretation of w-
regular properties, formalized as LLC, can be verified through the fixed point semantics
of VLC.

3.7 VLC’s Linear Properties are PAC Learnable

We now establish the learnability of the linear properties expressed in VLC. This is very
important: it means that the discounted interpretation of w-regular properties, formalized
as LLC, can be learned from data, which justifies the usage of VLC as a formalism for the
specification of properties in the context of RL.
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Theorem 14: LLC is PAC learnable

Given any policy 7 and any closed VLC formula ¢, there exists a learning algorithm
L7, which stops after a finite number of iterations T > 0 and outputs a dataset D
from which one can construct an estimator 5 € A(ij M) where

EM[O?|ss=s]- E [0°]|<e
T~8D
with probability at least 1 — § for all states s € S, where ¢, € (0,1) are the error
and confidence parameters of the learning algorithm, respectively.

Proof. The proof follows from the fact that O is uniformly continuous. Precisely, we
consider the Cantor metric dc over the trajectory space Traj,,, defined as dc(r,7") = %,
where t is the length of the maximal prefix common between the two trajectories
7,7’ € Traj,,. Then, for every € > 0, there is a k > 0 such that for all 7,7’ € Traj,,,

de (T, r') < k implies ‘@‘”(r) - ®(”(r’) <e.

This stems from the syntactic contractivity of ¢: each application of the next operator
y-oor(1—y)+y-o discounts the subsequent payoff in the trajectory.

Formally, let 0 < y < 1 be the largest discount occurring in the formula ¢ and H > 0
be an arbitrary horizon. Then, for all trajectories 7 = (Sp:c0, @0:00) s 7" = {Sf: 005 Tg:00) €
Traj,, sharing the same prefix of length H, meaning s; = s;, a; = a for all t < H,
we have that the payoff accumulated from time step H onward is bounded by y*.
Therefore, we have |0?(r) — O?(r’)| < y¥. For any € > 0, we have that y < ¢ if and

—loge
only if H > igg; Then, taking x < 2%’ yields the result.

The PAC learnability finally follows from the result of Yang et al. [2023a, Theorem 1]:
every uniformly continuous function is PAC learnable. O

3.8 Model Checking w-regular Properties through VLC

Theorem 13 opens the door to the verification of w-regular properties through the fixed
point semantics of VLC, by encoding w-regular acceptance conditions through VLC’s
strongly guarded formulae. Recall that the verification of w-regular properties in MDPs
may be performed through the construction of a product with a deterministic Rabin
automaton A. The acceptance condition of a Rabin automaton consists of n pairs of
the form (L;, K;) for 0 < i < n— 1, where L; and K; are subsets of states of the automaton
A: for at least one pair, L; must be visited only finitely often, while K; must be visited
infinitely often.
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Rabin chain. In the product MDP M, each pair is encoded through the labeling
function of M, and states of the product that encodes L; or K; are re-labeled with the
corresponding atomic proposition (see Definition 21). This way, 2n atomic propositions
are added to AP. Precisely, for all 0 < i < n — 1, we add the propositions ay; and ay;,,
respectively encoding the sets K; and L;. Then, the acceptance condition of the Rabin
automaton is encoded in LTL through the formula

n—1

\/(@0az A =D0az).

i=0

In the following, we consider particular DRAs where the acceptance condition forms
a chain

(D:KngLnganlgLnflg"'gKlnggKOZQ;

where O is the state space of the DRA A. Let SA = S x O be the state space of the
product MDP M and denote by Sy! the set of states labeled with a € AP, ie., Syt =
{(s, q) € SAae e, q)}. Then, we have

_ oA A A A _ oA
Q)_Sazngsazn—l < gSal gS?:lo =S

Such a chain of inclusions of Rabin acceptance sets is called a Rabin chain.
In fact, for every DRA, there exists another equivalent DRA with Rabin chain acceptance
condition [Krishnan et al., 1995].

Parity condition. An alternative interpretation of the Rabin chain acceptance
condition is to assign priorities to the states of the product MDP based on their position
in the chain. Precisely, for all 0 < i < 2n— 1, we assign to the state (s, q) € S* the priority
i via a new atomic proposition p; so that

pi € £"(s, ) if and only if (s, q) € S;iL \ S;}H.
Recall that for any trajectory ¢ € Traj, 4, inf(7) is the set of states visited infinitely often
along 7 (cf. Section 1.4, Equation 2.4). Then, let

MaxPriority(r) = max {0 <i<2n-1]| ng N inf(r) # @}

be the maximal priority seen infinitely often along r. If MaxPriority(r) is odd, no
acceptance pair can be satisfied. Precisely, this implies the existence of a subset L; that
occurs infinitely often, but should only be visited a finite number of times. Moreover,
this subset is included in all sets L;;, each of which should also be visited only finitely
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often. As this subset is the smallest one!” of the chain visited infinitely often, there are
no smaller subsets K;; occurring infinitely often, thus the acceptance condition cannot
be fulfilled.

On the other hand, if MaxPriority(z) is even, the acceptance condition is satisfied: that
means there exists a pair (L;, K;) where L; C K; is visited only finitely often (otherwise
the maximum priority would have been odd), while K; \ L; is visited infinitely often.

Therefore, the acceptance condition of a DRA whose acceptance condition forms a
Rabin chain can be expressed as the parity condition

MaxPriority(r) is even.

In fact, DRAs with acceptance conditions forming a Rabin chain can be viewed as
deterministic parity automata. Any LTL property can be encoded through deterministic
parity automata of state space doubly exponential in the size of the formula [Esparza et al.,
2017] (compare with Theorem 11), and this construction is also part of the RABINIZER
tool [Kretinsky et al., 2018].

Model checking. The parity condition can be encoded through the following VLC’s
strongly guarded formula [Emerson and Jutla, 1991; de Alfaro et al., 2001, 2003]:

2n—1
@Parity (Y05 -+ s Yan-1) = AXzn—1 ... AXo. \/ (pi A @:x;)
i=0
where @; = y; - 0 whenever i is odd, and ®@; = (1 —y;) + y; - 0 if i is even with discounts
¥i €(0,1) for all 0 < i < 2n — 1. We simply write @pariry When it is clear from the context.
As for persistence and liveness properties, the chain of discount factors represents the
different possible tradeoffs for expressing the parity condition. Importantly, the value
of the parity objective V( . qaparity) can be approximated via VI. In particular, the nested
fixed points can be computed by using one value function V' € V per priority.
Precisely, let i € {0, ..., 2n — 1} be a priority and let £ be some valuation for the variables
X0, .. » X2n—1. The value of @pariry for the jth priority is the unique fixed point of

2n—1
Vl*(s’ q) = VE[va»—»Vf* : 0§j§2n71] <<S, q> > \/ (p] A 'jxj)>

j=0

max min{]] {pjetsq},

0<j<zen—1
1{jiseven}- (1 —y;) +y, max E v (s’ g }

U } ( Yj) S (. @ )~PA(s.q.a) ( q)
(2.32)

the higher is the priority, the smaller is the corresponding subset.
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Let us have a closer look at Equation 2.32. First, notice that by definition, a unique priority
is assigned to each state. Then, the min in the equation ensures the outer max; to select
the contraction associated with the priority assigned to the input state (s,q) € S*. Let
p: S — {0,...,2n — 1} be the function assigning each state to its priority p(s,q) = i if
and only if p; € £/(s, q). Then, one can rewrite the value function of the i'" fixed point as

Vo) = | (171 410 ek Evaig VV.0) 6] = ) is even,
’ Y- maXeed Eg grpaisga V(s q") if j = p(s, q) is odd.

The nested nature of the fixed points in Equation 2.32 makes them difficult to compute
directly. Alternatively, de Alfaro et al. [2003] showed that the value of the parity objective
can be approximated through a sequential (rather than nesting) VI procedure. Assume
that we are given a vector {ko, k1, ... kan_1) € N**~1. For each priority, ranging from i = 0
to 2n — 1, the idea is to estimate the values V' of the i fixed point through k; VI steps,
resulting in a value function Vi Intuitively, at each VI step k > 0, V} is updated by
leveraging the (fixed) previous priority values V’ for j < i. After the kth iteration, the
vector V} isin turn frozen, and then the sequentlaI algorlthm proceeds to the next priority
i+1. Formally, forall 0 < i < 2n—1,let V] =V, be some initial valuation (from below, V;,
is initialized to zero for all states, and from above, V) is initialized to one for all states).
Then, for all 0 < k < k; and (s,q) € S*, let p(s,q) = j, we have

. (1__ yi) - 1{iis even} +y; - maxae Ey.q~p4(lsq.a) VI£—1(5/, q) ifj=i
Vi(s.q) = Vi (s.9) if j <i, and
Vo(s, q) otherwise.

We denote the unique fixed point of V} by

Vi=lim lim ... lim Vk

kj—oco ki_j—o0 k0~>c>o
(1 —y) - 1{iis even} +y; - maxge 4 Epa(q) [Vi] if j=1i,
=3V if j <i, and

Vo otherwise.

Lemma 8: Sequential VI error for parity objectives

,1s

o

Whatever the initial valuation V, € V, the error in the i" fixed point,

-V

i1

et y* otherwise.

upper bounded by ¢; = y('f“ ifi=0and¢ =
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Proof. We proceed by induction on the priority i € {0, ..., 2n — 1}. We start with i = 0.

Vi = V*l = sup
Sq

1—1v,) + v - max E Ve (s.q
[( Yo) + Yo SR B (lsqa) ko 1( ‘I)

—(1-7vp) — 1o - max E V(s q’)| - 1{p(s,q) =0
-y -yomax E (s".4)| - 1{p(s.q) = 0}

+(Vo(s, @) = Vo(s, @) T{p(s.q) > 0}

Note that for all i € {0, ...,2n — 1},

max E V,él_f1 (s’, q') — max E 4 (s’, q')

Yi - sup
a€A s g/ ~PA([s,q.a) a€A ¢ g/ ~PA(s,q.a)

5q

<yi-sup
$q

max E vi_(s.q) - E Vi(s', q
aeA (s/’q/NPA('S"Z»@ ki 1( 1 ) s',q'~PA(-[s,q,a) ( q )
S)/i - sup max E Vli-—l (s/’ q/) _ Vi (s/’ q/)

sq €A &g ~PA(lsqa)

v =V @3)

Then, we have

Ve =Vl <10 Vo = V0o 16 - Vio = VO < = <" Vo = VO <1
—_——
<1

Now, let 0 < j < 2n — 1 and assume that ”ijj —VfH <eg = f_f—)’/; +ykf. Fori > j, we
oo Jj

have
Ve - v,
=sup | T{p(s,q) =1} ‘(1 —y:)- 1{iis even} + y; - max E Vi (s.q)
$,q acA s'.q' ~PA (ls.q.0) x

— (1—vy;)-1{iis even} — y; - max E Vi(s.q
(1-y)-1{ t—vi €A ¢ g PA(|sga) ( q)

H{p(s.0) = < i} V) (5.9) = V/(5.9)

+1{p(s,q) > i} - [Vo(s, q) — Vo (s, CI)|]
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(1 —y)- 1{iis even} +y; - max E Vki,—I (s', q/)

su
< s,qp €A g/ ~PA(1s.q.0)
— (1 —y;)-1{iis even} —y; - max E Vi(s',q'
a-y)- 1 boremax E V()
+ sup ij, —Vj”
j<i / oo
S%WWfr”ﬂL+“WW@‘VW (see Equation 2.33)
Jj<i oo

< Yi* ”Vlé,»—l - Vi”oo + &1

ki

2 ki—1 ki i i t—1 ki

ey +yiE FyiEa Ty gty Vo=V, = Z Vi &ty
t=1

< €1

k;
+ i
STty

Theorem 15: Parity Approximations [de Alfaro et al., 2003]

Let ¢parity(Yo, --- » Y2n—1) be the VLC’s parity encoding of the acceptance condition of
a deterministic Rabin chain automaton A and (ko, ..., k2,—1) be a vector of integers
specifying the number of VI steps to perform for each fixed points of @paity. Then,

let Vp,yi, and Vp, i, be the values obtained by sequentially approximating each fixed

point for k; steps, respectively from below and above. Then, the following holds:

1. for each state (s,q) € S*, we have
V(<3, q> 5 (PParity) — En-1 S V}tlrity(sa q) S Vl;l;xrity(s: q) S V(<S, q> 5 (PParity) + En-1;

2. taking the limit of the discount factors to 1 in the right order yields the
probability of satisfying the parity objective:
y[lin_l)l }l_n;ll V(<s> q> 5 (pParity(YO Yanl))

=sup [F",“;/M ( { 7T € Trajyga | MaxPriority(z) is even})
T

=sup [P’,’;’l({r = (S0:00,40:00) € Trajyy | wE A, where w = t’(so)t’(sl)t’(sz)...}).

Discussion. Theorem 15 is the cornerstone of the verification of discounted w-regular
properties via VLC. It provides a way to approximate the value of the parity objective
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through both a discounted interpretation of the latter and value iteration. Furthermore,
when the discount factors go to one, we retrieve the optimal probability of satisfying the
acceptance condition of a deterministic Rabin chain automaton.

This suggests that we do not even need to specify the desired properties through VLC:
we can specify the desired agent’s behaviors through an LTL formula, translate it into a
deterministic Rabin chain automaton (or, equivalently, a deterministic parity automaton),
specify a discount factor for each priority, and then use the nested VI procedure to
approximate, in the product of the MDP and the automaton, the value of the parity
objective. Moreover, the latter is equivalent to the optimal probability of satisfying the
original LTL formula when the discounts go to one.

Finally, while Theorem 15 ensures that the values of any discounted w-regular objective
can be approximated with any arbitrary precision, Theorem 14 ensures their learnability
since the former can be expressed as a strongly guarded formula.

As the cherry on the cake, we will show in the following section that VLC characterizes
the bisimilarity between MDPs through a distance function. In the undiscounted setting,
bisimulation is an equivalence relation that preserves the probability of satisfying all LTL
properties. In the discounted setting, a quantitative notion of bisimulation can be defined,
and we will show that it is characterized by a distance (pseudo-)metric spanning over all
VLC formulae. Notably, while the exact bisimulation is sensitive to small perturbations in
transition probabilities, the discounted counterpart is robust to such perturbations and
assigns a distance between two models: when close to zero, the values of all the VLC
formulae are close in both models, whereas a distance close to one indicates that the
values of the formulae are far apart.

4 Bisimulation

Bisimulation serves as a fundamental concept for comparing potential agent behaviors
across diverse models. In the context of MDPs, a stochastic bisimulation is an equivalence
relation that preserves both the probability of fulfilling properties — particularly those
expressed through LTL formulae — and the optimal expected return. Hence, two bisimilar
models satisfy the same LTL properties with the same probabilities and yield identical
expected return under their optimal policy. Consequently, if one is able to provide a
model bisimilar to the actual environment (potentially relatively smaller), then it can
be leveraged to verify the original environment since the two models satisfy the same
properties, with equal probabilities.

In essence, to ensure this crucial property, the bisimulation relation is established
among the states of the system. This necessitates that states in bisimulation are capable
of mimicking each other individual steps. This further means that labels, immediate
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rewards, and transition probabilities must be identical for those states. This relation can
be lifted to MDPs by requiring their initial state to be in relation.

As with any equivalence relation, bisimulation provides a binary metric between states
and models: they are either bisimilar or they are not. Consequently, models that are
nearly identical but have slight variations in transition probabilities or rewards might
be treated as entirely different. This mirrors an observation we made in LTL (see
the discussion about discounting in Section 3.5): the satisfaction of linear properties
yields a binary outcome, so even minor deviations in trajectories after a certain point
can lead to vastly different results. This contrasts with VLC’s linear properties, where
the discounting effect allows trajectories with nearly identical prefixes to yield nearly
identical outcomes. This connection extends bisimulation to the discounted setting
through a quantitative measure called the bisimulation pseudo-metric, which assigns a
real-valued distance between states. A distance closer to zero indicates closer values for
both the expected return and all VLC formulae in the compared models.

4.1 The Bisimulation Relation

In the following, we formally introduce the exact stochastic bisimulation relation, and we
then discuss the related distance function. Along this section, note that we may consider
MDPs with general state-action spaces. Since bisimulation is an equivalence relation, we
start by defining the notion of equivalence classes.

Definition 28: Equivalence classes
Let R be a relation on S. Let T C S, we denote the set of states in relation with T as
R(T) = {s’ € S| there is a state s € T so that sRs’ } .

Then, T is R-closed if R(T) C T: it is the largest subset so that sRs’ for all s,s" €
T. The set of equivalence classes of R, denoted S/R is a partition of the space S
according to the relation R (i.e., the quotient of S w.r.t. R). Formally, it is defined as

S/R={T € 3(S) | T is R-closed, i.e., R(T) C T}.
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Definition 29: Bisimulation

A stochastic bisimulation R is an equivalence relation on S such that for all pairs of
states s1,s; € S, s;Rs; if and only if:

(i) their labels are the same: £(s;) = £(s,);
(i) they share the same immediate rewards: R(s;,a) = R(sp,a) for alla € A; and

(iii) their transition probabilities to equivalence classes of R are the same:
P(T | s;,a) =P(T | s;,a) forallae AandT € S/R.

We denote the largest bisimulation relation by ~.

Given a policy 7 for M, the largest bisimulation relation associated with the states of
M, is ~5. If 7 is given as a Mealy machine (Property 1) with initial memory state q;, we
may simply write s; ~, s, for the relation over the induced Markov chain (Definition 8),
ie., (s1,qr) ~x (s2,qr) when s;,s, € S belong to the original state space of M.

Remark 13: Bisimulation, labels, and rewards

According to the context, the requirements (i) and (ii) in Definition 29 can be
relaxed. If the goal is solely to reason about rewards and expected return,
requirement (i) is unnecessary. Similarly, if the goal is to verify properties through
logical specification formalisms, requirement (ii) is irrelevant and can be ignored.

The bisimulation between states of the system can be easily generalized to MDPs: in
that case, it suffices to consider the disjoint union of their state spaces. Two models are
then equivalent if their respective initial state are both in bisimulation.

Definition 30: Bisimulation between MDPs

Let M = (S, A,P,R,AP,¢,s;,y) and M’ = (S’, A, P/, R/, AP, ¢’,s],y’) be two
MDPs. Consider a unified model which embeds the two MDPs, defined as

MUM = {SUS" U{s.}, AU AP R, APUAP ¢*,s] max{y.y' } ).

where WU denotes the disjoint union operator, i.e., the union between sets assumed
disjoint. P*(- | s,a) is equal to P(- | s,a) (resp. P’( | s,a)) if s € S (resp. s € S’). If s
is a state of M while a is not an action of M (or conversely, s € S’ and a ¢ A’),
then the system deterministically transitions to a special absorbing state s, . R* and
¢* are defined similarly. R* incurs a reward of zero when transitioning to s, and
£(s,.) = @. Finally s; is an arbitrary state from either S of S’.
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We say that M and M’ are in bisimulation, denoted M ~ M’ if and only if s; ~ ]
in MYM’.

Example 15: Bisimulation

Consider a more complex version of the grid world environment from Example 3, as
illustrated in Figure 2.13a. Here, the agent G navigates within a grid world alongside
three adversaries: @, (), and ). Similar to the original example, these adversaries are
initially asleep. In the first steps, attempting to move upward or downward from the
cell adjacent to the sleeping adversary @ awakens the latter, prompting it to pursue
the agent. When awakened, the agent has a 90% chance of escaping but randomly
falls into one of two gray areas above or below. Once in these areas, the agent is
unable to return to the white cell and must proceed to the orange zone. Within
this orange zone, the agent encounters one of two sleeping adversaries: [ or £ .
Moving up, down, or remaining in the same cell poses a 50% risk of awakening the
adversary, resulting in the agent being eaten. Moving horizontally allows the agent
to navigate along the walls and evade awakening the adversaries. Once the orange
area is escaped, the agent may reach the green area, where the goal [< is located.

The MDP M, depicted in Figure 2.13b represents this environment. For the sake
of clarity, the atomic propositions forming the label are depicted this time within
each state. As usual, we omitted irrelevant actions leading to self-loops with zero
return. We have also omitted the self-loops in states s; and s;7 leading to a reward
of for clarity. Notice that we only used one atomic proposition @ for each
state representing an adversary since the outcome is the same in each of these states
(being trapped and receiving a reward of at each step). Notably, the state space
of M, is composed of 20 states.

One may already notice from Figure 2.13a, depicting the environment, that some
parts of the state space are similar: the agent behaves similarly from the top and
the bottom of the Figure. Furthermore, one may also notice that the agent behaves
similarly to the gray and the orange areas. We show that those areas are actually
bisimilar regions of the state space.

Precisely, the states in bisimulation are the following:

« sy and s;, (the gray area);

* $7, 510, $17 (representing the adversaries R [ and [);
* 3,54, S13, S14 (from the leftmost orange area);

* S5, S6, S15, S16 (from the rightmost orange area);

« sg and s;5 (labeled with &); as well as

e S9 and syo.
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(c) Another MDP M,
for the environment
of Figure 2.13a such
that Ml ~ Mz

(b) MDP M, representing the environment of Figure 2.13a

Figure 2.13: A more complex version of the grid world of Example 3 with 3 adversaries.
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Consider now the relatively smaller MDP M, of Figure 2.13c (only 9 states
compared to the 20 states of M,). Interestingly, one may notice that this MDP
also represents the environment of Figure 2.13a: one can easily verify that M; and
M, are in bisimulation: s; ~ So; S{ ~ S15S; ~ S2 ~ S12; S ~ S3 ~ S4 ~ S13 ~ Sia;
Sy ~ S7~ S10 ~ S17; S ~ S5 ~ Sg ~ Si5 ~ S165 Sg ~ Sz ~ S185 S; ~ So ~ S19; and sz ~ sy7.

Bisimulation implies trace and optimal return equivalence. To see why, notice that
given a base B formed by equivalent classes Ty, Ty, ..., T, € S/~ and some measurable
actions Ay, ..., A,_1 € X(A) such that B = Ty x Ay x -+ x A, x T, the countable unions,
intersections, and complementations of cylinders of the form Cyl(B) generate another
o-algebra over the trajectories of M, which is included in the standard c-algebra of M.
We call the events of this sub-c-algebra bisimulation-closed events. Let 7 be a policy so
that ~ is also a bisimulation relation for M. Then, for such any bisimulation-closed
events T C Traj,,, we have for all states s;,s, € S that

s; ~ s implies [FDj;/l(‘J' | st =s1) = P%(‘J’ | st = s5). (Baier and Katoen, 2008)

Since the basic events (formed from bases B) of this sub-o algebra share the same rewards
and labels, bisimulation close events carry the necessary information to optimize both
the expected return obtained from states in bisimulation, as well as the probability of
satisfying LTL formulae.

Theorem 16: Logical and optimal return equivalence
Let s1,s2 € S be two states in bisimulation, i.e., s; ~ s, then

(i) [Larsen and Skou, 1991; Baier and Katoen, 2008]: the optimal probability (for
opt € {inf, sup}) of satisfying any LTL formula ¢ from s; and s; is the same, i.e.,

optPr({r [T F @} [ s =s1) = opt Pr({r | 7 F @} | 5 = 52);

(if) [de Alfaro et al., 2003]: the value of any VLC formula ¢ are the same for s; and
Sz, 1.e., V(s1,0) = V(sz, 9); and

(iii) [Givan et al., 2003]: the optimal expected return is the same from s; and s, in
M, ie, V*(s1) = V*(s2).

Note that given any policy & with s; ~, s;, we rather consider the bisimulation relation
in M. Then, the results enumerated in Theorem 16 are the same for ~,, except that
the optimization term opt vanishes for LTL formulae, and the value functions considered
are those of M,, ie., V”".
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Given Theorem 16, the bisimulation relation can be leveraged to reduce the size of the
MDP since the relation preserves the values functions.

Lemma 9: Model reduction

Let M = (S, A,P,R, AP, ¢,s;,y) be an MDP. Consider the MDP quotient
M/~=(S/~, AP/~ R/~ AP, t/~,S.y)

where (P/~)(- | T,a) = P(- | s,a), (R/~)T,a) = R(s,a), (£/~)(T) = £(s) for any
TeS/~ seT, anda € A. Finally, S; is the equivalence class containing s; € S;.
Then, by definition, M and M/~ are equivalent under the bisimulation relation ~.

The probability space of the MDP quotient M/~ is the aforementioned o-algebra
generating bisimulation-closed events. Importantly, M/~ preserves the optimal
probability of events formalized through LTL, VLC’s value functions, and the optimal
expected return.

Example 16: Bisimulation quotient MDP

The MDP M, of Figure 2.13c is the bisimulation quotient of the MDP M, from
Figure 2.13b: 57 = ~({so}), 57 = ~({s1}), 5 = ~({s2,512}), 85 = ~({s3, 54,513, 14}),
sy = ~({s7,510,517}), 85 = ~({s5, 86, 515, 16})> S5 = ~({Ss,518}), 7 = ~({s9,510}), and

sz = ~({su}).

Limitations. While bisimulation offers a suitable framework to deal with large MDPs
— using a smaller bisimilar model in which one can perform tractable computations — the
relation is sometimes too strong to be useful. Indeed, bisimulation relations are not robust
to small perturbations in the reward function or transition probabilities. To illustrate this,
take the MDP of Figure 2.13c and slightly perturb the probability of going to s; from s
when 1 is executed: P(sZ | sz, T) =1/2+ ¢ and P(sé | sz, T) = 1/2 — ¢ for some arbitrary
small error ¢ > 0. While M; and M, remain close to each other at first glance after
applying this perturbation, they are not bisimilar anymore and are treated, in terms of
bisimulation, as being completely different. This is very problematic, especially if one
hopes, e.g., to learn a bisimilar MDP from data, where it is not possible in general to
learn perfect distributions without any error.

This motivates us to further investigate another non-binary metric, which would
intuitively assign a softer, real-valued “score” of bisimilarity between states instead of
strictly classifying them as being bisimilar or not. To define this metric, we need to
identify the perturbations which cause the original relation to fail and quantify them.
Quantifying a discrepancy between real values (as the rewards) is trivial — one simply
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needs to consider the Euclidean distance — but this is not so evident with probability
distributions.

4.2 Probability Metrics

As we already discussed, “quantifying the bisimilarity” between states of one or multiple
MDPs necessarily involves quantifying the discrepancy of their transition distributions.
In the following, we introduce several discrepancies between probability measures and
discuss how they are related, their benefits, and their drawbacks in the context of defining
a bisimulation metric for MDPs. We start with the notion of metric space.

Definition 31: Distance and metric spaces

Let X be a measurable set and d : X — [0, ). Then, we say that (X, d) is a metric
space if and only if d is a metric on X. Precisely, d must fulfill the following atoms
forall x,y,z € X.

1. Identity of indescernibles: d(x,y) = 0 if and only if x = y.
2. Symmetry: d(x,y) = d(y, x).
3. Triangle inequality: d(x,z) < d(x,y) + d(y, z).

Along this section, we fix the measurable set X and we assume it is equipped with a
distance metric d, leading to the metric space (X, d).

One of the most popular discrepancies used in information theory to compare
probability measures and data distributions is the Kullback-Leibler divergence.

Definition 32: Kullback-Leibler divergence

Let P,Q € A(X) be two probability measures over X, then the Kullback-Leibler
divergence (KL) is given by

D (P || Q)=/Xlog(§g> dP(x),

where dP/do denotes the standard Radon-Nikodym derivative of P w.r.t. Q. Notably,
when (i) X is countable, Dxr (P || Q) = Ex~p[log(®?®/owx)]; and (ii) p,q are
respectively density functions of P and Q, Dx.(P || Q) = Ex~p [log(¢®)/gx))].

KL stands out for its simplicity and its ease of optimization. However, although always
non-negative, KL is not a metric on A(X). Indeed, the symmetry (2) and triangle inequality
(3) are not fulfilled. Importantly, KL may be undefined when Q does not have the same
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(x,y)

P * Q Y
X

Figure 2.14: Optimal transport problem from P to Q with cost function c.

support as P: instabilities arise in the quotient P/o0 when Q(E) = 0 for events E € 3(X)
drawn under P. Given these limitations, KL is ill-suited in the context of comparing
transition probabilities to quantify bisimilarity. Nonetheless, as we will see later in this
section and the subsequent chapters of this thesis, KL remains a compelling discrepancy
measure with theoretical connections to probability metrics.

Optimal transport. In the following, we discuss a family of probability metrics related
to the optimal transport problem (OT) [Villani, 2009]. The optimal transport, originally
formalized by Monge [1781], is a classical problem in mathematics and economics, which
aims to find the most efficient way to transform a distribution P to another distribution
Q, where the cost of moving a particle from a position x in the support of P to a position
y in the support of Q is given by a cost function c(x, y).

Definition 33: Optimal transport problem

Let P, Q € A(X) be two probability measures over X. The optimal transport problem
(OT) from P to Q with cost functionc: X x X — [0, ) is defined as

P,Q)= inf . = inf
W= inf [ cny)-oWnd)= it E )

where
II(P,Q) = {@ € A(X x X) | VE € %(X), P(E) =/ o(E,dy) and Q(E) :/ o(dx, E)}
X X

is the set of all couplings (also called transport plans) between P and Q (the set of
measures over X x X with marginals P and Q).

At a very intuitive level, if one sees the two distributions P, Q as piles of dirt (see
Figure 2.14), the OT captures the minimum amount of work to transform the pile of dirt
P into the pile of dirt Q. When the cost function ¢ coincides with the distance metric d
associated with the measurable space X, the OT defines a distance metric on A(X), called
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the Wasserstein distance [Vaserstein, 1969]. In that case, the Wasserstein distance can be
re-formalized via the Kantorovich and Rubinstein [1958] duality:

Theorem 17: Kantorovich and Rubinstein [1958] duality

WiP.Q)= swp E f)- E fO)

g1 x~P
feLipschy

where Lipsc/id1 denotes the set of all 1-Lipschitz functions w.r.t. the metric d:

Lipsc/i; ={f: X > R| f(x)- f(y) <d(x,y) forall x,y € X}.

Remark 14: Dual formulation of Wasserstein and absolute value

In the literature, the definition may sometimes slightly differ, making use of an
absolute value in the dual formulation of the Wasserstein distance, i.e.,

Wa(P,Q)= sup | E flx)= E f(y)).

.1 |x~P
fé€Lipsch

This is equivalent to the formulation which does not make use of the absolute
value. To see why, assume on the contrary that sup; [Er [f]1-Eolfl] =
sup; Ep[f] —Eg[f]. Let us consider the case where sup, [Er [f]1-Eolf]] <
sup; Ep [f] — Eg [f]- This is clearly not possible: just take f* as the function that
attains the supremum of the right hand side of the inequality, then

swp |E, 1) E 10)|<|E,F@)- E FO) = E,F@)- E O

o onpl [X~P
fe€Lipschy

which is a contradiction. For the other inequality, sup; [Er [f1-Eolf]] >
sup; Ep [f] — Eg [f]. take f* to be the function which attains the supremum the
left-hand side of the inequality. On the one hand, when Ep [f*] > Eo[f*], then
whe have [E» [f] - Eo [f*]] = Er[f*] - Eq[f] > sup; Er [f] - Eq[f], which
is already a contradiction. On the other hand, when Ep [f*] < Eg [f*], we have
[Ep [f*1-Eolf*]] = Eo[f*]1—Ep[f*]. Take f* = —f*, f” is also 1-Lipschitz by
definition since f*(x) — f*(y) < d(x,y) and f*(y) — f*(x) < d(x, y). Then, we have
|Er [f*] - Eo [f*]| = Ep[f'] = Eg[f’] > sup;Ep [f] - Eg[f], leading to another
contradiction.

Thus, the definitions with and without the absolute value are equivalent. Along
this thesis, we may use them interchangeably.
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Remark 15: Various names for the same metric

The Wasserstein distance appears under a variety of names in the literature,
including the Kantorovich, Kantorovich-Rubinstein, Monge-Kantorovich, Hutchinson,
or earth mover’s distance. In this dissertation, we use Wasserstein in reference to
the Russian mathematician Leonid Vaserstein (Wasserstein is the German spelling),
who introduced this distance in the context of Markov processes and automata
games [Vaserstein, 1969].

When the metric space (X,d) is discrete, the distance d is generally assumed to be
the discrete metric 1., defined as 1.(x,y) = 1{x # y}. Remarkably, in that case, the
Wasserstein distance Wy_ (P, Q) coincides with the total variation distance [Villani, 2009].

Definition 34: Total variation

Given two probability measures P,Q € A(X), the total variation distance (TV)
between P and Q is defined as

drv(P, Q) = sup |P(A) — Q(A)l = Wy, (P,Q).
A€eX(X)

Notably, when (i) X is countable, dry(P, Q) = 1/2Y ..y |[P(x) — Q(x)|; and (ii) p,q
are respectively density functions for P and Q, dry(P, Q) = /2 fX |p(x) — q(x)| dx.
One can also see dry as an integral probability metric, where

(P, Q)= ; | E S0~ E SO

where F = { fisup,er If ()] < 1} is the set of one-bounded functions [Miiller,
1997; Sriperumbudur et al., 2009].

TV is also related to the KL divergence by the Pinsker’s inequality [Pinsker, 1964].
Theorem 18: Pinsker’s inequality

Given P, Q € A(X), the total variation distance is bounded by KL as follows:

drv(P, Q) < /%DKL(P 1 Q).

Hence, when considering the Wasserstein distance in the discrete setting, one can always
derive an upper bound based on the KL divergence, leveraging the Pinsker’s inequality.
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To compare probability transition functions induced by different states, we show
in the following that the Wasserstein distance is well-suited and offers a fixed point
interpretation of bisimulation metrics.

4.3 Bisimulation Pseudometrics

Our objective now is to define a measure for quantifying the distance between states
and models, which captures the essence of the bisimulation relation. However, the
conventional metric concept is not ideal for this due to the identity of indiscernible
requirement (Definition 31.1), which may not hold in our context — a zero distance should
characterize the bisimulation relation instead of the equality relation. Thus, we turn to
the notion of a pseudometric, which relaxes this requirement and allows for a more flexible
characterization of similarity.

Definition 35: Pseudometrics

Letd : X x X — [0,00) be a function on X. Then, d is a pseudometric on X if and
only if it satisfies the symmetry and triangle inequality atoms of Definition 31.2 and
31.3. Moreover, the identity of indiscernibles (31.1) is relaxed to the following atom:

x =y implies d(x,y) =0 forallx,y e X.

Fixed point theory. To define a pseudometric capturing the bisimulation relation, it is
useful to see the bisimulation relation in terms of fixed point. For this purpose, we need
to carefully handle the case where the state space is continuous and make the following
additional assumptions.

Assumption 1: Bisimulation and continuous state space

When the state space is a Borel set, we additionally require the following
assumptions. For alla € A,

(i) R(:,a) is continuous on S;

(i) P(-|s,a) is weakly continuous w.rt. s € S, ie., for all sequences (sp),en
converging to s, P(- | s,, a) weakly converges to P(: | s,a) as n — oo.

Assumption (ii) is a typical mild requirement imposed in scenarios involving reasonable
systems. Assumption (i) is less common but still relatively mild. Although it may initially
appear restrictive, in practice, it is quite manageable. Generally, the reward function
is not assumed to be continuous across the entire state space. However, it is often
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assumed to have only a finite number of discontinuities. A notable example lies in goal-
oriented tasks, where the agent receives a sparse reward upon reaching a goal state.
In such scenarios, it is sufficient to smooth the reward function by applying a sigmoid
function (o(x) = 1/1+exp(-x)) at the discontinuity points. For further discussions about
the requirements of these assumptions, we refer the reader to the work of Ferns et al.
[2005].

Theorem 19: Fixed point interpretation of bisimulation
Define the bisimulation operator F : 255 — 25 as

S1 3'(3{) S2
if and only if
Va € ANT € S/R, £(s1) = £(s2), R(s1,a) = R(sz,a), andP(T | s;,a) = P(T | s2,a)

for all relation R on S and sy, s; € S. Then ~ is the greatest fixed point of F.

This theorem is a direct consequence of the fact that F is a monotone mapping: when
starting from a coarse relation, each application of " necessarily refines the relation.
Then, by the Knaster-Tarski theorem [Tarski, 1955], the greatest fixed point of JF is
guaranteed to exist and coincides with the bisimulation relation by definition. For
instance, starting from the relation s; Rys; < £(s;) = £(sz) and refining it through
Rn1 = F(R,) guarantees the convergence to the bisimulation relation ~ as n — oo.

To extend binary relations to distances, we similarly define a fixed point operator
on pseudometrics by replacing each equality in the definition by distance metrics: the
discrete metric for the labels, the usual Euclidean distance for the rewards, and the
Wasserstein distance for the probability transition functions. To derive a set of significant
properties, we additionally differentiate between pseudometrics based on labels and
rewards, as outlined in Remark 13. We further use the symbol & € {£,R} to denote
the type of bisimulation pseudometric that we are considering — ¢ for the pseudometrics
involving labels and R for those involving rewards.

129



CHAPTER 2. BACKGROUND

Theorem 20: Bisimulation pseudometrics

Let &% € {¢,R}, B = sup, , ,|R(s,a) — R(s’,a)|, and pM denote the space of bounded
pseudometrics on S (one-bounded when & = ¢, and by B/1—y otherwise). Define the
bisimulation operator F* : pM, — pM as

max<ﬂ¢(f<s1), (s sup v Wa B 50,0 2C sl,a»)

(F*d)(s1,52) = if % = ¢, and

sup [R(s1,a) = R(sz,a)| +y - Wy (P(- | 51,a),P(: | 51,a))
acA
otherwise, when & = R.

for all d € pM and sy, s, € S. Then, d* is the unique fixed point of F*.

This time, due to the introduction of discounting, F* is a monotone contraction mapping.
Thus, a unique fixed point d* is guaranteed by the Banach’s fixed point theorem.

We call d the bisimulation pseudometric, or more soberly the bisimulation distance. As
usual, we denote by d, the bisimulation distance defined in the MC M, induced by a
given policy 7. As in the case of bisimulation relations, the distance can be extended to
compare MDPs by considering the disjoint union of the state spaces of the two models
(see Definition 30).

Remarkably, the kernel of the bisimulation pseudometrics — where the distance equals
zero — characterizes the bisimulation relation. Crucially, the value functions presented
throughout this thesis are Lipschitz continuous with respect to the bisimulation distance.

Theorem 21: Properties of bisimulation pseudometrics

Denote by ~’ and ~* the largest bisimulation relations obtained by respectively

relaxing the requirement involving the reward and the labels equality
(cf. Remark 13). Then, let s;,s, € S be two states of M and & € {f,R} we
have

(i) d* corresponds to the largest behavioral difference [de Alfaro et al., 2003;
Desharnais et al., 2004]:

d‘(s1,) = sup [V(s1,9) = V(s 0)l,
@€VLC(y)

where VLC(y) is the set of all closed VLC formulae using discount factors lower
or equal to y. Then, the value of every formula is Lipschitz continuous w.rt. d';
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Theorem 21: Properties of bisimulation pseudometrics (continued)
(i) the optimal expected return is Lipschitz continuous w.r.t. d™ [Ferns et al., 2005]:

IV*(s1) = V*(s2)l < d%(s1,5,); and

(iii) the kernel of da* is bisimilarity [de Alfaro et al., 2003; Desharnais et al., 2004;
Ferns et al., 2005]:

d*(s1,s2) = 0 if and only if 5, ~* s,.

We stress that the actual numerical value of the bisimulation distance is not the most
important. Instead, the key point is that the bisimulation distance is a pseudometric
capturing the essence of the largest bisimulation relation and that the value functions
are Lipschitz continuous with respect to it. The most crucial aspects of the distance lie in
its properties: the kernel of the distance corresponds to the bisimulation relation, states
that are close in distance exhibit similar values, and the metric demonstrates robustness
against perturbations.

5 Concluding Discussion

The bisimulation pseudometric is a robust tool for comparing states and MDPs, extending
the concept of the bisimulation relation.

In the context of RL, it gains significance when learning state space representations (i.e.,
functions of the form ¢ : S — S, where S “represents” S). If a representation captures
the bisimulation pseudometric — implying that close points in the representation space
would correspond to a close bisimulation distance — it becomes particularly interesting
for learning a policy (thus conditioning the latter on S rather than on S). Indeed, such a
representation would definitely facilitate the learning of the policy since its underlying
metric would capture optimal value functions through its Lipschitz continuity properties.

In the context of verification, the pseudometric allows deriving guarantees on the
interaction of the agent with the environment by model checking a tractable, bisimilarly
close model that is possibly prone to perturbations. Models learned from agent-
environment interactions are indeed prone to perturbations, making a closely bisimilar
model well suited for reliably verifying the behaviors of the agent in RL scenarios.

These observations set the context for this thesis: our objective is to develop algorithms
for learning tractable representations of the state space that effectively capture the
bisimulation distance, aligning with the principles of model checking. Additionally, we
aim to provide guarantees regarding the reliability of the learned representation despite
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the possible perturbations induced by the learning process. In subsequent chapters, we
delve into addressing these challenges and conduct an extensive analysis of the learned
representations. Specifically, we endeavor to shed light on the following questions:

1. How can we effectively learn a representation of the state space that accurately
captures the bisimulation pseudometric in the context of RL?

2. How to provide guarantees on the learned representation and assess its robustness to
perturbations?

3. How can we harness the learned representation to verify the behaviors of an agent
operating under a learned RL policy?

4. Is it feasible to leverage this representation to facilitate the efficient learning of a
policy?

By rigorously exploring those questions, we hope to contribute to advancing the
understanding and application of learned representations in the context of formal
verification and RL.
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Distillation of RL Policies through
Verifiable Latent Space Models

In the preceding chapter of this thesis, we introduced several concepts that are not
typically united. We have seen that reinforcement learning (RL) can be used to
train agent’s policies for complex tasks, in scenarios where an explicit model of the
environment is not necessarily provided, but wherein the agent is capable of interacting,
exploring, and observing the outcome of its decisions. State-of-the-art RL algorithms
leverage deep neural networks to scale to tasks involving general state spaces — “deep”
stands for the ability of those neural networks to learn and discover a useful and
tractable representation of input data. Those algorithms are grouped together under
the term deep RL (DRL). DRL has garnered attention for its exceptional performance
and applicability to real-world scenarios [Mason and Grijalva, 2019; Bellemare et al.,
2020; Libin et al., 2020; Ceusters et al., 2021; Reymond et al., 2024; Degrave et al., 2022;
Wurman et al., 2022]. However, we highlighted a caveat: the introduction of deep neural
networks compromises the reliability of those algorithms along with their performance
and convergence guarantees (cf. Chapter 2, Section 2.4 for a detailed discussion).

On the other hand, formal methods — and more precisely model checking principles
— offer a different approach when a tractable environmental model is available. These
methods enable the derivation of rigorous guarantees for agents operating under
(finite-memory) policies. While learning undiscounted linear properties by interacting
with the environment is not possible, discounted or finite horizon properties are in
contrast learnable from data. Moreover, with access to the model of the environment,
approximate values for discounted properties can be computed using geometrically
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Reinforcement Learning Latent Abstraction | [ Model Checking

Latent

MDP M
Agent Environment M
JT (no guarantee) =R (s, ar) Tatent 77 >
o1 ~ P (| s, ar) policy

PEM[0°] > p

L" PE(r|rkg}) asy — 1Vi

Figure 3.1: Big picture of the distillation approach. First, a proposal policy 7 is learned
using a DRL algorithm in the original environment M, without any guarantee on the
agent’s resulting behavior. Next, a latent MDP M is learned based on the execution of
7 within M, and the policy is distilled over the resulting latent spaces, producing a new
latent policy 7. Since the latent spaces are now finite, model checking is applied to verify
7 in M for given properties ¢ of interest. The guarantees obtained for the latent policy
can then be lifted to the original environment M via the established bisimulation bounds
between M; and M5 — notice here that 7 is designed to be compliant with M.

converging algorithms like value iteration. Notably, the set of discounted properties
characterizes bisimulation pseudometrics, quantifying the behavioral differences between
systems based on the properties they satisfy. Namely, the bisimulation distance is
defined as the supremum of the value difference of the specification they satisfy, ranging
over all discounted properties — the distance is one if the models satisfy strictly different
properties, and zero if they satisfy exactly the same properties (cf. Theorem 21).

This chapter introduces methods involving the combination of RL and model checking,
leveraging the scalability and performance of DRL alongside the reliability and
guarantees provided through formal methods. Precisely, we tackle the problem of
providing policies learned via (any) DRL algorithm with formal guarantees, for agents
operating in environments involving general state-action spaces. To do so, our approach
consists of model checking a bisimilarly close latent space model representing the
interaction of the agent and the environment. Notably, we learn an abstract, simpler, and
tractable model of the original environment through state and action embedding functions,
mapping each state and action of the original environment to a latent space. We term the
resulting model a latent MDP. Since the execution of the policy learned through the DRL
algorithm is not possible in the latent model due to the introduction of the new abstract
spaces, we distill the original RL policy over the latent spaces, resulting in a new latent
policy, which is, in contrast, executable in the original and latent models and verifiable.
The high-level idea behind this approach is sketched in Figure 3.1.

We enable the verification of the latent policy thanks to the following ideas:
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(i) we learn a discrete, finite latent space model of the original environment, making it
amenable to model checking;

(if) we provide bisimulation guarantees between the original and latent models through
local losses and probably approximately correctly (PAC) bounds that quantify the
quality of the resulting abstraction and representation;

(iii) the loss functions' used to learn the latent spaces embed upper bounds on the
bisimulation pseudometrics, either indirectly (through variational auto-encoders)
or directly — by optimizing a penalized version of the optimal transport problem
(OT).

We provide a comprehensive analysis of the proposed approach, including theoretical
guarantees, the introduction of two generative models (respectively based on variational
lower bounds and the OT), as well as experimental results. We first dwell on the
theoretical aspects of the approach and present abstraction and representation quality
guarantees on the learned model. Those guarantees are formalized through PAC bounds
on bisimulation distances that quantify the behavioral difference between the original
and latent space models. Second, we introduce principled generative models that learn
an abstract model of the original environment with bisimulation guarantees.

Origins of the results. The results presented in this chapter come from those
established in the articles [Delgrange et al., 2022, 2023a, 2024]. Their presentation
is adapted to the context of this thesis, and the content is extended with additional
explanations and discussions. Unpublished theoretical contributions are marked by the
symbol *.

Related Work

Formal methods in RL. Several complementary approaches address safe RL through
formal methods [Junges et al., 2016; Alshiekh et al., 2018; Jansen et al., 2020; Simao
et al., 2021; Chakraborty et al., 2023], with the aim of ensuring safety during RL. These
works typically assume prior access to an abstract model capturing the safety aspects
of the environment. Additionally, Alamdari et al. [2020] apply synthesis and model
checking to policies distilled from deep RL, albeit without abstraction or representation
quality guarantees. Some frameworks pursue the verification of deep RL policies [Bacci
and Parker, 2020, 2022; Carr et al., 2020], but rely on known environment models and
other assumptions, such as deterministic or discrete environments. Finally, DeepSynth
[Hasanbeig et al., 2021] enables learning a formal model from execution traces, with the
distinct aim of guiding agents toward sparse and non-Markovian rewards.

Ithe objective functions established to optimize the function approximators that yield the latent space.
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Representation learning. Works on representation learning in the context of RL
[Gelada et al., 2019; van der Pol et al., 2020; Castro et al., 2021; Zhang et al., 2021; Zang
et al., 2022] consider bisimulation metrics to optimize the representation quality, and
aim at learning (continuous) representations that capture bisimulation, so that two states
close in the representation are guaranteed to provide close and relevant information to
optimize the performance of the controller. In particular, DeepMDPs [Gelada et al., 2019]
are learned by optimizing similar losses to ours, but do not provide verifiable confidence
measurement and have only been evaluated on deterministic MDPs (we elaborate on the
difference of our work with DeepMDPs in Remark 17).

Model learning. Other model-based approaches learn a latent representation of the
environment and train (possibly simpler) policies from the extracted features [Corneil
et al., 2018; Ha and Schmidhuber, 2018; Francois-Lavet et al., 2019; Freeman et al., 2019;
Lee et al., 2020]. Notably, Corneil et al. [2018] and Hafner et al. [2021] adopt a similar
approach to ours of learning discrete latent models from continuous-state environments
to plan in the latent space, but do not offer formal guarantees or involve policy distillation.
Furthermore, Hafner et al. [2021] suggest that learning discrete latent variables may
be beneficial for generalization and optimization, particularly in scenarios with “non-
smooth” transitions (i.e., where the distributions exhibit discontinuities).

In the context of agent-based simulation, causal models can be used as an alternative
to MDPs to define different layers of abstraction of the interaction between the agent
and environment, aiding reasoning on computationally intensive simulators. Notably,
Zennaro et al. [2023]; Dyer et al. [2023] explore various discrepancy metrics (e.g., KL,
Jensen-Shannon) to learn abstract models and compare their probability measures to
those of the original environment, thereby deriving properties to establish bounds on
model discrepancy.

1 Latent Space Modeling

In the context of this thesis, we define a latent space model as an explicit model that
aims to represent the environment, the latter being possibly unknown, large, or even
defined over continuous state or action spaces. The latent model provides a simplified,
abstract, and tractable representation of the original environment. In RL, this model is
typically learned from data collected during the agent’s interaction with the environment.
Importantly, explicit computations are made possible in latent MDPs through access to
their latent reward and transition functions. The accuracy of the latent representation as
amodel of the original environment hinges on how these reward and transition functions
are learned. Notably, we demonstrate in this section that by selecting an appropriate
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current state: s

Environment M state embedding _ e .

P(s) =3

r=R(s,a) _ action lifting

s ~P(|s,a) b Y(s.a)=a .
A

Figure 3.2: Original environment (left) and some discrete latent MDP (right). Both models
are linked via state embedding and action lifting functions (respectively, ¢ and ).

discrepancy measure between these functions, connections can be established with

bisimulation pseudometrics.

Formally, a latent space model is defined as follows.

Definition 36: Latent space model

The links drawn between the original and
latent spaces by the state embedding and
action lifting functions are illustrated in
Figure 3.2. Interestingly, the connections
established between the original and latent
spaces allow to [ift a latent policy 7 defined
for M to the original environment M. This
lifting is illustrated in Figure 3.3: each time the
agent is located in a concrete state s € S of the
original environment, s is embedded into the
latent space via ¢(s) = 3. Then, based on this
latent state 3, the latent policy 7 prescribes the
next action @ ~ 7(- | 5) to be executed in the
latent model. This action is then lifted back to
the original environment via (s, a) = a. One

Given the original (possibly unknown, large, or continuous) environment M =
(S, A,P,R,AP, {,s;,y), alatent space model consists of another (simpler, tractable,
and explicit) latent MDP M = (S, A,P,R,AP,7,5,y) whose state and action
spaces are linked to the original ones via a state embedding functions ¢ : S — S as
well as an action lifting function : S x A — A. We further assume that (i) S is
equipped with a distance metric d, and (ii) as the original reward function, R is also
bounded by Ry,x. We denote by V the value functions of the latent MDP M.

S S
T

a 4 a
N 2 S|
p R(s,a)* * * * R(,a) p
/ & P oo

Figure 3.3: Lifted policy and local losses.

may then consider 7 as a lifted policy for M: by abuse of notation, we write a ~ 7(- | s)
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to first sample the latent action a from 7(- | ¢(s)), and a ~ 7(- | s) for lifting it afterward
to the original action space using a = ¥(s, ).

Remark 16: Discrete actions

Assume that the original action space A is a (tractable) finite set. Then, it is often not
necessary to consider abstracting the action space, and the action lifting function y
can be merely taken as the identity function: /(-,a) = afor alla € A, with A = A.

From that point, one can then measure the distance between the original and latent
reward and transition functions by comparing the resulting behavior of the agent in the
two models.

On the one hand, a reward R(s,a) is obtained in the original environment M when
the agent executes the action a in state s. In parallel, a reward R(5, a) is obtained in the
latent model M when the agent executes the action 4 in state 3. By abuse of notation, we
write R(s, a) for the reward obtained in the original environment when a is lifted from
the latent space to the original one, i.e., R(s, (s, a@)). Then, the distance between the two
rewards is merely given by |R(s,a) — R(5,a)|-

On the other hand, the two models transition to their next state s’ ~ P(- | s,a) and
§* ~ P(-|35,a). To enable the comparison between P and P, one need to embed s’ into
the latent space and compare the embedded state ¢(s") = §’ with §*. Again by abuse of
notation, we write ¢P(- | s, @) for the resulting pushforward measure, i.e., drawing s’ from
P(- | s,¥(s,a)) and then embedding s” into the latent space via§’ = ¢(s”). We formalize the
resulting metric as the Wasserstein distance between the resulting pushforward measure
and the latent transition function, i.e., W; (d)P(- |'s,a),P(- |5, d)).

Remark 17: Deep MDPs

Those formulations of distance metrics between reward and transition functions
have been explored by Gelada et al. [2019] in the context of representation learning
for RL. They minimized these losses to learn DeepMDPs, which are latent models
for environments with discrete action spaces. DeepMDPs rely on some Lipschitz
continuity assumptions applied to the latent reward and transition functions.
Notably, those Lipschitz constraints need to be enforced at training time, when
learning those functions through neural networks. When the Lipschitz constant is
sufficiently small, bisimulation bounds can be established according to the derived
losses in the global setting. In that case, the bisimulation distance is considered
over the entire state-action space — a computationally infeasible task in practice.
Enforcing Lipschitz continuity of the networks — especially for the transition
function involving computation with the Wasserstein metric — presents significant
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challenges. To address the difficulty of estimating the Wasserstein metric in
practice, Gelada et al. assumed deterministic MDPs (where P is Dirac).

In contrast, we consider MDPs with general action spaces and stochastic transition
functions. Our forthcoming bounds do not require any Lipschitz continuity
assumption on the latent functions. Additionally, we provide PAC guarantees to
quantify the quality of the learned latent spaces. Lastly, as detailed in the following
sections, we focus on the local setting.

“we refer the interested reader to the thesis of Genevay [2019] who covered the challenges of learning
(variations of the) Wasserstein measure from data.

1.1 Local Losses

We particularly focus on computing those metrics locally, i.e., under the execution of
a given policy in the original environment M — in contrast to globally, where the
distance needs to be computed over the entire state-action space. There are compelling
reasons for considering local metrics. First, local metrics are amenable to computation
and optimization, particularly through neural networks and gradient descent methods,
as they are defined over states and actions that are actually visited by the agent.
This stands in stark contrast to global metrics, which, while theoretically intriguing,
are computationally intractable in practice. Second, in the context of distillation, our
emphasis is on capturing the behavior of the agent under a specific policy, and local
metrics provide more informative insights in this regard. Finally, local metrics are more
interpretable as they provide information about the behavior of the agent in states that
are likely to be visited under the policy of interest and ignore the irrelevant parts of the
state-action space.

Precisely, we consider local losses defined as the expected value of the aforementioned
distances, where the expectation is taken over the state-action pairs visited by the
agent at the limit, according to a stationary distribution &; induced by 7 (cf.Chapter 2,
Section 1.4). As we mentioned earlier, our attention is particularly drawn to discrete
latent spaces (which are amenable to model checking). We henceforth make the following
assumptions.

Assumption 2: Existence of a stationary distribution

Given a latent stationary policy 7, we assume the access to a stationary distribution
& over the state space of the environment M, when it operates under 7.
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Assumption 3: Discrete latent space

When dealing with discrete spaces, we assume that they are equipped with the
discrete metric 1... In the following, we specifically focus on the case where the latent
space is finite, i.e., S and A are finite sets.

Assumption 4: Perfect encoding of the labels

The embedding function preserves the labels, i.e., for all s € S and 5 € S,
¢(s) =5 implies €(s) = € (5).

Assumption 2 is relatively mild in the context of RL. Notably, in episodic MDPs (which
encompass the majority of RL scenarios), a unique stationary distribution is guaranteed
to exist (cf. Remark 6). We refer the reader to Chapter 2, Section 2.1 for more details.
Assumption 4 is actually a mild requirement as well: we show in Section 2 that
the embedding function can trivially be trained to preserve the labels of the original
environment.

In the remaining of this section, we let 7 be a latent stationary policy, &z be a stationary
measure induced by 7 in M, and Ky = 2Rux/1—y be an upper bound on the absolute value
difference of the two models. We formally define the local losses as follows.

Definition 37: Local reward and transition losses

The local reward and transition losses are respectively defined as

Ir= E [R(s3)=R(s).a)

5 LP = sdﬂéff WJ (¢P( | S, a)’P( | ¢(S), d)) .

In the following subsections, we relate the local losses to the bisimulation pseudometrics
through upper bounds. Intuitively, these bounds share the property of driving the
bisimulation distances to zero as the local losses approach zero. Our results are
summarized in Table 3.1.

1.2 Bisimulation Bounds

Reasoning in the local setting, we establish connections between the local losses and
the bisimulation pseudometrics defined under a given latent stationary policy 7, which
remarkably satisfy the following properties (cf. Theorem 21): let s;, s, € S and ¢ € VLC(y)
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be a closed VLC formulae with discount factors inferior or equal to y, then?

V7 (s1,0) = V7 (s2,90)| < dr(sis2) = sup [V (s1,9") = V(s3,¢")|, and

¢*€VLC(y)

’Vﬁ(sl) - Vﬁ(sz)i < dX(s1, ). (3.1)

We further aim at reasoning about the bisimulation distance between M and M, so we
consider the distance defined over the disjoint union of the original and latent space
models (cf. Definition 30). Computing the bisimulation distance is arduous in practice: it
embeds a fixed point over the entire state-action space which involves the computation
of the Wasserstein distance between the transition functions of every pair of states
(comprising both those of the original and latent spaces).

Abstraction Quality Guarantees

Alternatively, we claim that the local losses can be used to evaluate the original and latent
models’ bisimilarity: whenever the local losses are small, the average bisimulation distance
is guaranteed to be small as well. Interestingly, this also means that, as the losses decrease
to zero, the bisimulation distance between the original and latent models almost surely
tends to zero as well. This is formally stated in the following theorem.

Theorem 22: Abstraction quality as average bisimulation bounds

The bisimulation distance between the original and latent models is bounded by the
local losses in average:

i L - L +yKy-L
E dz (s, 9(s)) < 1Y . E dR (s, ¢(s)) < W'
I _}/ $~6x —

Before proving Theorem 22, we first introduce a technical lemma that will be useful in
the subsequent proofs.

Lemma 10: Moving the supremum inside the expectation
Let X be a measurable space and P, Q € A(X). Then,
sup

P
3 R X~
fo& y~Q

[fe) - FOII < E,

E | sup f(x)—f(y)
y~Q -R

f: &

2recall that V™ (-, ¢) denotes the values of the formula ¢ under  and V" those of the expected return.
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Upper bound PAC bound Confidence level # samples from &;
d L vLp —y?log$
dx(s, I 1-6 Ty ogo_
E (s, 4(s)) 1=y oy tE iy
5 L Ky - L L Ky - L _Ko(1 + vKo ) log(d
E dR(s, $(s)) R +yKy - Lp R T YKy LN -5 r(1+yKy) ;)g(/g)
s~&z 17)/ ]7)/ 282(17)/)
. Lo
Vs de(s, ¢(s)) / . Y /
i e(1-y)
i Lr + YKV - Lp
vs dX(s, §(s)) / ¢ 1 RTYRv Le /
’ e(1-vy)
] z[T]-L L —x2 . log(9/:
dx(s1,5) Ex 1] Lp Aip +e 1-6 Lg(/z)z
1- Y §reset (1 z‘f;leset 51(1 - Y)
(s, ) E. [T] Lzfy + KyLp Lrfy + Ky Lp s w
1- 14 §reset (1 2Y2§;leset 52(1 - Y)
di(s1,5:) (51, 52) / / /
5 Lr +yKy - L
dR(s1,s5) %}‘:P fo(s152) / / ,

Vsy, s such that ¢(s;) = ¢(sz)

Table 3.1: Upper bounds derived from the local losses on bisimulation pseudometrics.
Additionally, we provide PAC upper bounds given an error term ¢ > 0, confidence level,
and a sufficient number of samples from &5 to achieve that level. The confidence may
depend on a parameter § € (0,1). Lz, Lp represent approximations of the local losses and
§met of & (Sreser) (Lemma 14). E,, [T] is the average episode length when 7 is executed. We

let Kp = max {4R%,,. 1}, fe(s1,52) = (% + @), k1 = Lp + &esee(1 + (1 — 1)), and
= LR + }/KVLP + freset(l + YKV + )/8(1 - Y))

Proof. For all functions f: ¥ - Rand x,y € X, f(x) — f(y) < sup; f(x) — f(y),
meaning that E[f(x) — f(y)] < E [sup ¢ fx) — f(y)]. In particular, this also holds for
fr=argsup E[f(x) — f()] Les ELf*(x) = f*O] < E [sup; f(x) — f()]- O
Proof (of Theorem 22). Recall that di and dZ are respectively one- and Ky-bounded
distance pseudometrics by definition (Theorem 20). By assumption, the latent space

is finite, meaning it is equipped with the discrete metric d = 1. (Assumption 3).
Therefore, for all 5;,5, € S, we have

dz(51,5,) < d(1,5,), dX(51,5,) < Ky - d(1, 5).
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Let % € {f{,R}and K. = ] then, we have
Ky otherwise, when & = R;

E e (PaC 19 Pa( 1 4))

=F inf dF (31, 5)0(1,5)
b [oet1(gPaCIDPACI4()) § SZZ;‘ s
_— o
< E inf Z Ks1.(51, 5)a(51, 52) (dx is Ke-bounded in S)
s~&r |@el(¢P-(19)P2(19(5) 5 Ses
=K. E inf (51, 52)
s~&z h(DEH((}SPﬁ("5),Fﬁ(“‘/s(s))) §1¢Z§2

=Kas E drv (¢P,—[(- |'s), Pz(- | ¢(s))) (TV coincides with Wy _; see Definition 34)

s~&z

el 36025 15) ~ (51 965)|

e ,2 €S
=K - P P(s a
*SEE_E@ Z;g 7[rE<\s)¢ Ilsa)- a9 (146 a)}
_ 1 _ N\ B _
Ka E »2%5%8)(&(3 s.a) —B(s |¢(s),a))H
<Ka [E§ . E(I) % Z ‘¢P(§/ s, d) —F(§/ | ¢(s), a)‘l (Jensen’s inequality®)
S~Cx a~m(-|S §/€§
<KgsLp.

E 900
= E |[Re() = Ra@)| - 18 = R} + yWa (- | ). P | )|

(€(s) = £(¢4(s)) by Assumption 4)
SLr- 1% =Ry +y- B [Was (P | ). PeC: [ 9(5))
SLp-1{# = Ri+y- E [Wia(Pel- |9, 9Px(-| )+ Wya (9P ). Po(- | §(5))

(W;sis a pseudometric, so we apply the triangle inequality)
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Sk - V{k =R} +yKa Loty E Wea(Pa(]9). 9Px(-[ )
(by the inequality derived above)
Ly -V = R}+yKa-Lp +y- E (s 9(5).

To see how we pass from the penultimate to the last line, recall that
E Wis(Pz(- | 5),dPz(- [ )= E | su E sS)— E Y1,
b T o e fe&ipEﬁ,}j vt ) §'~¢Pﬁ(-|s)f( )
where
Lipschin={f: SUS - R | f(s1) = f(s3) < d(s},s;) forall s}, s; € SUS }.
Then, we have

E | sup E f(s)- E f(&
s~ feLipsnﬁdlj. s'~Pz(:ls) ( ) §'~¢Pz(ls) ( )

=E| sup E f(s)- E f(4(s))

sE | fecipsents ¥ Pr(ls) S~P7(ls)

= [E | sup E [f(sl) —f((/’)(s’))]

s~ fGLipscﬁéq. s'~Pa(ls)

<E E sup f(s') = f(¢(s)) (by Lemma 10)
s~&x s'~Pz(ls) fELipscﬁ[%;

=E sup f(s)— f(#(s)) (by definition of the stationary measure &)
s~ fELipscﬁl;

< u;g A (s, 4(s)). (since f € Lipschys)

Finally, we have

(1=): E df(s.¢(s) <Lr - 1{# =R} +yKa-Lp

) Le-1{#%=R}+yKy L

o E d*s () < =M b+ yKs - Le
s~&z 1-y

0

9Let X be a random variable and f be a convex function. Then, f(E [X]) < E [f(X)] [Jensen, 1906].
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Since the value function is Lipschitz continuous with respect to the bisimulation distance
(Equation 3.1) and since we consider pseudometrics defined over the disjoint union of the
original and latent models (Definition 30), we obtain as a direct corollary of Theorem 22
the following result, where the one for the expected return corresponds to the bounds
established by Gelada et al. [2019] in the context of DeepMDPs (Remark 17).

Corollary 2: Abstraction quality as value difference bounds

Let s € S and ¢ € VLC(y) be a closed VLC formula with discount factors inferior
or equal to y. Then, the average value gap between the original and latent models is
bounded by the local losses:

LR + )/KV LP

E V(o) =V(g(s).0) < lyfpy, HMORECONE

Episodic setting. In the context of RL, training environments are often episodic (refer
to Chapter 2 Section 2.1 for a comprehensive discussion). We showed that the episodic
return does not necessarily align with the usual expected return (Lemma 4). Hence, a
natural question to consider is how we interpret the bounds on value differences within
the context of episodic MDPs. For simplicity, we make the following (straightforward)
assumption.

Assumption 5: Reset label

Whenever an MDP is episodic, we assume the existence of an atomic proposition
reset € AP so that reset € £(s) if and only if s € S is the reset state, i.e., s = Speser

Combined with Assumption 4, this assumption basically implies the encoding of the reset
state of the original MDP into the reset state of the latent MDP, supposing both models
are episodic. Then, the value difference bound holds for the episodic return as well.

Lemma 11: Episodic formulation of the value difference bound *

Assume that M and M are episodic processes and let s € S. The average episodic
value gap between the original and latent models is bounded by the local losses:

Lr + YKV LP

| RORMCO)E

Proof. First, notice that Assumptions 4 and 5 imply that ¢(sye.r) is the reset state
of M. Then, |VZ. (Syeset) — VZ.

epis epis

(H(sreser))| = 0 by definition of the episodic return

Definition 18). Let us further substitute each value function with its definition inside
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the absolute value difference:

S NORGMCO)

= E

s,a~&

1 {S * Sreset} : ’R(s’ d) + ’~P[E|sa [Y epls( )] - R(¢($), d) - §/~?(<[Eﬁ(s),a) [yvepls( )] H

(¢(s))‘ = 0 whenever s = $,¢51.)

|

VE (s)—VZ.

(smce epis epis

< E

s,a~&x

w)

R(s,a - R(¢(s).a) - VZ;
o+ B e -RE@D - E TV

The rest of the proof is similar to the one establishing the value difference bound of
Gelada et al. [2019, Lemma 8] that we adapt here in the context of episodic return and
discrete latent models, for the sake of completeness:

R(S, d) + E [)’ epls( )] - ﬁ(ﬁb(s)s d) - _E [yVepls( )] ‘

8,0~z s'~P("[s,a) ¥ ~P(|¢p(s).a)
R R vE (s)] - Ve (5
E R6O-RG@.a\+y E | E Vo)) = E V5]
(triangle inequality)
=lzg+y E | E [Vi ()]- E [VIs (5’)]‘ (by definition of Lz)

s,a~&z |5 ~P([s,a) §~P(|¢(s).a)

7 7 / 7 7 (=
Sty £ |, B V)T ¢ E [7hu(6(4) - Vi (o)
s’ ~P(|s,a)

sz +y saﬂéfn ~P[E|s,a) [Vé;ls< ) Vgpls (¢( /) )] l

(triangle inequality)
+ty E E [Vgpis (d)(s/)) Vgpm(g/)]

$.8~87 |5 ~P(:|¢(s),@)
s ~P(:|s,a)

ety E | E Va) - Va0

s,a~& |s'~P(:|s,a)

77 N _ 7T (<
" Ys,aE% s’~P[|aS,{i) Van(9(+)) §’~§(E§(s),d) Ve (7).
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Notice that since R is bounded by Ryaxs |V

is bounded by Rusx/1-y = Kv/2. Take f =
/Ky, it is clear that f is one-bounded. Then, E;g; |Ey epls(gzﬁ(s’)) Es epls(s’ ) =

Esa[K/2- [Eg f($(D = Es f(3)] < Ky - Esa Wi, (¢P(s,@), P($(s),@)) by seeing drv
as an integral probability metric (Definition 34). This yields

epls

V9 = V6

S

SLRwsﬁu;& o () = VEs(8())]) +vKy - E Wi (PC | .0 BC | 4().0)
<Lp +ys’d[55ﬁ S/NP[ES Y Vi (s") = Vi (o(s))]| +vEKv - Lp (by definition of Lp)
<Lr+y E NP[ES,)V;“( J) - prls(¢(s’))‘+yKV~Lp (Jensen’s inequality)
=Lr +7 E |V5iul®) = VEu@)] +yKv -Le.

(by definition of the stationary measure &)

Then, we finally obtain

(1—y) [E

epls(s) Vep15(¢(s))‘ < LR + YKV : LP

Lr + YKV LP

— [E

Vais(s) ~ V@) <

O

Above and beyond expectations. All the bounds presented so far are formalized as
expectations. This might be a bit inconvenient in practice, especially if one desires to
know the value difference for specific states. Using plain Markov’s inequality®, one can
derive PAC bounds on the bisimulation distances and value differences, removing the
need of formalizing them through expectations. Consequently, as Lz and Lp tend towards
zero, the upcoming bounds highlight the convergence in probability of the bisimulation
distance as the local losses decrease: the probability of error below ¢ approaches one,
and that for all ¢ > 0.

3also referred to as the Chebyshev’s inequality [Stein and Shakarchi, 2005]
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Lemma 12: PAC abstraction quality bounds x
Let € € (0,1) be an error term. Given any K, K, > 0, define

K1 'LR +)/K2 'Lp
e(1-y)

Then, each of the following holds with probability® at least 1 — §(Ki, K;): for all states
SES,

5(Kls KZ) =

() di(s,¢(s)) < e withK; = 0 and K, = 1;
(ii) d=X(s,4(s)) < ¢ with K; = 1 and K, = Ky;

(iii) given any ¢ € VLC(y),

V7(s,0) =V ($(s), )| < e withK; = 0 and K, = 1;
(iv) [V7(s) = V7(¢(s))| < e with K; = 1 and K, = Ky; and

©) Vi

and latent models are episodic.

(s5)-V~ (g{)(s))‘ < e with K; = 1and K; = Ky, assuming both the original

epis

4with respect to the measure &.
Proof. Let X be a random variable over S so that X(s) takes values in

{dz(s, 9(5)),
VE(s) = V7 (¢(s))

V7 (s,0) — V™ (¢(s), q))|} with K; = 0and K, = 1,0r

’ epis

{c?,lf(s, $(s)), VZW(8) =V (gb(s))‘} with K, = 1 and K, = Ky.

We have by Theorem 22, Corollary 2, and Lemma 11 that
Ki-Lrp +yK,-L
E [X] < 1 Lr YK P'
s~& 1- Y
Then, by the Markov’s inequality [Stein and Shakarchi, 2005], we have
|EsN§ﬁ [X] < K- Lp +}/K2 -Lp
e(1-y)

Therefore, &({s € S| X(s) <)) =1-&({s € S| X(s) > ¢}) > 1 — 6(K, Ky). O

In the context of episodic MDPs, a more transparent bound can be derived without
introducing a confidence level on the error. Recall that the bisimulation between two
MDPs corresponds to the bisimulation over the disjoint union of their state spaces
between their initial states (cf. Definition 30). In the following, we thus formalize our

Glse S| X(s)2ep) < = 8(K1,K»).
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bounds in terms of the initial states of the two models. Intuitively, the result follows from
substituting the stationary distribution into the bounds of Theorem 22 and observing that
1/&:(ss) corresponds to the average episode length (AEL), i.e.,

1 p—
f T (S reset) -

EM Z(T +1)-1 {(SO:T,GO:T—1> € EpisodesM} .
T=0

Indeed, when M is episodic, it is irreducible and recurrent (cf. Chapter 2,
Sections 1.4 and 2.1). Then, given the random variable

Ts({(S0:00, @p:00)) = ZT' T{ss =sands; #sforall0 <t <T}, (3.2)
T=1

we have £,(s) = /E.[T,Js=s] for any s € S and stationary policy =, where E_ [T; | s = s]
is the mean recurrence time of s under x [Serfozo, 2009, Chapter 1, Theorem 54].

To derive abstraction quality bounds specifically from the initial states, one simply
needs to multiply the bounds derived in this section by the AEL constant. Then, the main
property of our bounds is now surely* satisfied: whenever the losses approach zero, the
bisimulation distance and value tends towards zero as well.

Theorem 23: Abstraction quality from the initial states *

Assume that M and M are episodic processes and let E. [T] = 1/&(s....) denote the
average episode length of M under 7. The bisimulation distance between the original
and latent models at their initial states is bounded by the local losses:

- E_[T] L - Lefy + Ky - L
de(s,5) < w, d%(s1,51) < E; [T] M,
1-y 1-y
_ — E-[T]-L _ —_ Lrfy + Ky - L
VZ(st,0) — V™G, )] < ”1[_]2/" VE(s) = V2G| < E, [T] /Yl_;"’

where ¢ € VLC(y).

Before proving the theorem, we first state a technical lemma that will be useful in the
subsequent proofs.

4in contrast to almost surely, with Lemma 12.
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Lemma 13: Pointwise bound on a random variable by its scaled expectation

Let P € A(S) be a probability distribution over S and X be a positive random
variable over S. Then, for any measurable state s € S so that {s} € 3(S), we have

1
X(S) < @ 'siEP [X]

Proof. HX1 = [ XD ap(s) = X(5) + [ 2D dp(s) > X () 0

Proof (of Theorem 23). First, recall that we assumed that the inverse labeling function
of every A C AP is measurable (cf. the discussion after Definition 5), i.e., £ !(A) €
3(S). Then, the reset state is measurable by Assumption 5: s is the only state such
that reset € £(Syeser), SO {Sreser} = £ 1({reset}) € Z(S).

Second, recall that the reset state of any episodic process deterministically transitions
to the initial state (cf. Definition 16), i.e., Pz(s; | Sreser) = Pz(3r | ¢(reser)) = 1. Let
& = {£, R}, since ¢ preserves the labeling function (Assumption 4), we have £ (Syeser) =

[(¢(sreset)) and
A7 (Sresets §(Sreser)) = ¥ - Wa (P(- | ), P2(- | §(5))) = y - di (s1,51)- (3.3)

We obtain this equality by the fact that both Pxz(: | Speser) and Pz(: | ¢(sreser)) are
Dirac measures at s; and 5 respectively. Then, there is only one coupling in
H(P,—,(- | Syeset), Pz (- | g{)(srmt))), which is the Dirac measure at (s, 5;). By definition of
the Wasserstein primal (Definition 33), we thus have Wg;. (P,—,(' | 5), Px(- | ng(s))) =
J;(SI,§1). Set K; = 0,K;, = 1if % = £ and K; = 1, K, = Ky otherwise, when & = R.
Then by Lemma 13, we have

Cle;r’.(sresets ¢(sreset)) S ﬁ SE, J}:(s, ¢(s))

Ky Lg +yKy - Lp
gz’r(sreset)(l - Y) .

This yields the results for the bisimulation distances. Then, given any ¢ € VLC(y), we
have by Theorem 21 that |V7 (s, ) — V7 (5, ¢)| < di(sr, 3p).

It remains to show that the bound on the episodic return holds. To do this, we take a
different approach. We intuitively use a proxy to the episodic value function, whose
values only differ in the reset state. Define the value function VI, , € V as

episx

5 [Vefi)is* (S/) -1 {Sl * sreset}] .

= y-di(s;,5) < (by Theorem 22 and Equation 3.3)

Ve’;is*(s) =Rz(s)+ E
' ~Pz (|
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We define VZ . 51milar1y By definition of the episodic return (Definition 18), it is clear

epxs*

that V. (s) =

eplS epls*
epis*(sreset) 1 {S * 5reset}~ Then,

(s) for all s # Syeser. Nevertheless, in sy, we have V: epls(smet) =0=

s~&r P‘S*(s) Vgpls*(¢(s))’
<, E, [RG6.0) - R0+

Ve ’ -1 / rese: - Vﬂ * s -1 rese:
[ epls*( ) {S #$ t}] §’~F(~[E;S(s),a’)[ epis ( ) {S =S t}]

E
s,a~&z |s'~P(:[s,a)

(triangle inequality)

V()] = _E - [Vau(¥)]

= E [RG.0) - R@).0)|+y E
s,a~&z §~P(l¢(s).a)

E
s,a~&z |s'~P(|s,a)

<LR +}/ E

Viris(s) = Vaia(9(s)| + vy - Lo

(by the same developments as in the proof of Lemma 11)

Lz +yKy-L
SLRH’W

Lz +yKy - L
:LR<1+Y> +YKV'LP<1+ Y >: R TVl P'
I—-y 1-y I—-y

+yKy - Lp (Lemma 11)

Finally, this result allows us to re-formalize the episodic value difference from the
initial states through the values of the reset states:

epls(sl) Vepls(sl)’

Vi (51) = Vi 51| = ]y Viaian(5) = - Viien ()

epls*(sreset) Vepls*(qs(sreset))
(by definition of VZ. . and VZ . ., since Pz (sy | Syeser) = 1 = Pz (51 | 9 (Sreser)))

epls* epls* 2

1

< e 15*(3) Ve 15*( (S)) b Lemma 13
an(sreset) S~§” P P ¢ ( Y )
Lrfy + Ky - Lp )
<—7. (by the previous developments)
gﬁ(sreset)(l - }/) Y P p
This concludes the proof. O
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Representation Quality Guarantees

In addition to abstraction quality guarantees, we leverage the local losses to establish
representation quality guarantees. Again, we formalize those guarantees as bisimulation
and value difference bounds. We consider that the representation induced by the
embedding function ¢ is well-suited for verification and RL when the latent space
“preserves” the value functions. Precisely, states where the agent exhibits clearly different
behaviors should be embedded to distinct discrete latent states. When this condition is
not met, the most degenerate scenario occurs when every state is mapped to the same
latent state, indicating that the latent space has collapsed to a single point. Conversely,
states embedded to the same latent state should lead to close behaviors and thus have
close values. This is precisely what happens when the local losses are minimized: states
sharing the same abstract representation imply a close bisimulation distance, and thus
close values.

Theorem 24: Representation quality

For any pair of measurable states s, s, € S so that ¢(s;) = @#(s2),

c?,f; e YLP( 1 1 )5 J]Z} . LR+}’KV‘LP< 1 . )
GG B ) T B TE®

() Furthermore, assuming M and M are episodic processes,

Lp + }/KV - Lp ( 1 . 1 >
1-y E(s1)  &(s2) )

Proof. Let & € {£,R} and Ks, = Ky if & = R and K4 = 1 otherwise. Then, we have

Vipis(s1) = Vipi(s2)| <

ci}," (s1,82)

<dF(s1, ¢(s) + da(P(s1), §(s2)) + da(p(s2), 52) (triangule inequality)

<&(s1)™ E d7 (s, $(5) + En(s2) ™ E 7 (s, §()) + 7 (P(s1), $(s2))  (Lemma 13)

1{% =R} Lr +yKas Lp
1-y

()™ + fn(s»*)( ) + 3051, 4(52)
(Theorem 22)
1]{*2 R}‘LR+)/K4.'LP

L-y

S(fﬁ(SlY1 + §7r(32)71) ( ) (¢(s1) = ¢(s2) by assumption)

The proof for the episodic value difference can be obtained by mimicking this proof
and replacing every occurrence of dy with the episodic value difference. O
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As the values are Lipschitz continuous with respect to the bisimulation distance
(Equation 3.1), we consequently retrieve value difference bounds, akin the those
established by Gelada et al. [2019] for the expected return in the context of Lipschitz
continuous latent space models (DeepMDPs, cf. Remark 17).

Corollary 3: Representation quality as value difference bounds

For any pair of measurable states s;,s; € S so that ¢(s;) = ¢(s;), we have for any
¢ € VLC(y) that

: . yle (1, 1
VZ(s1,0) = V7 (s2,9)| < 1—y (g,,(sl) " §n(32)>, and
, _ Lgr +yKy - Lp 1 1
|V (s1)-V (Sz)| < 1—y (5”(31) + §,[(sz))'

Remark 18: Interpreting the bounds

When Mj is irreducible and recurrent (e.g., episodic), then 1/5(s) and 1/&(s)
respectively represent the mean recurrence time to s; and s, under 7, i.e., the
expected number of time steps to return to s; and s, when 7 is executed
(Equation 3.2).

1.3 OQuantifying the Quality of the Abstraction

The previous section establishes bounds on the quality of the abstraction based on
Lz, Lp, and & (Speser). Computing these quantities or probably approximately correctly
(PAC) estimating them, however, is intractable in practice. Notably, the expectation of
the Wasserstein term in Lp = Ez-5, W; (¢P(- |'s,a),P(- | ¢(s), d)) and the fact that the
transition probabilities P of the original environment are unknown deem the computation
infeasible. Intuitively, while estimating Wasserstein and total variation distances from
samples is feasible [Genevay, 2019], achieving this necessitates access to a generative
model for P(- | s,a) [Kearns et al., 2002] — which is not compliant to our setting. This
entails drawing a significant number of samples s’ from P(: | s,a) for each state-action
pair s,a drawn from &;. These samples are essential for initially estimating the inner
Wasserstein term, from which the overall outer expectation needs then to be estimated.
Notably, the errors may accumulate during the estimation process, particularly in the
inner calculation, making the overall estimation error of Lp difficult to control.

While those issues can be avoided by assuming that the MDP is deterministic, i.e.,
P(- | s,a) is a Dirac measure for all s € S, a € A (as done by Gelada et al. [2019] in
their practical setting), this assumption is too restrictive in general, for many practical
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applications. To deal with general MDPs, we study an upper bound on Lp that can be
efficiently approximated from samples:

Le< E Wi (8(-15).PC | ¢(s).a) =L}, (3.4)

5,a,8 ~&x

where ¢(- | 5) is merely defined as the Dirac measure at ¢(s), i.e., $(3 [ s) = 1{5 = $(s)},
for any s € S and § € S. The inequality in Equation 3.4 is a consequence of Lemma 10:

< E

E [sup E f(¢(s)- E f(& .

sa~bx | f $~Pllsa) ) §/~P(|p(s).0) sup f(¢(s) — _E f(¥)

f §~P(|p(s).a)

We further obtain PAC bounds on Lp, Lz, and &;(Spes:) by simulating M. Intuitively,
we simulate the MDP to draw transitions from the stationary distribution &. Using
classical randomized algorithms, one can efficiently sample from the stationary
distribution [Lovasz and Winkler, 1995; Propp and Wilson, 1998] even for unknown
probabilities (cf. Chapter 2, Section 2.1 for a discussion in the episodic context). We then
use the empirical distribution of the transitions to estimate Lz and Lp. When considering
episodic processes, the estimate for & (syesr) is similarly obtained by taking the portion of
Visits to Syeser in @ simulation. The estimate for Lp is formalized as an upper bound which
follows from L}. Intuitively, every time the simulation proceeds from s to s” following
an action a, we derive a “reward” of P(¢(s") | #(s),a). Since Lp is a loss, we obtain the
estimate by subtracting the average reward from 1.

Lemma 14: PAC bounds for the local losses

Let {<s,, as, s, s[’> 1 1<t< T} be a collection of T transitions drawn from &; by
simulating M3z, and ¢, > 0. Define Kz = max {4Rfmx, 1},

1

T
— 7 2 B(8(s)) | 9s0.a).

T
A 1 _ A
g = 2 Z [n = R(¢(s),@)|, and  Lp =1
t=1 t=1
With at least probability 1 — §, we have
(i) if T > [-logd/22], then Lp+e>Lp;and

(i) if T > [Krlog(/2)/2¢2], then Lz + ¢ > L and Lp + £ > Lp.
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Lemma 14: PAC bounds for the local losses (continued)
(*) Furthermore, assume M and M are episodic. Define

T

Ereser = 1T - Z T{st = Speset};

t=0
with at least probability 1 — §, we have
(iii) if T > [~log(%/2)/2], then Lp+e>Lpand &z (Sreser) > é’met —¢;and
(iv) if T > [KrlogC/)/2:2], then L + & > Ly, Lp + € > Lp, and & (Sreset) > Ereset — €

Proof. We start by recalling the Hoeffding’s inequality.
Let Xi, ..., X, be independent random variables such thata < X; < bforalli € {1,...,n}
and a,b € R. Then, for any ¢ > 0,

1 ¢ —2ne?

- Z Xi—E[Xi] >¢ with at most probability exp lz , and

nis (b-a)

1< . . —2ne?

- Z Xi—E[X] < —¢ with at most probability exp m . (3.5)

Recall that the Wasserstein distance coincides with total variation when the state space
is discrete. Then by definition of the total variation distance, we have

JE, Wi (gPC 15,02 §(5).))

Ly

1 {gb(s’) :§/} —F(§/ | s,a)

= E [2 E

s,a~& veg s ~P(|s,a)
Notice that this quantity cannot be approximated from samples distributed according
to & alone: intuitively, we need to have access to the original transition function P to
be able to estimate the expectation Ey-p(jsq) 1{¢(s”) = §'} for every single sample of
&r-

Instead, consider the upper bound on Lp:

Lp <

Z ‘ {¢(s) =5} -P( s, a)‘l (Jensen’s inequality)

s a~&',r ~P( s.@)

- E E wg(¢(~|s),P<~lia>>=L%s

s,a~&z s'~P(¢s,a)

155



CHAPTER 3. DISTILLATION OF RL POLICIES WITH FORMAL GUARANTEES

where (5" | s) is defined as 1{¢(s") = 5’} for any 5’ € S. Then,

L= E Wi (¢(-15).P( | (s).a))

5,a,8'~&
= E *Z‘(ﬁ (51 40s) a)]]

sas~& | 2 ics
- e L ((1— 6) 1660.0) ¢ T B ¢<s>,a>\)]

ST FeSNP(}

(because ¢(5" | ") = 1if ¢(s’) = § and 0 otherwise)

A R (TIPS )|

sas=r | YeS\{$(s)}

[1

- B |52 0-P60) 1900.9)

[1-P(8(+) | #(5).a)]

5,a,8"~&x

By the Hoeffding’s inequality (Equation 3.5), we obtain that Lp + ¢ < L}, with
probability at most exp(—Zng). Equivalently, this means that Lp+¢> LIT, with at
least probability 1 — exp(—2T€2). The fact that Lp + £ > L} > Lp yields the bound on
LP.

For the rewards, we obtain the bound via a plain application of the Hoeftding’s
inequality. Note that the rewards are comprised in the interval [—Ryay, Ryax], thus
}rt R(¢(s), at)| [0, 2Ryx]. Then, we have with at most probability exp(—2T¢"/srz, )
that Lz + ¢ < Lg. Therefore, by the union bound we have

Pr(ﬁp +¢e< LIT, orlg +¢e< LR) < exp(—ZTs ) + exp(—2T¢*/ar2, ).

Recall that our purpose is to allow an error beyond ¢ with at most probability §. Then,
we need to find an upper bound on T so that

o> exp(—ZTs ) + exp(—2T¢*/4r2, ). (3.6)

We consider two cases. First, assume Ry,x < 1/2, then exp(—2T¢°/ar2,) < eXp(—ZTez)

for any T > 0. Then, finding a T > 0 which yields § > 2 exp(—ZTsz) is sufficient to

ensure the bound of Equation 3.6. In that case, we have

—log(%/2)
2¢?

§ > 2exp(—2Te?) & /2 > exp(—2Te*) « log(3/2) > —2Te* & T > . (3.7)
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Second, assume Ryax > /2, then we have that exp(—2T£2) < exp(-2T¢/srz,.) for any

T > 0. Therefore, finding a T > 0 which yields § > 2 exp(—2T¢°/sr2,,) is sufficient to
ensure the bound of Equation 3.6. Then, we have

—2T¢?

2
MAX

8 > 2exp(-2Te’/aR,) «= /2> exp(-T¢/ar,,) < log(¥/2) >

—2R2  log(4/2)
=T> %

Therefore, setting T > [-Krlog(%/2)/2,2] is sufficient to ensure

Pr(ﬁp+£SLlT,orfR+£SLR)§5
s Pr(ip+€>LlT,andiR+€>LR)21—5

= Pr(ﬁp+e>LPandﬁR+s>LR)21—5.

Assume now M and M are episodic. Again, by applying the Hoeffding’s inequality,
we obtain that with at most probability exp(—Zng), we have &ser — € > E(Speser)- By
the union bound, we have

Pr(ﬁp +e< LIT, or f,eset —e> §,—,(smet)> < exp(—Zng) + exp(—ZTsz).

Then, by the same reasoning as above (Equation 3.7), we have that with at least
probability 1 — &, Lp+e¢e> Lpand Ereset — € < Ex(Speser) If T > [~108(/2)/22]. Finally,
let us consider the case where Lz is also estimated. By the union bound, we have

Pr(]:p +e< LI, orLg +¢<Lgor frese, —e> §,—[(s,ese[)>

< exp(—ZTsz) + exp(-2Te*/ar2, ) + exp(—ZTez).
We again differentiate two cases. By the same reasoning as above, if Ry, < V2,
then it sufficient to ensure that § > 3exp(—2T£2), in which case we need to set
T > [~10g¢/)/2:?]. If Ryax > 1/2, then it sufficient to ensure that § > 3 exp(-2T¢*/ar2, ), in
which case we need to set T > [-2R}.x10g(¥3)/,2]. Then, we take T > [-Krlog(?/3)/2:2]. [

Now that we can PAC estimate the local losses, we can further use these estimates
to obtain PAC bounds on the abstraction quality. The following theorem establishes a
sufficient number of simulation steps to provide a PAC bound on the abstraction quality
in terms of the bisimulation distances and value functions.
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Theorem 25: PAC abstraction quality bounds (bis)

Let {<st, a, 1, st’> :1<t< T} be a collection of T transitions drawn from &; by

simulating Mz, €,6 > 0, and ¢ € VLC(y). Define K, Lp, Lz, and g}mz as in
Lemma 14. Then, with at least probability 1 — §, we have

) if T > [*fbgé ]

2e2(1-y)?

E Vo) =T, < E dils.d6) <=

.. . —K; K 21 5/

(i) if T > [ o0,

Iz +yKy L
IrtyKv Lp

EV'©-VGO) s E dFsgo)< 0

() Furthermore, assuming M and M are episodic,

A ~ 2
o ~10g(/2) (Lot 1))
() AT 2 = ey |
Lp
V7(s1,0) = V7 (51,0)| < da(s1, ) < ——— + 5
greset (1 Y)
. . —Kg log(%/) (iR+YKV]:P+§resez(HYKV*YE(FY)))z
(iv) #fT 2 228k 21—y ) ‘
Lr/y + Ky Lp R/Y+KVLP
dR(s;,5) < ———— +¢, and epls(s[) Vepls( 1)‘ e
greset (1 - ) §reset (1 - Y)

Proof. Let ¢ € (0,1) be another error parameter. We know by Theorem 22 and
Lemma 14 that when a sufficient number of samples T is collected, we have

() Es-z di(s, ¢(s)) < YL" Y(LPH) with at least probability 1 — §. Then, to ensure
an error of at most g, We need to set ¢’ such that:

Lp+¢ ) / -

r(Le+¢) L N D Gt 0
l—y l-y -y Y

By Lemma 14, we need T > [%] > [Mw samples to provide an error of

2e2(1-y)?
at most ¢ with at least probability 1 — §.
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(i) Evg, dR(s, §(s) < el o (e )i’_’j"“”) = LKl 00K with at

least probability 1 — §. Then, to ensure an error of at most ¢, we need to set ¢
such that:

& +yKye 1-

By Lemma 14, we need T > [-Krlog(®/2)/2,2] > [%‘W
that with at least probability 1 — § to ensure an error of at most e.

samples to ensure

Furthermore, by Theorem 23, we have

Lp £p+€/ . 12 _
i) S ({?m_gl)(l_y) with probability at least 1 — §. Then, to

ensure an error of at most € > 0, we need to set ¢’ such that:

(i) di(s,§;) <

L Ip+¢
P S P

b =D (- #)ap

A

= (greset - 5,) <§LP +e(1— }’)) > ip +¢

reset

PN Lp-¢ .
<=>LP‘}'érreset"g(l_}/)_ 'l\) —5'5/(1—)’)2LP+€/

reset

~ .g’

X I L
= b e(1—y) > 6/ + = +£-£’(1—y):£’<1+ P +£(1—y)>

reset reset

£ ooe(1— £2 . p(1—
fresiet e(1—y) > o - é:::reset e(1-y) > ¢
1+ éLP +€(1—)/) LP+§reset'(1+E(1_y))

Sreset

Notice that this upper bound on ¢’ > 0 is well defined since

(a) &2, e(1—y)>0,and (b) I:p + f,eset(l +e(1—y))>o0.

F2  e(1—
Then, setting ¢’ < ()

S I ey Means by Lemma 14 that we need

. [_ log(a/z)} | 1B B + a1 - )
26" zgfeset ' 82(1 - Y)Z

samples to provide an error of at most ¢ with probability at least 1 — §.
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(iv) d®(s;,5) < ff({/ Y+I)<("1'f") < R JriKi (Le+) with probability at least 1 — 8. Then, to
w170 = (fme’ ) (1)

ensure an error of at most ¢, we need to set ¢’ such that:
Infy + Ky - Lp Le+efy + Ky - (Lp + /)
——— te2 "
é:reset'(l _Y) (greset_g/)(l _Y)
3 g Lrp+é +yKy-(Lp+¢
ek ly L ey (b v )
greset'(l _}/) (greset_€/>(1 _Y)

. Lr +vKy - L R R
— (§reset - g’) SRTYRVIER ve(l—y) | > Lr + & +yKy - Lp + yKye’
reset
e - (ER + )/KV f,p)
greset

> iR + }/KV . ip + 8/(1 + }/Kv)

PR + yKy -ip+§rese,~y£(1 —-y) - —ye-€(1-y)

” e - £R+YKV'f4P
= §reset : )/5(1 - Y) > ( = )

+ye-(1—y)+0 +yKy)

reset

Lr +yKyL
= £’<1 +yKy +ye(1—y) + W)
reset
g grzeset ' )/8(1 - Y) 2 El(greset . (1 + )/KV + }/5(1 - )/)) + ffR + YKViP)
— Ygrzeset i E(l B Y) >

greset : (1 + }/KV + )/8(1 - }/)) + ik + }/Kvip N
Again, notice that this upper bound on ¢’ > 0 is well defined since
(&) y& e(1=y) >0, and

(b) Ereser - (1 + YKy +ye(1 —y)) + L + yKyLp > 0.

Ygrzeset'f(l -v)

- - — means that we need
Ereser-(1+y Ky +ye(1=y))+Lr +yKy Lp

By Lemma 14, setting &’ <

R R " 2
—Kg - log(5/3)(LR +YKvLp + Ereser - (1 + YKy +ye(1 - Y)))

T> 5 5
zyzgreset ' 52(1 - Y)

>

—Kg - log(%/' 3)}

25/2

samples to provide an error of at most ¢ with probability at least 1 — §. The bound for
the episodic return is identical and can be obtained via the same reasoning. O
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Remark 19: Step bound as termination criterion

It is worth noting that the bound T acts as a termination criterion in any algorithm
that estimates the bounds by simulating M. Notably, in the episodic cases (iii and
iv), T does rely on the current approximations of Lz, Lp, and &;. Therefore, in contrast
to the average bisimulation bounds (i and ii), where a sufficient number of samples
T can be pre-computed from ¢ and J, the bisimulation bounds from the initial states
can be approximated using a probabilistic algorithm that terminates almost surely
once T is exceeded, but without a predetermined endpoint.

Discussion. The PAC bounds presented in this section are useful to quantify a notion of
confidence in the quality of the abstraction. When a latent space model and a latent policy
are provided, one can simulate the original environment under the latent policy to obtain
a PAC upper bound on the bisimulation distance between the original and latent models,
further bounding their value difference. Additionally, those bounds are also useful when
model checking properties: when a property is verified in the latent model, one is now
able to lift the values of the property to the original, unknown environment with PAC
guarantees.

Now that we can formally link the original environment and the latent model, we are
ready to turn to the problem of learning a latent space model and a latent policy from
simulations.

2 Variational MDP

In this section, we present a framework based on variational auto-encoders (VAE, Kingma
and Welling, 2014) that allows us to learn a discrete latent space model of M from
trajectories collected by the agent through the execution of a (learned) RL policy 7 within
the environment. Concretely, our goal is to learn a discrete latent space model <./\7l, o, lﬁ>
To do so, we propose to learn the parameters (i, 0) of an encoder ®(-; 1) and a behavioral
model ¥(-; 0) from which one can retrieve

(i) the embedding and lifting functions ¢(-; ) and ¢/(-; 1, 0)
(i) the latent MDP components P(-; 6), R(-;0),and 7 (-; 9), as well as
(iii) a latent stationary policy 7(-; 0).

The goal is to learn (i) a discrete representation of S and .A (ii) to mimic the behaviors of
the original MDP over the induced latent spaces, and (iii) to distill r into 7.
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Along the following sections, we fix an MDP M and a stationary policy  for M.> Since
we are interested in learning probability measures, we learn them through parameterized
density functions. Henceforth, for a probability measure D, we write pp for the density
function associated with D.

Intuitively, our approach relies on generating finite traces (cf. Definition 6) from M,
embedding them to the latent space, and learning to reconstruct them from the latent
space. To properly reason about finite traces, we define the distribution over finite traces

of M as follows.

Definition 38: Distribution over finite traces

Let M be an MDP, 7 be a policy, and H > 0 be a finite time horizon. We write
TM(H) for the distribution over traces of M, of length H so that # ~ TM(H) if
and only if r ~ PM where 7 is a prefix of 7 and 7 = (So.5,a0: H1,70:H-1,lo:H) €
Tracesy(H) with sy = s;, rr = R(si,ar), I; = €(s;) for all t < H, and Iy = €(sy)
(cf. Definition 6).

Precisely, for a given horizon H > 0, our goal is to optimize the parameters 6 of the model
Y € A(Tracesy,) via the following optimization problem:

min D(T3"(H), ¥(:; 6))

where D is a discrepancy measure. In this section, we stick to the (scaled) Kullback-Leibler
divergence (cf. Definition 32), i.e., ming % Dir (TM(H) | ¥(-; 6)), where /4 is a scaling
factor to ensure that the divergence does not blow up with the horizon H. Minimizing
the KL divergence is equivalent to maximizing the log-likelihood of the traces generated
by the behavioral model [Murphy, 2023, Section 24.2]:

Dy, (T2(H) | (-5 0))

TH(d | H)) o
- log( 22TV gmigz |
/mwm g( g )7 @D

= / log TM(dz | H) - TM(d? | H) - log ¥(dz; 0) - T¥(d# | H)
Tracesp, (m) Traces i, (i)
=—h(TM@H)) - E [logpe(t: 0)],
F~TM(H)

where h(‘J’j,Vl(H )) denotes the entropy of T*(H). Since the entropy is a constant and
does not depend on 6, minimizing the KL divergence mingy Dy, (‘J’,’TM(H )P 9))

>The approach can be trivially extended to non-stationary policies by considering 7 as a Mealy machine.
Then, states which are embedded to the latent space belong to the product of the state space of the original
MDP and the one of the Mealy machine.
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is equivalent to maximizing the log-likelihood of the traces generated, i.e.,
maxg E; g [log pe(7; 0)]. We now assume that ¥ is a latent variable model over a
latent space Z, where a sequence of latent variables zj.y is generated from a latent
MDP M, and then decoded into a trace # = (So.1,d0: -1, %0: -1, lo- 1) In the following,
we distinguish the case where we only learn Z = S when A = A (in that case, A is
assumed to be discrete), and the one where we additionally need to discretize the set of
actions and learn A when Z = S x A.

Remark 20: General latent space

Note that for now, we do not necessarily restrict our attention to the case where
Z is a finite set. We first present a general theory for continuous latent variables
and we will discuss the case of discrete latent variables in Section 2.4, where our
approach is particularly well-suited.

By the law of total probability, for any trace 7 € Tracesy,(H), we have

pw(T; 6) = Pe(T | zo:.15 0) - P(20:13 0) d2o: e, (3.8)

Trajz;

where z; € Z for all t > 0 and p is the density of the latent transition function P; of
Mz, which is defined as

H-1
PG =1 E B l50a:0) ifZ=35, and
—o ~7CI5;
H-1 . -
BGo-rr Gt 1 0) = [ | pel@ |55 0)-pGiar [50@ ) ifZ=Sx A.
t=0

2.1 The Evidence Lower Bound

Due to the integration over the whole trajectory space, optimizing E; g [log pw(7)]
with respect to Equation 3.8 is typically intractable [Kingma and Welling, 2014].
Intuitively, estimating Equation 3.8 by drawing random trajectories from P; may
necessitate an extensive number of samples to approximate py(7) = E, 5. pe(7 | 20:1).
This is because for randomly drawn trajectories zg.y in M, the likelihood of the trace
pw(T | z0.1) is typically very low. The key concept behind variational inference is to focus
on samples zp.y that are likely to have generated the trace , and compute py(7 | zo.5)
only for those. In essence, we seek the posterior distribution py(zy.y | 7), but the latter is
again intractable to estimate, due to the denominator in Bayes’ rule:

p¥(% | z0:1) P(20:1)
fP\I'(‘Z' | ZO:H)ﬁ(ZO:H)dZO:H.

pe(zo.p | T) =
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To overcome this, we use an encoder ®: Tracesy(H) — A(Trajﬂ) which aims at
emulating the posterior distribution. To do so, we consider minimizing the divergence
between ®(- | 7) and ¥(- | 7), which allows to set up a lower bound on the log-likelihood
of produced traces, often referred to as evidence lower bound (ELBO, Hoffman et al., 2013):

Dyr(@( [ 2) | ¥C | 1))
= E [ogpe(zo:n | ) — pw(zo:n | T)]

20:1~®([f)

E [logpe(zo:n | £) —log pu(? | 20:1) — log P(zo: )] + log pu(#)

295 ~P(|T)
= log py(7) — Dx(®(- | 7) | ¥(- | 7))
= EE@(-I‘) [log pu(# | zo:11) + log P(20: 1) — log pa(zo. 11 | )]
= E )[logp\y(% | zo.1)] — D (®(- | 7) | Pr).

20:n~P([2

Then, for a given time horizon H and considering the distribution over traces, the (scaled)
ELBO is given by

1

T | B e 0] = DO D))
H 2~T)H) [20.0~0( )

(3.9)
Notice that the ELBO can be subdivided into two terms: a reconstruction
Ezy.u~ocl) [10g pe(Z | 20.1)] and a regularization term Dy (®(- | 7) || Pz). In information
theory, the negative reconstruction term is often referred to as the distortion and the

regularization term as the rate of the variational model [Alemi et al., 2018].

1
— 1 ] >
I m['fm[ og py(7)] >

2.2 The Variational Architecture

Since we deal with a latent model whose variables are generated by the latent MC M,
we restrict our attention to Markovian measures to model both ® and ¥. Precisely, the
different components of the latent space model are depicted in Figure 3.4 and are retrieved
as follows.

Encoders. We learn a stochastic embedding function ¢(-; 1) : S — A(§ ) and a action
encoder pA(-;1): Sx A — A(Z) so that:

() po(o.m | 7) =TIy psGi | 1), when Z = S, and

(i) pa(o:rs o1 | 8) = pyGur | si) - TIiko' Pya(@i | 5i.a) - py(5i | ), when Z = S x A.
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| continuous relaxation _9
\ with temperature A 2

| | Bernoulli loglts

I ‘ discrete

Loglstzc A—>0
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binary encodingl ~ |
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Figure 3.4: Architecture of our variational model. Each component is a neural network.

Decoders. We further learn stochastic label and reward functions, as well as state and
action decoders, all of them allowing decomposing the behavioral model ¥ as

Pw(So: 1, 0:H-1,F0:H-1,lo: 11 | Z0:11)
:P\g(so:H [ So.01) - p‘f't(aO:Hfl | zo:11) - P(ro:m—1 | So:11. Go:1-1) - Pz (o1 | So:1),
where
- H -
(iii) Pg(so:H | S0:1) = tho pi(st | 50);

Hfal w(a | 5) if A=A, and

1 .A
iv ao:g-1| Z20:1) =
@) Py (@o:ri-1 | 20:m) Ht o P¥ A(a; | 5,a) otherwise;

) pr(ro:u—1 | S0:1,d0:1-1) = Hfio pr(re | 5, a); and

i) pro:n | 50:1) = Hio e | 5).

We call the resulting model a variational auto-encoded Markov decision process (VAE-
MDP), or simply a variational MDP. Note that model py' allows learning a stochastic
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action lifting function /(- 1,0) : SxA — A(A), via py(a|s,a) = Es-g(is.) P (a | 3,a; 0).
Additionally, in line with Assumption 4, we argue that our state embedding function
allows for a perfect reconstruction of labels, meaning E; gy [p7 (lo: 1 | 50:1)] = 1. From
now on, we thus omit the label term. More details on designing a pair of embedding and
latent labeling functions that allow this perfect reconstruction are given in Section 2.4.

The deterministic counterpart of stochastic functions ¢, 1, and R can be merely
obtained by taking the mode of their respective distribution.

2.3 Back to the Local Setting

In this section, we assume that the environment is an episodic process. Then, drawing
multiple finite traces 7 ~ TM(H) for different horizons H > 0 can be seen as drawing
episodes along infinite traces via a continuous interaction with M (cf. Chapter 2,
Section 2.1). This observation allows us to formulate the ELBO in the local setting and
connect it to local losses. To that aim, we first introduce the following technical Lemma.

Lemma 15: Ergodic objective function

Assume that M is episodic and S, A are compact spaces. Let &, be the stationary
distribution of M, and f : SxAx[—Ryx, Ruax] xS — R be a continuous function.
Then,

H-1
1
lim — [ Zf(st,at,n,sHl)l: E f(sars),

H—oo H t~TMHE) | 15, sar,s ~&;
where each 7 has the form {so.x, a0: H-1,70: -1, lo: H)-

Proof. First, observe that

~TH(H)

H-1
E [Z f(st>at’rt’3t+l)}

=0
H-1
= [ E E - E Z f(se,ae, R(st, ar), $t41)
ao~n(ls) si~P(lsp.a0) ar~n(ls1)  su~P(lsu-1.an-1) | ;=
H-1
= Z E E E - E fse,a, R(sp, ap), S141)
=0 a0~7(ls) si~P(lsp.a0) ai~n(ls1)  sp~P(lsH-1.ar-1)
H-1
= Z _E f(st a1, 8041).
=0 T~TM(t+1)
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Second, lett > 0,s,s” € S,a € A, and r = R(s, a), also observe that
/f(s, a,r, s') dffr(s | sr)
S
[ fsans) 6,6 RCrltonan ) ds
Traces,, (t)

= / f(sts ar, S/) dPn(CYI(SO:t, aO:t—l)),
Traces ., (t)

where J,,(s) is the Dirac measure assigning all its mass at s; and Cyl(r) is the cylinder
spanned by the finite prefix 7 (cf. Theorem 1). Therefore, we have

Z f(sts az,rt,stﬂ)l

H-1
= lim — Z E l)f(sz,at,rzastﬂ)

».a

/// f(sa,R(sa),s")
A Traces ., (1)

dP,(Cyl(so:1+1,a0:1)) dr(a | 5) dP(S |'s, a)

H-
i X[ [ [ 5arGas) sl 90 50
H-
:}m/sl Z; f(S|SI)//fsaR(sa)s)dn(a|s)dP(s|sa)

By definition of the stationary distribution &, Chapter 2, Section 1.4, Equation 2.3)
and since M is ergodic, then &;(E) = limy_e & YHLEL(E | s) almost surely (with
respect to P) for all s € S, E € 3(S) [Baier and Katoen 2008; Asmussen and Glynn,
2011].

The Portmanteau theorem [Dudley, 2002] tells us that given a complete, separable
metric space X, (Vn),s¢, and v € A(X), the following statements are equivalent:

(i) v, weakly converges to v as n — oo;
(i) for any continuous subset E € 3(X), lim, . v,(E) = v(E);

(iii) for any bounded and continuous function f, lim,_« f(\, fG)dv, = fx f()dv.
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By definition, the set of images of R is a compact space, thus f has compact
support. Almost sure convergence implies weak convergence [Geng, 2023], thus by
the Portmanteau theorem,

H-1
hl{l_l)l;é% Z(; dé (s | 31)/A /Sf(s a,R(s,a),s") dn(a|s)dP(s" | s,a)

/S &, (s) /A /S f(s,aR(s,a),5) dr(a|s)dP(s" | s,a)

= E f(s,a,r,s').
sars’ ~&
O
Theorem 26: Local ELBO
Assume that M is an episodic process, S and A are compact spaces, and that all
the parameterized densities of our variational model are continuous. Then,
.1 . . R
lim — E [logpe(7 | z0.r) — Dxe(®(C | 7) | ¥(- [ 7))] = =(D +R)
Hoo H i)
20:5~®(|7)
where D and R denote the distortion and the rate of the variational model,
respectively defined as
E [logps(s'|§) +1logpr(als) +log px(r|s,a)l if A=A,
s,ar,s’ ~&;
§,§’~¢(-|s,s’)
D=- E [logps(s'|§)+1logpy(als a)+logpr(r]s.a) else; and
sa,r,s’ ~&;
§,§’~¢(~|s,s’)
a~¢(5.a)
E ; DKL(¢(' | S/) I P=(- | 5)) if A=A,
5~41s) B
R= F, [Da(4(15) IPC180) + Dl C[8a) | ZC[9)]  else,
5~4C1s)
a4 (150)

where py(5,5 [ 5,5") = ps(5 | ) - pp(5" | ).
Proof. Substituting

f(s.ars’) to E  g({(sars)y {57))

55 ~@(:ls,s")
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in Lemma 15 with

g({s,ar sy, {55))

log(p3 (s 1) - pr(r15.0)- pa(al$)) = Diw(4C- | ) | Pz(-|5)) if A=A, and

B *~¢f[tE(.r ) [log<p‘§ (s'15) pi@l5.0)- pE(r 5, d)) otherwise

=D (¢(-15) 1P 15.0) | = D (¢ | 5.0) | 7 9))

yields the result. O

The compactness assumption of Theorem 26 is very mild and is met in all scenarios
relying on a simulator. We further show in Section 2.4 how to ensure that the
parameterized densities of our variational model are continuous at training time.

Local loss function. Theorem 26 allows us to re-write the objective function of our
variational model as a local loss function:

max ELBO(M, §, ¥, 7) = —n;})n {Dg+Ry}.

The optimization of the ELBO allows for an indirect optimization of the local losses
through their variational versions: (i) Lz via the log-likelihood of rewards produced,
and (ii) L}, where we change the Wasserstein term to the KL divergence. Note that this
last change means that we do not necessarily obtain the theoretical abstraction quality
guarantees via the optimization of the ELBO. Nevertheless, our experiments (Section 2.6)
indicate that the KL divergence is a good proxy of the Wasserstein distance in practice. In
particular, in the discrete setting, Wasserstein matches TV and one can relate the proxy
with the original metric using the Pinsker’s inequality (cf. Theorem 18).

2.4 Variational Distributions

Ultimately, we aim at learning discrete latent spaces S and A to fulfill Assumption 3 and
leverage the guarantees derived in the previous section, to further enable the verification
of the latent model via model checking algorithms. We thus seek discrete distributions
for ¢, (;SA, P, and 7. Three main challenges arise when the latent space is discrete:

(i) gradient descent is not applicable to learn ; and ¢ in the discrete setting since this
imply the discontinuity of S and A,

(i) the density functions must further be differentiable (and thus continuous) to apply
gradient descent, and
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(iii) sampling from the encoder to compute the ELBO must also be a differentiable
operation.

We overcome these by using continuous relaxation of Bernoulli distributions to learn a
binary representation of the latent states, and the Gumbel softmax trick for the latent
action space [Jang et al., 2017; Maddison et al.,, 2017]. Intuitively, the trick relies on
a temperature parameter, A € (0,1). The latter controls the continuity of the latent
space learned. The technique yields re-parameterizable and convex densities, which are
compliant with stochastic gradient descent. The zero-temperature limit (i.e., passing from
the continuous to the discrete setting) is theoretically enabled via simple rounding of
continuous random variables. Furthermore, the logits of discrete densities are guaranteed
to be identical to those of their relaxed counterparts.

Latent Distributions: Continuous Relaxations of Discrete Distributions

The reparameterization trick. Sampling from a distribution P may sometimes
involve two steps: (i) sampling from a simple, parameter-free distribution y ~ Q, and
(ii) applying a deterministic transformation f to the sample, resulting in a new sample
x = f(y) with distribution P. A notable example is the normal distribution. Drawing a
sample x from the normal distribution N'(; g, 0*) with mean p and variance o can be
realized by drawing a random noise y from the standard normal distribution N'(:; 0, 1)
and applying the transformation x = g+ o - y.

This approach, known as the reparameterization trick, shifts the dependence of P on its
parameters to the parameters of the deterministic function f. Consequently, estimating
the gradients of sampling from a reparameterizable distribution simplifies to estimating
the gradients with respect to the parameters of a deterministic function.

Latent action space. We learn discrete latent distributions for ¢* and 7 by inferring
the logits of continuous relaxation of discrete distributions, through the Gumbel softmax
trick. Concretely, let n = |A| and A be enumerated as {@, ..., d,}. Given some vector
a € R", the categorical distribution Categorical(a) has for probability measure P(a;) =
exp(@i)/ | exp(ay) € A(.Z) We call & the logits of the distribution.

Sampling from a categorical distribution can be realized by reparameterizing the
distribution with the Gumbel distribution, whose density is merely given by pg(x) =
exp(—x —exp(—x)). In turn, sampling from the Gumbel distribution is also fully
reparameterizable: one simply needs to sample a random noise uniformly in [0, 1]
and then apply the function —log- — log on this noise to obtain a Gumbel, ie., g ~
Gumbel = ¢ ~ U'(0,1) and g = —log(—log ¢). Drawing a; ~ Categorical(e) is equivalent
to applying an arg max operation to the sum of Gumbel samples and the logits, i.e.,
i = argmax, oy + g, where gr ~ Gumbel for all 1 < k < n (cf. Figure 3.5a for
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Figure 3.5: The Gumbel softmax trick (figure from Maddison et al., 2017).

an illustration). The sampling operation being fully reparameterizable here, arg max is
however not differentiable, which prevents its optimization through gradient descent. The
solution proposed by Jang et al.; Maddison et al. is to replace the arg max operation by
a softmax function with temperature parameter A € (0,1/s-1] (Figure 3.5b). Concretely,
x € [0,1]" has a relaxed discrete distribution RelaxedCategorical(a, 1) with logits & and
temperature A means that

(a) drawing x from RelaxedCategorical(er, A) if equivalent to drawing a uniform noise
€x ~ U°(0,1) and computing a Gumbel g, = —log(—loge) so that

o = exp (#k+8/2)
C TSI exp(arts/a)

forall1 <k <n

(b) lim,_,o RelaxedCategorical(a¢,A) = Categorical(er), which further means that the
probability that x; = 1 is epei/3" expe; as A — 0; and

(€) paa(x)islog-convex in x, where p, ) is the density of RelaxedCategorical(e, A).

In practice, we train the neural networks representing ¢ and 7 to infer the logits
«. We may also anneal A from (n — 1)™! to 0 during training while using discrete
distributions at evaluation time. As prescribed by Maddison et al. [2017], we use two
different temperature parameters, one for ¢** and another one for 7.

Latent state space. To allow learning a large, discrete latent state space with compact
representation, we assume that the latent states have a binary representation. We further
see each bit of their encoding as a Bernoulli sample. Bernoulli distributions are a special
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case of categorical ones, where n = 1. The measure of a Bernoulli distribution with logit
a € Ris P(x) = o(a) whenever x = 1 and 1 — o(a) when x = 0, where x € {0,1} and o
is the sigmoid function, given by o(x) = exP(¥)/exp(x)+1 = 1/1+exp(~x).

For the particular case of Bernoulli distributions, the Gumbel reparameterization trick
merely reduces to sampling from a logistic distribution, whose density is given by p, ((x) =
exp(+=/5)/s(1+exp(u—+/))* Where p € R is the location and s > 0 the scale of the distribution.
Interestingly, as the normal distribution, the logistic distribution is part of the location-
scale family and is thus fully reparameterizable: sampling from a logistic distribution
I ~ Logistic(y, s) can be realized by drawing a noise €; ~ Logistic(0, 1) and applying the
transformation [ = p + s - ¢;. In turn, sampling from a Bernoulli distribution with logit «
can be realized by drawing a sample [ ~ Logistic(a, 1) and applying the transformation
x = round(o(l)), where round denotes the rounding operation. Again, rounding is not
differentiable, so we consider instead a relaxed version of this operation: one simply needs
to trade the rounding operation to a scaling temperature A € (0, 1) so that annealing the
temperature to zero allows retrieving the rounding operation. Concretely, x has a relaxed
Bernoulli distribution RelaxedBernoulli(a, 1) with logit a and temperature parameter A
means that

(a) drawing x from RelaxedBernoulli(a, 4) is equivalent to drawing a logistic sample [ at
location ¢/ and scaled to 1/2, i.e., ¢, ~ Logistic(0, 1) and [ = a+e/i, then applying a
sigmoid to the resulting sample x = o(I);

(b) lim,_,o RelaxedBernoulli(a,A) = Bernoulli(a), which further means that the
probability that x = 1 as the temperature goes to zero is given by o(a); and

(€) paa(x) is log-convex in x, where p, , is the density of RelaxedBernoulli(, A).

In practice, we train ¢ and P to infer and generate log, |§ | logits, and we anneal A
to 0 during training while using Bernoulli distributions at evaluation time. Again, as
suggested by Maddison et al. [2017], we use two different temperature parameters, one
for ¢ and one for P.

Remark 21: Tuning the temperature: the variance vs. bias trade-off

The temperature parameter A controls the continuity of the distributions. Discrete
distributions are thus retrieved in the zero temperature limit. Intuitively, higher
temperature produces low-variance but biased® gradients, while lowering the
temperature to zero increases the variance but ends up producing unbiased gradients.

%with respect to the target discrete distribution.
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Lossless Encoding of the Labels

Given any trace (So:q, d0:H-1,70:H-1,10:H)

drawn in M, we enable - ) N
log p7(lo. | So:n) = O by designing :
the embedding function ¢ to linearly !
encode £(s;) = [ into each §, for all S
0 <t < H. To do so, since AP is assumed
finite, we allocate n = |AP| bits in S to
encode the labels of each state s € S in
binary. Precisely, assuming AP is enumerated as {ai, ..., a,}, £(s) can be encoded into a
vector of nbits I € {0,1}" so thatl; = 1 iff a; € £(s). Then, #(5 | s) > 0 implies £(s) = ¢ (3),
for all 5 € S, satisfying Assumption 4 when ¢, is deterministic.

Decoders

We learn ¥4, Y, and R as parameters of multivariate normal distriblitions, and we infer
them through neural networks. This further allows to link each § € S to the parameters
of p3(- | 5), which may also be useful for explainability purposes.

2.5 Posterior Collapse

A common issue encountered while optimizing variational models via the ELBO is
posterior collapse. Intuitively, this results in a degenerate local optimum where the
model learns to ignore the latent space. With a discrete encoder, this translates into
a deterministic mapping to a single latent state, regardless of the input. From an
information-theoretic point of view, optimizing the ELBO gives way to a trade-off
between the minimization of R and D, where the feasible region is a convex set [Alemi
et al.,, 2018]. Posterior collapse occurs when R = 0 (auto-decoding limit). On the other
hand, one can achieve D = 0 (auto-encoding limit) at the price of a higher rate.

Regularization terms. Various solutions have been proposed in the literature to
prevent posterior collapse. They include entropy regularization (via a € [0,), e.g.,
Burke et al. 2019; Dong et al. 2020) and KL-scaling (via § € [0, 1], e.g., Alemi et al. 2018),
consisting in changing ELBO to (&, ) - ELBO = —(D + §-R) + a - h(®), where h(®)
denotes the entropy of the encoding distribution. Specifically, we measure the entropy
of the marginal encoder, given by ®(-) = E,-¢, ¢(: | s). Intuitively, this encourages the
encoder to learn to make plenty of use of the latent space. The parameter f allows
interpolating between auto-encoding and auto-decoding behavior, which is not possible
with the standard ELBO objective.
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Figure 3.6: Latent space distribution along training steps for the CartPole environment.
The intensity of the blue hue corresponds to the frequency of latent states produced
by ¢ during training. We compare a bucket-based prioritized against a simple uniform
experience replay. The latent space learned when the uniform buffer is used clearly
collapses to two distinct restricted regions of the latent space, thereby failing to induce a
useful representation of the input states.

A drawback of these methods is that we no longer optimize a lower bound on the log-
likelihood of the input while optimizing («, ) - ELBO. In practice, setting up annealing
schemes for @ and f allows to eventually recover ELBO and avoid posterior collapse
({a, B) - ELBO matches the original ELBO when ¢ = 0 and § = 1).

Prioritized replay buffers. To enable meaningful use of latent space to represent
input state-actions pairs, ® should learn to (i) fairly spread the input over the entire latent
space, and (ii) wisely encode state-action pairs encountered along transitions yielding a
poor local ELBO, such transitions being prone to bad representation embedding. To deal
with those challenges, we use a prioritized experience replay buffer [Schaul et al., 2016] to
store transitions and sample them when optimizing ELBO.

Value-based methods (in particular, DQN) often use an experience replay buffer D to
store transitions of the form p = (s,a,r,s’) encountered along the interaction. Those
transitions are then sampled in mini-batches from D to approximate a loss function
of the form L = E,.p f(p), where f is a “transition-wise” loss function (e.g., the
temporal difference or the mean squared Bellman error). Drawing transitions from the
replay buffer allows to circumvent the strong sequential correlation between transitions
which necessarily occurs when the agent interacts with the environment (see Chapter 2,
Section 2.2 for details). However, vanilla experience replay buffers do not allow to deal
with rare transitions that could significantly impact the loss function L. Second, some
transitions may be more informative than others, and it may be desirable to sample them
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more frequently. Prioritized experience replay buffers aim at addressing these issues and
are defined as follows.

Definition 39: Prioritized Experience Replay [Schaul et al., 2016]

Prioritized experience replay buffers are finite data structures D which (i) store each
experience p with some assigned priority p,, and (ii) produce p ~ D with probability

Uh
Pp
71
Zp’ED pp/

where n; € [0,1] is called the priority exponent. This allows minimizing L =
E,-p [wp . f(p)] given an importance sampling weight w, > 0. The replay buffer
D is uniform whenever « = 0. Otherwise, when a« > 0, a bias is introduced
because priorities change the real distribution of experiences and consequently the
estimates of L. This bias is alleviated by defining the importance sampling weights
as w, = (|D|-Pp(p))™™ for each p € D, where n, € [0, 1] is another importance
sampling exponent. In particular, 5, = 1 fully corrects the bias.

Pp(p) =

In practice, we make use of a prioritized replay buffer D to emulate the stationary
distribution ¢, and sample transitions to optimize the ELBO. We introduce two priority
functions, namely bucket-based and a loss-based priorities. Replay buffers using such
priorities allow to alleviate the posterior collapse problem, as shown in Figure 3.6.
Precisely, draw p = (s,a,r,s’) from the interaction of the agent executing 7 within M
and let p, be the priority of this transition. When storing p in the replay buffer D, we
use one of the following priority functions.

« Bucket-based priority. We partition the buffer into |§ | buckets. Lett € N and
b: S — N be respectively step and latent state counters. At each step t, draw
§ ~ ¢(- | s) and assign p,, to ¢/b(s), then increment t and b(35) of one. This allows ¢ to
process states s being infrequently visited under x and learn to fairly distribute S.

+ Loss-based priority. ~ We set p, to its individual loss, which enables learning
to improve the representation of states and actions that yield a poor ELBO.
Specifically, our goal is to assign p, to its individual transition loss fro. Draw
5,5 ~ ¢(- | 5,s") and additionally draw a@ ~ ¢*(- | 5,a) if A # A; otherwise simply
set a to a. Then fzpo is given by

fELBO(<3’ a,r, s/> ,{s.a, §’>)

=—logps (s’ | §’) —log pr(r|s,a)—logpz(als)+ logp¢(§’ | s’) — 1og Prexts
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where

log prewt = log(IEa~ﬁ(.‘§) PG s, a)) if A=A, and

& Pnext log py(a | s,a) +logp(3' | 5,a) — log pya(a| 5,a) otherwise
Notice that fgrgo may take negative values, so we cannot directly assign p(sq,¢)
to fgrpo since priorities are required to be strictly positive to compute the
importance sampling weights. A solution is to apply a logistic function on fgpo =

{s,a,r,5"),(5,a,3)),ie,

P(sarsy = x*- O'(k : (fELBO(<5’ a,r, S/> s <§, a, §/>) - xo))

where x* > 0 is the scale, k > 0 is the growth rate (steepness of the curve), and x,
is the location (midpoint) of the logistic, for some 5,5 ~ ¢(- | 5) and @ ~ ¢A(- | 5, a).
In practice, we set x* to the desired maximum priority and we maintain upper

(f™ax) and lower (f™") bounds on the loss during learning. Along training steps,

‘max __ fmin
we tune these values according to the current loss and we set x, = ! zf and

— x*
k - fmax_fmin .

2.6 Experiments

In this section, we evaluate the quality of the latent space model learned and the policy
distilled via our VAE-MDP framework. This evaluation consists of: an analysis of the
training of the latent space model and the benefits of our method to avoid posterior
collapse, assessing the quality of the abstraction learned via PAC local losses bounds,
and testing the performance of the distilled policy. This allows assessing if the latent
model learned yields a sound abstraction of the state-action space that encodes the
necessary information to optimize the expected return. We evaluate our method on
classic OPENAI Gym environments® [Brockman et al., 2016] with (i) continuous states
and discrete actions (CartPole, MountainCar, and Acrobot), and (ii) where both states and
actions are continuous (Pendulum and LunarLander). We distill RL policies 7 learned via
DQN [Mnih et al., 2015] for case (i), and SAC [Haarnoja et al., 2018] for case (ii). The exact
setting and labeling functions used to reproduce our results are provided in Appendix A.

Latent spaces. Since latent spaces are trained to enable formal verification, we choose
log, |§ | and |Z| ranging from 9 bits and 2 actions (coarser) to 16 bits and 5 actions (finer)
to make them tractable for model checkers — see Budde et al. [2020] for a performance
comparison of state of the art tools for a range of instances with large model size.

®now maintained in GymNnastum [Towers et al., 2023].
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Figure 3.7: Plots reporting (3.7a) the expected episodic return (approximated by averaging
over 30 episodes — the straight dashed line corresponds to the performance of the original
policy); (3.7b) D, R, and ELBO (approximated over a large batch sampled from the
replay buffer, using discrete latent distributions and averaged using importance sampling
weights); and (3.7c) PAC local losses approximation for £ = 1072, § = 5 - 107°: solid lines
stand for the transition loss and dashed lines for the reward loss. For each environment,
we train five different instances of our VAE with different random seeds. The solid line
corresponds to the median and the shaded interval to the interquartile range

Policy distillation. The guarantees derived in Sections 1.2 and 1.3 are only valid for
7, the policy under which formal properties can be verified. We further need to evaluate
if 7 achieves performance close to the original policy 7 that was trained to optimize
the expected return in the environment. We compare the undiscounted episodic return
achieved by 7 compared to 7 in the environment M (Figure 3.7a). Our framework allows
learning to improve 7 along training steps and eventually achieve close performance to
those of the original policy #. This illustrates that training our latent model enables
distilling 7 into a latent policy 7.

Local losses. We report the PAC bounds on the local losses (Lemma 14), computed
along training steps (Figure 3.7c). When the policy is eventually distilled (Figure 3.7a)
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and 7 achieves performance similar to those of 7, the learning curves stabilize, while
maximizing the ELBO (Figure 3.7b) successfully allows lowering the local losses. In every
environment where we tested our method, a low reward loss is maintained while the
transition loss reaches values in the interval [1/4,3/4] for most of the instances. These
values induce an upper bound on the bisimulation distance between M and M as well
as their value difference (cf. Section 1.3). We do not expect our approach to reach zero
reward and transition loss though, since we pass from continuous to discrete spaces: the
abstraction induced by our approach is always coarser than the original spaces, which
translates in general to precision loss. This precision loss may be encoded through the
discrete probability transition function. For instance, a state s which deterministically
transitions to a close state s’ in M such that ¢(s) = § = ¢(s") induces Pz(3|3) > 0. In
contrast to Lp, the PAC upper bound (ip =1-Yr 3 P((sis1) | p(s0), d,)) is sensitive
to the entropy of P, which explains why the upper bound is sometimes particularly high.
The true value of Lp is in general lower than the approximated upper bound Lp.

Posterior Collapse and Annealing Scheme

In order to allow the ELBO to be optimized in an efficient way, posterior collapse should
be tackled from the very first stages of training. In fact, we found that the KL-scaling
and entropy regularization annealing schemes (cf. Section 2.5) are necessary to avoid
the latent space from collapsing into a single state-action pair after only a few training
steps. We found the most efficient to start with an auto-encoder behavior (f, = 0) and
a large entropy regularizer (e.g., @y = 10) during the 10* first steps, and then anneal
them via oy = ap - (1-9), f; = 1 — (1-9)" (with, eg, & = 107) to fully recover
the original ELBO in a second training phase. We also found that prioritized experience
replay further prevents posterior collapse during training (cf. Figure 3.6). Figure 3.7b
shows that training ELBO this way results in a stable learning procedure that successfully
minimizes D while preventing an auto-decoding behavior by keeping R away from 0.

More precisely, we illustrate the sensitivity of VAE-MDPs to the posterior collapse
problem in Figure 3.8, in the CartPole environment: solely minimizing the distortion and
the rate as is (@ = 0, f = 1) yields an embedding function which maps deterministically
every input state to a restricted region of the latent model (cf. Figure 3.6). This indicates
a form of posterior collapse: the rate quickly drops to zero (cf. Figure 3.8a), and the
resulting latent representation yields no information at all.

Impact on the resulting learning procedure. The annealing scheme used to avoid
every state from collapsing to the same representation possibly induces a high entropy
embedding function (Figure 3.8c), which further complicates the learning of the model
dynamics and the distillation in the first stage of the training process. In fact, one can
observe that the entropy reaches its maximal value in Figure 3.8, which yields a fully
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(c) Average point-wise entropy of ¢(- | s), for (d) Performance of the resulting distilled policy
s € S drawn from the interaction. 7 when deployed in the original environment.

Figure 3.8: Comparison of the VAE-MDP in the CartPole environment (i) when the
distortion and the rate are solely minimized as is (¢ = 0, § = 1, referred to as the vanilla
model) and (ii) when we make use of annealing schemes, entropy regularization, and
prioritized experience replay to avoid posterior collapse. While the former clearly fails
to learn a useful latent representation, the latter does so meticulously and smoothly in
two distinguishable phases: first, ¢ focuses on fairly distributing the latent space, setting
up the stage for the concrete optimization occurring from step 4 - 10%, where the entropy
of ¢ is lowered, which allows to get the rate of the variational model away from zero.
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random state embedding function. Recall that the VAE-MDP latent space is learned
through independent Bernoulli distributions. Figure 3.8c reports values centered around
4.188 in the first training phase, which corresponds to the entropy of the state embedding
function when ¢(- | s) is uniformly distributed over S, for any state s € S.” The rate
(Figure 3.8a) drops to zero since the KL divergence with ¢ pulls the latent dynamics P
towards a fully random process (yet another form of posterior collapse), which hinders
the latent space model to learn a useful representation. However, the annealing scheme
increases the importance of the rate along training steps, which enables the optimization
to eventually leave this local optimum (here around 4 - 10° training steps). This allows
the learning procedure to leave the zero-rate spot, reduce the distortion (Figure 3.8b),
and finally distill the original policy (Figure 3.8d).

As a result, the distillation scheme required to mitigate posterior collapse slows down
the training procedure. This phenomenon is reflected in Figure 3.7: the variational model
needs several steps to stabilize and set up the stage for concrete optimization.

3 Wasserstein Auto-encoded MDP

VAE-MDPs offer a valuable framework for distilling deep RL policies, which enables their
verification through tractable latent space models. Although VAE-MDPs come with PAC-
verifiable bisimulation bounds (Sections 1.2 and 1.3), they, unfortunately, suffer from
several learning flaws.

First, training a VAE-MDP relies on variational proxies for optimizing the bisimulation
bounds, which means there is no guarantee at learning time on the quality of the latent
model derived from its optimization process (i.e., no learning guarantee).

Second, VAEs are known to suffer from the posterior collapse problem and VAE-MDPs
are no exception (see Figure 3.8). This phenomenon results in a deterministic mapping to
constrained regions of the latent space. Furthermore, analyzing the variational metrics
and the entropy of the embedding function during learning revealed that most of the
training process focuses on handling this phenomenon and setting up the stage for
concrete distillation and abstraction, finally taking place in a second training phase.
This requires extra regularizers, setting up annealing schemes and learning phases, and
defining prioritized replay buffers to store the transitions. Distillation through VAE-
MDPs is thus a meticulous task that may require a large step budget and tuning many
hyperparameters.

Building upon Wasserstein auto-encoders [Tolstikhin et al., 2018] instead of VAEs,
we introduce Wasserstein auto-encoded MDPs (WAE-MDPs), which overcome those
limitations. Our WAE relies on the optimal transport (OT) from trace distributions

log,|S|~|AP|=6
=0

Th(g(- | )=, —pilog pi — (1 — p;)log(1 — p;) = 4.188, where p; = 1/2 for all i.
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resulting from the execution of the RL policy in the real environment to that
reconstructed from the latent model operating under the distilled policy. In contrast to
VAEs which rely on variational proxies, we derive a novel objective that incorporates the
bisimulation bounds. Furthermore, while VAEs learn stochastic mappings to the latent
space that need to be determinized at evaluation time to obtain the guarantees, our WAE
has no such requirements and learns all the necessary components to obtain the guarantees
during learning, which does not require such post-processing operations.

Those theoretical claims are reflected in our experiments: policies are distilled up to
10 times faster through WAE- than VAE-MDPs and provide better abstraction quality
and performance in general, without the need for setting up annealing schemes and
training phases, nor prioritized buffer and extra regularizer. Our distilled policies are
able to recover the original policy performance, highlighting the representation quality
offered by our new framework: the distillation is able to remove some non-robustness of
the input RL policy. Finally, we formally verified time-to-failure properties (e.g., Pnueli
1977) to emphasize the applicability of our approach.

Optimal Transport. Along this section, we fix the MDP M = <§, A,P,R,7,AP, §1>
and <.A7l ¢¢> as a latent space model of M parameterized by encoding and decoding
weights, respectively denoted by : and 0. Again, our approach hinges on learning a
behavioral distribution ¥(-; #) as a latent variable model, where the latent variables
reside in the latent state-action space and whose dynamics are described by the execution
of a latent policy 7 in M. By learning ¥, we aim at capturing the dynamics of M
and distilling the original policy 7 into a latent policy 7. This can be achieved via the
minimization of a suitable discrepancy between ¥ and the trace distribution of M. In
the VAE case, we considered the KL divergence, scaled by the length of the traces. This
time, we consider the optimal transport (Definition 33) from transitions occurring along
the traces of M, to those generated by V.

Similarly to the VAE case, we assume that the traces on which V¥ is trained are produced
in an episodic manner, which further allows us to formalize the discrepancy in a tractable
way (in the local setting).

Assumption 6: Episodic environment

We assume that the original environment M is episodic (Definition 16).

3.1 The Discrepancy Measure

In the following, we show that reasoning about the discrepancy between traces generated
in the environment and those generated by the behavioral model in an episodic process
reduces to reasoning about the discrepancy between the stationary distribution of M,
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and the one of the behavioral model ¥. Consider that ¥(-; 0) is able to generate finite
traces of the form (so. g, ao:g—1,%:5-1). Our goal is to find the best parameters 6 which
offer the most accurate reconstruction of the transitions occurring along traces issued
from the execution of the policy 7 in the environment.

Raw transition distance. For any function f denotes by Im(f) its image set. Assume
that S, A, and Im(R) are respectively equipped with metric ds, d 4, and dg. Let us define
the raw transition metric over transitions of M, i.e., tuples of the form (s, a,r,s’), as

5(<sl, ai,ri, s, ), <sz, az, 13,55 )) = ds(s1,82) + dalar, @) + dr(ri, 1) +ds (s, s3).

In a nutshell, c_l) consists of the sum of the distance of all the transition components. Note
that the resulting distance metric is well-defined since the sum of distances preserves the
identity of indiscernible, symmetry, and triangle inequality.

Occupancy measures. To compare the transitions occurring along traces, we consider
the occupancy measure ptf of M, (cf. Chapter 2, Section 1.4), giving the fraction of time
spent in each region of the environment along traces of length H > 0. By considering
the occupancy measure, we can calculate the average distance of transitions occurring
along the traces of M, and ¥, weighted by their occupation probabilities.

Precisely, our goal is to compare the dynamics of the environment to those of the
behavioral model, which can be achieved by comparing the occupancy measures of M,
and ¥:

W; (17 ¥(H: 0))

where P(H) € A(S x A xIm(R) x S) denotes the distribution over transitions occurring
along traces of length H, generated from ¥. The following Lemma enables optimizing the
Wasserstein distance between the original MDP and the behavioral model when traces
are drawn from episodic RL processes or infinite interactions.

Lemma 16: Ergodic interpretation of the Wasserstein metric

Assume the existence of a stationary behavioral model & so that Y(H) weakly
converges to &y as H goes to oo, then

lim W; (], W(H)) = W; (&, &)

Proof. The result follows then from [Villani, 2009, Corollary 6.11]: since M is episodic,
uH converges almost surely to &, as H goes to o, and the Wasserstein distance between
pH and W(H) converges to the Wasserstein distance between &, and &y. O
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3.2 The WAE-MDP Objective

Given Lemma 16, our goal is to minimize W; (&, £&v). We consider £y as a latent variable
model over a latent space Z. We assume that this latent space corresponds to the one of
transitions generated in the latent MDP M, Z =S xAxS. Thus, by the law of total
probability, for any (original) transition s, a,r, s’, we have

§\y(s,a,r,s/):/[[pw(s,a,r,s/|§,d,§/) df,—,(§,d,§'), (3.10)
sJals

where py is the density of a transition decoder and &; denotes the stationary distribution
of the latent model M, when the latter operates under a latent policy 7.

As proved by Bousquet et al. [2017], this formulation allows to derive a simpler form
of the OT: instead of finding the optimal coupling of £, and &y in the primal definition

of W; (&, &) (Definition 33), it is sufficient to find an encoder gz; € A(Z) whose marginal

D(-) = Esay-~e, $(~ | s,a,s") is identical to &. This is summarized in the following theorem,
yielding a particular case of Wasserstein auto-encoder [Tolstikhin et al., 2018]:

Theorem 27: Wasserstein auto-encoded Markov decision process

Let &y and py be a (stationary) behavioral model and the density of a transition
decoder as defined in Equation 3.10, ¢(-; 6) : S — S be a (deterministic) state-
wise decoder, and §/(-; 0): S x A — A be an action decoder.® Assume that the

transition decoder is determirgstic, where py(- | 3, a,3) consists in the Dirac impulse
at p(5,a,5") = {(5), ¥(5.a), R(5,a), 5(')), then

W;(Erée)= inf E E g((s,a,r,s/>,p(§,d,§’)).
9

1 0=E; $arS'~Er sa5~d([s.as)

“Notice that we use the same symbol for the action decoder and the action lifting function defined
in Section 1, taking original states as input (in contrast to latent states). To recover / : S x A — A, one
just needs to compose the decoder with the state embedding function ¢, so that ¢/(s, @) = ¥(4(s), a).

Henceforth, assume that the density of the encoder (/’_; is composed via the state embedding
function ¢(-; 1) : S — S and an action encoder ¢(-; 1) : Sx A — A(A) as

pq;(E, 4,5 |s,a,5") =843 - ppa(@l 5,a) - Sy (5'),
where J, is the Dirac measure concentrating all its mass at the point x.

Dealing with discrete actions. We mentioned in Remark 16 that when the policy
executed in M already produces discrete actions, learning a latent action space is, in
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many cases, not necessary. Notably, when a latent policy 7 is executed in M, it is not
necessary to use the action encoder ¢, since the policy already produces latent actions.
We thus make the following assumptions.

Assumption 7: Selective action encoder

Let A € {A,Z} and 7: § — A(f{) be the policy executed in M so that A
is a (tractable) finite set. Then, consider that A = A and ¢ as the projection

$A(,d) = a.

Assumption 8: Trivial lifting

Assume that the action space of the original environment M is a (tractable) finite
set. Then, we take the action lifting function 1/ as the trivial projection i = ¢

Concretely, the premise of Assumption 7 typically occurs when 7 is a latent policy or
when M has already a discrete action space. In the latter case, Assumption 7 and 8
amount to setting A = A and ignoring the action encoding and lifting functions. Note
that if a discrete action space is too large, or if the user explicitly aims for a coarser space,
then the former is not considered as being tractable.

Optimizing the objective. As optimizing over encoders ¢ whose marginal @ is
identical to &7 is intractable, we consider a relaxation of the problem by minimizing a
discrepancy D between the marginal ® and the latent stationary distribution &:

min [F E c?(<s,a,r,s'> ,p(§, a,5; 9)) +ﬁ-D(d>(~; 1), E;,), (3.11)

L0 sars'~& sa5-g(lsasn)

where f§ > 0 is a scaling factor, describing the importance of penalizing the divergence
between @ and &;. Notice that similarly to the VAE case (Theorem 26), the objective

function is also subdivided into a reconstruction term [E [d((s, a,r,sy,pis,a s ))] and a

regularizer D(<I>, f,—r) However, in contrast to VAE-MDPs, the latent regularization does
not aim at minimizing the divergence between the state-wise embedding and the latent
transition function, but consider marginal distributions instead (namely, the marginal
encoding distribution ® and the latent stationary distribution &).

When 7 operates in the original model M, its parallel execution in the latent model
M is enabled by the action encoder ¢~ (cf. Figure 3.9): given an original state s € S, 7
first prescribes the action a ~ 7z(- | s), which is then embedded in the latent space via
a ~ ¢(- | ¢(s), a). Note that the execution of 7 in the latent model M is dependent to its
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Figure 3.9: Parallel execution of the original policy 7 in M and M. The original and
latent state-action spaces are respectively spread along the blue (left) and green (right)
area. The local losses and the steady-state regularizer (for the policy ) are depicted by
the dashed lines, in red.

parallel execution in M since the actions produced solely depend on the current state
s of M.

Assume now that the latent action space is equipped with the distance metric d5. Then,
one can naturally extend the transition metric d in M as the sum of the distances in the
latent space. Consider fixing the discrepancy to the Wasserstein distance (again), i.e.,
D = W;. Then, the parallel execution of r allows to derive the following upper bound

on the latent regularizer W; (<I>, f,—[)

Lemma 17: WAE-MDP regularizer

Assume that P has a density p. Define 7, as the distribution of drawing state-action
pairs s,a ~ &, from the interaction with M, embedding them to the latent spaces
via § = ¢(s), and finally letting them transition to their successor state in the latent
model via § ~ P(- | §,a). We define the density of 7, as

pr.(5a5) = N [655(3) - ppa(@l 5,a)-p(5" | 5.a)] -

Then, W‘; (@, f,—,) < W‘; (7’,,,5,?) + L§, where L§ denotes the local transition loss
under the original policy, precisely defined as

If= E  E  Wi(¢PC1sa)P(|¢(s)a).
s.a~Ex a~¢A(1g(s).a)
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Proof. Being a distance metric [Villani, 2009], we apply the triangle inequality on the
Wasserstein, which yields

W; (2.8:) <W;(@,7) + W; (T, &)

where
wW; (T2.&)
= sup E E E fGas)-E E E f(5a%),
feLipsch} sa~&x 5.a~4(1sa) ¥ ~P(5.a) s~& a~7([5) §~P(|5,a)

where we write 5, ~ ¢(- | s,a) for embedding s in the latent space via § = ¢(s) and
then drawing a ~ ¢(- | 5, a); and

W;(2,77)
= sup E E 5a5)- E E E f(5a% (3.12)
fELipscﬁdal s,a,8'~&y 5,45 ~¢(:|s,a.s") s,a~&x 5,a~P(:s.a) 5 ~Py(-[5,a) ( )
< sup E f(sa¢(s)- E f(5a¥) (3.13)
s,a~&; 5,a~¢(:|s,a) feLipscﬁE‘ s’~P([s,a) ¥~P([5,a)
= E E sup E f&)- E f() (3.14)
sa~Er a~gA(13()@) fepipees) ¥ ~¢PCIsa) §~P(|¢(s).)
S

= E o E Vi 0RC IS PC14).a).

We pass from Equation 3.12 to Equation 3.13 by applying Lemma 10. To see how we
pass from Equation 3.13 to Equation 3.14, notice that

Llp.f(lﬁd3 = {f f(gl,dlagi) —f(§2,d2,§g) S 3((51,d1,§;>,<§2,d2,§;>)}
={f: £(51,0,5) = £(52,@.5) < d5(1,5) + d(@, @) + d5(5],55) }

Observe now that § and a are fixed in the supremum of Equation 3.13: all functions
f considered and taken from Lipscﬁ;} are of the form f(§,4,-). It is thus sufficient to

consider the supremum over functions from the following subset of Lipscﬁs :

(f: £(5a5) - £(5a,5) <ds(,3) + dg(@a) +ds(5,5) }

(for 8, a drawn from ¢)

This concludes the proof. O
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We thus define the WAE-MDP objective as an upper bound on Equation 3.11:

WAE-MDP objective

min E
L0 sas~E,
5,a.5 ~P(|s.a,s")

regularizer.

The transition regularizer allows
learning the latent dynamics. In turn, the
steady-state regularizer allows to quantify
the distance between the stationary
distribution respectively induced by =
in M and the one induced by 7 in M,
further enabling the distillation. Note that
L% and L} are not sufficient to ensure the
bisimulation bounds (Section 1.2): running
7 in M depends on the parallel execution
of 7 in the original model, which does
not permit its (conventional) verification.
Breaking this dependency is enabled by
learning to distill 7 into 7 through L :

[ds(s,6(3)) +dalay (5. @) +ds(s',6(5))] + Li + f - (LF + Lg,),

where L% = Eso-t, Eag(lg(s).0) dR<R(S, a), R(¢(s), d)) and L;, = W; (ngf’f)' We
respectively refer to L as the transition regularizer and L, as the steady-state

L
EE ms ¢ s _______ Z‘ El[
-
T [ Jﬁ
¢ - =
SEREEE
P | R(s,a). .. 12 R@G,a) |P P
- 15 Y
s 7 §LUE. : ..... 7/

Figure 3.10: Distillation of 7= into 7 by
minimizing L .

minimizing L;, allows to make &, and & closer together, further bridging the gap
between the behaviors respectively induced by 7= and 7. When 7 is executed, one
recovers the local losses Lz and Lp along with the associated bisimulation bounds in

the objective function of the WAE-MDP.

Theorem 28: WAE-MDP objective (under a latent policy)

Assume that traces are generated by running a latent policy 7 in the original
environment and let dr be the usual Euclidean distance, then the WAE-MDP

objective reduces to

min [E
[ 5,a,s'~&

[ds(s.6(d(s) +ds(s".s(¢(5')))] + Lr + B - (Le + Le,).
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Proof. Since the latent policy 7 generates latent actions, note that Assumption 7 holds,
which means:

L; s,dﬂéfﬁ ﬁ'N¢AE'z‘¢($),ﬁ) WJ (¢P( | > d), P( | ¢(S)’ ‘ ))
JE Wi ($PC 1 5., PC | 4().0)

ZLP.

The same reasoning applies to the reward loss Lz since dg is the Euclidean distance
(or even the L, distance since rewards are scalar values):

L% = 3,5[5& a/~¢AE¢(S)ﬁ) dr (R(s,a@), R(4(s),@')) = s,a[E@—r |R(s,@) — R(¢(s),a)| = Lr.

Then, to understand why the action decoding term vanishes, we distinguish two cases:
(i) the case where the original and latent models share the same discrete action space,
ie., A = A, and (ii) the case where the two have a different action space (e.g., when
the original action space is continuous), i.e., A # A.

For case (i), the result naturally follows from Assumption 8: the action lifting function
is merely a projection and can simply be ignored.

In case (ii), only Assumption 7 holds, meaning the action encoder is ignored, but not
the action lifting function. Given s ~ &, recall that executing 7 in M amounts
to embedding the produced latent actions a ~ 7(-| #(s)) back to the original
environment via a = ¥(4(s), @), resulting in the next (original) state

s" ~P(- | s,¥(¢(s),a)) =" ~P(- | s,a) (cf. Section 1 and Figure 3.3).

Therefore, given r = R(s,a), the projection of c_i((s, a,r, sy, p(¢(s),a, ¢(s"))) on the
action space A is d4(a, ¥ (¢(s),a)) = 0. O

Remark 22: Beyond distillation

Theorem 28 also suggests that when one desires to use the WAE-MDP as a general
latent space learner to leverage the state representation induced by ¢, the objective
directly minimizes the local losses Lz and Lp. The minimization of the local losses
further ensures that the representation is well suited for optimizing an RL policy:
by Theorem 24, states sharing the same embedding are bisimilarly close and are
thus guaranteed to yield a close expected return.

Interestingly, encoding the actions is not necessary in that case (Assumption 7)
and the action decoding loss vanishes. This means that when our latent model is
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used in the context of RL by leveraging the latent representation as input of the
policy, the action lifting function is purely learned via the policy optimization —
through the lifting of the policy, i.e., @ ~ 7(- | ¢(s)) and a = (s, a) (see Section 1
and Figure 3.3).

These observations are beyond the scope of this chapter but will be useful in the
subsequent chapters of this thesis.

3.3 Optimizing the Regularizers

We enable the optimization of the regularizers by considering the Kantorovich-
Rubinstein dual formalization of the Wasserstein (Theorem 17): we introduce two
networks parameterized by some weight vector ¢, namely I:(-; &) and Tp(-; &), that are
constrained to be 1-Lipschitz and trained to attain the supremum of the Wasserstein dual:

L§n = max E E B E rg(gb(s), a, 5*) - E ) I} (Z, (j’, Z/)
91 Te(-19)eLipsch s.a~&r a~$A(Ip(s).a) 5 ~P(|p(s).a) 2,8 2 ~&

Ig= E E max E RE)- E ().
s.a~&r a~¢A(Ig(s).a) 9 To(-3&)eLipsch; §~PP(|s,a) §~P(|p(s),a)

Notice that under this form, optimizing L§ is intractable due to the expectation over the
maximum. Intuitively, this involves maximizing Egp ['v(5") — Ep ['p(5”) for each sample s, a
drawn from the interaction, which is not affordable. Furthermore, Egp Ip(5") is computed
over samples s ~ P(- | s,a) (which are then mapped to the latent space via ¢(s)), and
we need to have access to the transition function P(- | s, a) to estimate this expectation.
To perform gradient updates based on Monte Carlo estimations, we need to extract this
maximization out of the expectation. The following Lemma allows us to rewrite L§ to
make the optimization tractable.

Lemma 18: Expected Wasserstein metric over conditional distributions

Let X, Y be two measurable sets, £ € A(X), P: X > A(Y),Q: X — A(Y), and
d: YxY — [0,+0) be a metric on Y. Then,

EWCCIDQIN= s E| 00

E T()(y2)
M X cipschy ¢ [~PCI ~Q(}x)

V2

Proof. Our goal is to show that

E
x~&

sup E fO- E fOn) (3.15)

fELipscﬁdl y~P(lx) ¥2~Q(x)
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= sup  E| E T)- E TH)(2) (3.16)
r: X%Lipscﬁ; x~& | y1~P(Ix) ¥2~Q(|x)

We start with (3.15) < (3.16). Construct I'* : X — Lipscﬁ; by setting for all x € X

["(x) = arg sup E fo)- E  f(n).
fecipsc} PO 92~0(|x)

This gives us

E | sup E fOo- E fOo)
x~& fELipscﬁ; y1~P(|x) y2~Q(|x)
=E [ E M0On)- E F*(X)(yz)]
x~& | y»1~P(Ix) ¥2~Q(:[x)
Since I'* € {F [T: X — Lipscﬁ;},
E [ E T@o- E r*(x)(yz>]
x~& | y1~P(|x) ¥2~0(|x)

< sup E
r: X%Lipszﬁ; x~§

L FGan) - WE r(x)(yz)] ,

It remains to show that (3.15) > (3.16). Take

" =arg sup E [ E TG)n)- E r(x)(yz)] .
r: X—>LiP5cﬁ; X~ [ y1~P(l) Y2 )

Then, for all x € X, we have ["(x) € Lipscﬁd1 which means:

E T"x)0)— E T2
y1~P(:|x) V2~Q(:|x)

< sup E fy)- E f()
feLipsch; y1~P(lx) y2~Q(Ix)

This finally yields

E LN;E(W) F@on- BT (x)(yz)]

<E

= e

sup  E f)- E _f()
feLipsc} PO 92~Q(|x)
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Figure 3.11: WAE-MDP architecture. Distances are depicted by red dotted lines.

Corollary 4: Transition regularizer

Let £, be a stationary distribution of M,, and X = S x A x S x A, then

L5 = sup E E (s, a,s, d)(gb(s')) - E T¥(s,a,5, d)(§') .

Ip: X%Lipscﬁal $.a.8'~&x 5,a~¢(s.a) §~P([5,0)

The networks are constrained via the gradient penalty approach of Gulrajani et al. [2017],
leveraging that any differentiable function is 1-Lipschitz if and only if it has gradients
with norm at most 1 everywhere. Then, we add a gradient penalty term to the objective
function to encourage the norm of the gradients to be close to 1 and enforce the Lipschitz
constraint. It is worth mentioning that the applicability of the gradient penalty trick
depends on the latent metric d. We dwell on the latent metric that we use in our latent
model in Section 3.5, where we further assess the applicability of the gradient penalty
approach.
The final learning process is presented in Algorithm 6.

3.4 Discrete Latent Model

To enable the verification of latent models supported by the bisimulation guarantees of
Sections 1.2 and 1.3, we focus on the special case of discrete latent space models. As in
VAE-MDPs, our approach relies on continuous relaxations of discrete random variables,
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Algorithm 6: Wasserstein Auto-Encoded MDP

Input: batch size N, max. step T, no. of regularizer updates n.,; between each
reconstruction, penalty coefficient & > 0
fort=1toT do
fori=1t0N do
Sample a transition s;, a;, 3, s; from the original environment via &,
Embed the transition into the latent space: §;, a;, 5/ ~ gz?( | si, ai, sl’)
Make the latent space model transition to the next latent state:
5 ~P(|5,a)
Sample a latent transition from &;:
zi~&, a ~7(-| z),and 2/ ~P(-| z;,a))

N o o _ - o
Wil Te(5i,a,57) — Te(z, a;,z)) + Te(si, ai, 5, @;, 5)) — Te(si, @i, 5, @i, 57)
P« Zf\il GP(Q, <§i,d,», §,*> , <z,~,d{,zi’ ) + GP(x — To(s;, a5, 5, @i, x), 5, 51*)

Update the Lipschitz network parameters 9 by ascending /N - (W — aP)
if t mod n,,; = 0 then

N
£ Y ds(si6(8)) +dalan (5, @) + dr (1, R(5, @) +ds(s,¢(5))

i=1

Update the latent space model parameters (1, 0) by descending

YN-(L+BW)
function GP(F, x, y) > Gradient penalty for I': R” - R and x,y € R"
e ~U(0,1) > random noise
¥—ex+(1—-¢e)y o> straight lines between x and y

| return (Vi N(&)| - 1)°
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regulated by some temperature parameter A: discrete random variables are retrieved as
A — 0, which amounts to applying a rounding operator (cf. Section 2.4 for more details
on continuous relaxation of discrete distributions). During training, we use temperature-
controlled relaxations to differentiate the objective and let the gradient flow through the
network. When we deploy the latent policy in the environment and formally check the
latent model, the zero-temperature limit is used. An overview of the approach and the
WAE-MDP architecture is depicted in Figure 3.11.

Remark 23: Continuous relaxations of discrete distributions

In contrast to VAEs which require (strictly) stochastic® and continuous densities
to optimize the ELBO, the WAE-MDP objective does not have such requirements.
Then, alternatively to using continuous relaxation of discrete distributions, one
could use the straight-through gradients estimator [Bengio et al., 2013], as used
by van den Oord et al. [2017]; Fajtl et al. [2020] and Hafner et al. [2021]. This
consists of using discrete variables and non-differentiable functions in the forward
pass of the input through the neural networks, while continuous variables and
surrogate functions are used in the backward pass, i.e., during the backpropagation
of the gradients. This yields low-variance, but biased gradients [Hafner et al.,
2021; Shekhovtsov, 2021]. In contrast, continuous relaxations allow interpolating
between these phenomena: a higher temperature produces low-variance but biased
gradients while lowering the temperature to zero increases the variance but
ends up producing unbiased gradients. For this reason, we stick to continuous
relaxations for modeling our distributions. When the objective is optimized, relaxed
distributions are used (A > 0), and their discrete counterparts are then used
afterward (zero-temperature limit).

“precisely, the support of the target distributions should be included in the support of the measure
induced by the learned densities, otherwise the computation may produce log(0), which is undefined.

State encoder. We work with a binary representation of the latent states. First, this
induces compact networks, able to deal with a large discrete space via a tractable number
of parameter variables. But most importantly, this ensures that Assumption 5 is satisfied:
let n = log, |S|, as for VAE-MDPs, we reserve |AP| bits in S and each time s € S is
passed to @, n — |AP| bits are produced and concatenated with £(s), ensuring a perfect
reconstruction of the labels (details in Section 2.4). To produce Bernoulli variables, ¢
deterministically maps s to a latent code z, passed to the Heaviside H(z) = 1{z > 0}. We
train ¢ by using the smooth approximation H)(z) = o(?2/2), satisfying H = lim,_,o H,.

Latent distributions. Concerning the other latent distributions, we use the Gumbel
softmax trick to sample from categorical distributions (¢** and 7), further producing
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relaxed, one-hot latent actions. For distributions over binary vectors (modeling P and
E,—,), we see each bit as a relaxed Bernoulli with logit @, which is retrieved by drawing
a logistic random variable located in @/1 and scaled to 1/4, where a sigmoid is applied
in downstream. Additional details on the Gumbel softmax trick and the relaxation of
discrete distributions are provided in Section 2.4. We stress that using independent
Bernoulli distributions (as used in VAE-MDPs and by, e.g., Corneil et al., 2018) may be
insufficient: independent Bernoullis are too restrictive in general, which prevents from
learning sound transition dynamics, as illustrated in Example 17.

Example 17: Independent Bernoullis

Let M be the discrete MC of Fig. 3.12 (the
labels are drawn next to their state). In one- {goal}
hot, AP = {goal : (1,0), unsafe : (0,1)}. We

assume that 3 bits are used for the (binary) tunsafd ” 2 @3
state space, with S = {5 : (0,0,0),5 - 1
(1,0,0),5, : (0,1,0),55 : (0,1,1)} (the two first v @3
bits are reserved for the labels). Considering {unsafe}

each bit as being independent is not sufficient

to learn the transition function: the optimal Figure 3.12: Markov Chain with
estimation P(- | §) is in that case represented four states.

by the independent probability vector b =

(1/2,1/2,1/4), giving the probability to go from 5, to each bit independently. This
yields a poor estimation of the actual transition function: P(5 | $) = (1 —by) - (1 —
bz)'(l—b3) = P(§1 | §0) = bl'(l—bg)'(l—bg) — P(§2 | 50) — (1—b1)'b2'(1—b3) = 3/16;
and P(§3 | §()) = (1 —bl) 'bz 'b3 = 1/16.

Autoregressive relaxed Bernoullis. To learn a multivariate Bernoulli distribution,
we use a masked autoregressive flow (MAF, Papamakarios et al., 2017) to model P.

Definition 40: Autoregressive density

Let X be a complete and separable metric space and P € A(X") be a multivariate
distribution over n > 1 dimensions with density p. By the chain rule, one can
rewrite p(x) as p(x) = p(x;) - [1, p(xi | x1,...,xi-1) for all x € X", where x;
denotes the element ont the i dimension of vector x.

We say that the density p is autoregressive if there is a function f : X" — V" that
generates the parameters of a (univariate) density function p’ over X so that f(x) =
z implies p’(x;; z;) = p(x; | x1,..., %) for alli € {2, ...,n} and p’(xq; z1) = p(xy).
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p(x)  plxg | x)  placs | x1,%5)
v A R

Auto-encoder X  Masks —— MADE

Figure 3.13: Vanilla auto-encoder (left), binary masks (center), and MADE (right)
[Germain et al., 2015]. The networks process the inputs (bottom) to the outputs (top).
The units are partitioned into 2 groups via a coloring function (blue for 1, red for 2).

In particular, a masked auto-encoder for density estimation (MADE, Germain et al.,
2015) is a special kind of feedforward network that models the function f via an auto-
encoder architecture. Intuitively, the input layer is connected to the output layer through
connections that are masked to ensure the autoregressive property.

Definition 41: Masked auto-encoder for density estimation

A masked auto-encoder for density estimation (MADE) is a feed-forward network
f:+ &" = Y" (cf. Definition 15), where Y is the parameter space of distributions
over X C R. The network f is parameterized by an activation function o;, weights
W' € R and biases b* € R™, as well as masks M! € {0, 1} for each layer
I €{1,...,L — 1}, where n; is the number of neurons in layer [. Then, the output of
the j hidden unit zé in layer [ is given by zé = Y5 01(2571 M,l] . W'll] + bg)

To ensure the autoregressive property, a color ¢;: {1,...,m} — {1,...,n—1}1is
assigned to each unit in layer [ < L, with ¢o(i) = i for alli € {1,...,n — 1}. This allows
partitioning the neurons into n — 1 groups, where each unit with color k indicates
that it is connected to inputs xj, ..., xx. The last input x, is not colored as none of
the units in the output layer should depend on x,,. Precisely, M,-l! ;= Haa () < a(}
for 1 <1 < L — 1. This allows to flow the information from inputs x4, ..., x¢(;) to the
j™ unit of layer . For the output layer, we set Mle_l = T1{c;2(i) < j}, which allows

to condition the jth output on the inputs xy,..., xj_;.
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An example of MADE is illustrated in Figure 3.13. In practice, when the network is
initialized, a color is assigned to each neuron uniformly at random in {1,...,n — 1} and
the masks are generated accordingly (which remain fixed afterward).

Of particular interests are masked autoregressive flows [Papamakarios et al., 2017], which
are MADEs that enable sampling from the distributions.

Definition 42: Masked autoregressive flow

A masked autoregressive flow (MAF) refers to the procedure which allows to sample
from a MADE f: X" — Y" that models a density p of a continuous distribution
over X" through a parameterizable univariate density function p’ over R.

Let x; € R" be any arbitrarily initial input vector.* For any x € R" and i €
{1,...,n — 1}, we write z; = f(x;) for the i output of the function f(x’) where x’
is the concatenation of the first i — 1 elements of x with the last n — i + 1 elements
of x1, i.e., X’ = (x1,..., X;_1, X[, ..., X,n). In particular, we have z; = f(x).?

Then, generating a sample x ~ p can be done through the following recursive
procedure: let 1 <i < n,

X=X where x~p'(x|z) and zi = f(x<).

9e.g., take x; = 0 = (0,...,0) € R™.

bNotice that z; is completely independent of the input (cf. Figure 3.13). Also, notice that the output z;
is only dependent on inputs x;, ..., x;_;, which ensures the autoregressive property. Then, the i output
z; of f(x<;) is the same whathever the initial vector x; € R" chosen.

A notable choice of densities p’ are reparameterizable ones (such as those belonging to
the loc-scale family), which allows for optimizing the network by backpropagating the
gradients through the sampling procedure. For instance, Papamakarios et al. [2017] chose
the normal distribution so that f(x.;) produces a mean and a variance for each i < n.
To model the transition function P and further produce multivariate, relaxed Bernoulli
distributions, we use a MAF so that f produces the logits « of the Bernoulli distribution.
Concretely, recall that generating relaxed Bernoullis for a given temperature A > 0
amounts to drawing a logistic sample located in ¢/ and scaled to 1/, where a sigmoid is
applied in downstream (cf. Section 2.4 for details). Then, the MADE is trained to produce
the logits of a Bernoulli distribution via the following recursion: let i € {1,...,n},
€ t+a -
bi=o(l;)) where I = — €; ~ Logistic(0,1), and & = f(by). (3.17)
Then, we use a MADE coupled with the MAF of Equation 3.17 to model the transition
function P. To model the latent stationary distribution &;, we employ a MADE to learn
the distribution over the labels (the first |AP] bits of the latent states). The remaining bits
are uniformly sampled at random, with their logits fixed to 0. In essence, the network
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modeling &; focuses on estimating the marginal dynamics of the labels, while the fixed
remaining bits ensure a fairly distributed latent space.

Remark 24: MADE and conditional distributions

Recall that P(- | 5,a) is a distribution conditioned by § € S and a € A. To
model conditional distributions with MADEs, one simply needs to concatenate the
conditioning to the input of the network and keep all the connections from the
conditioning to the output layer.

3.5 The Latent Metric

In this section, we elaborate on the latent metric d used in the regularizers L;, and L.
When considering relaxed distributions, the latent metric d should be adapted to the
continuous relaxations, ensuring that d accounts for the discretization effect when the
temperature approaches zero.

Precisely, in the following, we show that considering the Euclidean distance for d and
d in the latent space, to optimize the regularizers L¢, and L, is Lipschitz equivalent to
considering a continuous A-relaxation of the discrete metric. Consequently, this means it
is consistently sufficient to enforce the 1-Lipschitzness via the gradient penalty approach
of Gulrajani et al. [2017], whose guarantees hold when the Euclidean distance is the
metric used in the latent space.

Lemma 19: Continuous relaxation of the discrete metric

Let d be the usual Euclidean distance and d; : [0,1]" x [0,1]" — [0,1), (x,y) —
d(st’)/)Hd(x,y) for A € (0,1] and n > 1, then d, is a distance metric. Furthermore, d;
converges to 1. as A goes to zero.

Proof. The function d; is a metric if and only if it satisfies the following axioms
(cf. Definition 31):

(i) Identity of indiscernibles: We have that d; (x,y) = Aig?:))/) = 0 if and only if

d(x,y) = 0. Since d is a metric, d(x,y) = 0 if and only if x = y. Then, by
transitivity, d, (x, y) =0ifand only if x = y.

(ii) Symmetry: again, since d is a metric, we have

dxy) _ dyx)
/1+d(x,y) /1+d(y,x)

dA(x,y) = :dz(y,x).
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(iii) Triangle inequality: let x,y,z € [0, 1]", the triangle inequality holds whenever

d; (x, y) +d, (y,z) >dy(x,z) (3.18)
dixy) . dyz) _ dx2)
A+d(x,y) A+d(y.z) ~ A+d(x,2)
2d(x,y) + Ad(y,z) +2d(x,y)d(y, 2) , _dx2)
22+ 2d(x,y) +Ad(y,z) +d(x,y)d(y,z) ~ A+d(x.2)

= (M(x,y) +2d(y.2) +2d(x,y)d(y,2)) - (A +d(x,2))
>d(x,z)- (A +Ad(x,y) + Md(y.z) +d(x,y)d(y.2))
— Azd(x,y) + Azd(y,z) + Z/Id(x,y)d(y,z)+
M (x,y)d(x,z) + d(y, z)d(x,2) + 2d(x, y)d(y. z)d(x, z)

>A%d(x,z) + Ad(x, y)d(x,2) + Ad(y, z)d(x,z) + d(x, y)d(y. 2)d(x, z)
(since A > 0 and Im(d) € [0, o))

= Azd(x,y) + Azd(y,z) + ZAd(x,y)d(y,z) + d(x,y)d(y, z)d(x, z)
>2%d(x, z) (3.19)

Since d is a metric, it satisfies the triangle inequality:
Vd(x,y) +2%d(y.z) > 1d(x, 2). (3.20)
Furthermore, Im(d) € [0, o), which means that

Zld(x,y)d(y, z) + d(x,y)d(y, z)d(x, 2)>0 (3.21)

By Equations 3.20 and 3.21, the inequality of Equation 3.19 holds. Furthermore, the
fact that Equations 3.18 and 3.19 are equivalent yields the desired result.

Then, by (i), (ii), and (iii), d, is a distance metric. The fact that d) converges to 1.. as A
goes to zero is trivial by definition. O

Lemma 20: Lipschitz equivalence of d and d,

Let d and d) be defined as in Lemma 19, then d and d) are Lipschitz-equivalent.
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Proof. Distances d and d, are Lispchitz equivalent if and only if there exists some
a,b > 0 such that for all x,y € [0, 1],

a-d(x,y)é dA(x,y) Sb-d(x,y)
d(x,y)
/1+d(x,y)
R S
A+d x,y)

<=>a~d(x,y)§ gb-d(x,y)

— a< <b.

Taking a = ﬁ and b = ; yields the result. O

Corollary 5: Proper scale factor for the regularizers
Forall B >1/2,s€ S,a€ A,5€ S,and a € A, we have

() Wy, (T2 &) < B+ Wi (e &5); and

(i) Wa, ($PC | 5,0).P(-|5,@)) < f- Wi (B( | 5,0).B( | 5,)).

Proof. Given any metric d*, denote by Lipscﬁ;f the set of K-Lipschitz functions w.r.t.
d*, ie., Lipscﬁ;f ={f: f(x) - f(y) £ K-d*(x,y)}. By the Lipschitz equivalence of d
and d;, we know that d; (x, y) <p- d(x, y) when f > 1/2 (see the proof of Lemma 20).

Then, it is clear that LipscﬁlA c Lipscﬁf . By the dual formulation of the Wasserstein
distance (cf. Theorem 17), we have for any distributions P, Q that

W, (P,Q) = sup fEPf(x) - )EQf(x)

Ll X~
feLipsch i

< s Ef0- E ()

f ELipscﬁ;l x~P

= sup [E[ﬁ'f(X)]—fQ[ﬁ'f(X)]=ﬁ'Wd(P,Q)-

ol X~
fe€Lipsch

We pass from the penultimate to the last line by constructing a -Lipschitz function
from a 1-Lipschitz function: let f € Lipsc/idl, we have f(x) - f (y) <d (x, y) if and
onlyif - f(x)—p- f(y) <p- d(x,y). Then, § - f is a f-Lipschitz function.
Substituting P, Q to the desired functions yields the result. O
Then, choosing the hyperparameter § > 1/2 in the WAE-MDP objective function ensures
that minimizing the f-scaled regularizers w.r.t. d also minimizes the regularizers w.r.t. the
A-relaxation dj, collapsing to the discrete distribution in the zero-temperature limit.
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(a) WAE-MDP objective: reconstruction loss, transition and steady-state regularizers
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(c) Undiscounted episodic return obtained by executing the distilled policy in the original
environment (averaged over 30 episodes)

Figure 3.14: Evaluation of WAE-MDPs compared to VAE-MDPs. For each environment,
we trained five different instances of the models with different random seeds: the solid
line is the median and the shaded interval the interquartile range.

3.6 Experiments

We evaluate the quality of latent space models learned and policies distilled through
WAE-MDPs. The results are depicted in Figure 3.14. We used the same original deep
RL policies as those used for evaluating our VAE-MDPs: DQN policies on discrete,
and SAC on continuous action spaces. This evaluation consists of: (a) the WAE-MDP
training metrics, (b) the abstraction and representation quality via the PAC bounds on
Lz and Lp presented in Section 1.3, (c) the distilled policy performance, and finally (d)
the verification of time-to-failure properties in the latent models.

The confidence metrics and performance of the distilled policies are compared with
those of VAE-MDPs. Additional details on our experiments can be found in Appendix B.

Learning metrics. To optimize the WAE-MDP objective, we use a simple experience
replay buffer (with a large capacity; 10° samples) to emulate the stationary distribution,
as well as minibatches of size 128 for approximating expectations through Monte Carlo
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Figure 3.15: Latent space distribution along training steps. The intensity of the blue hue
corresponds to the frequency of latent states produced by ¢ during training (compare
with Figure 3.6).

estimations. The objective (Fig. 3.14a) is a weighted sum of the reconstruction loss and
the two Wasserstein regularizers. We used different scale factor f for each regularizer.
Posterior collapse is not observed, naturally avoided in WAEs [Tolstikhin et al., 2018],
which reflects that the latent space is consistently distributed (see Section 2.6 for a
discussion and a concrete illustration of collapsing issues occurring in VAE-MDPs). To
illustrate that, we report the distribution of latent states produced by ¢ along the training
steps (Figure 3.15). The plots reveal that the latent space is fairly distributed during
training, for each environment.

Optimizing the objective (Figure 3.14a) effectively allows for minimizing the local losses
(Figure 3.14b) and recovering the performance of the original policy (Figure 3.14c). We
stress that, in contrast to VAE-MDPs, we do not use any annealing schemes, extra entropy
regularizers, or sophisticated sampling procedures such as prioritized experience replay
to distill the policies.

Local losses. For V- and WAEs, we formally evaluate PAC upper bounds on Lz
and Lp. The lower the local losses, the closer M and M are in terms of behaviors
induced by 7. Our bounds quickly converge compared to VAEs, where the convergence
is slow (cf. CartPole, MountainCar, and LunarLander) and possibly unstable (cf. CartPole
and MountainCar). Finally, when the distilled policies offer comparable performance
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Environment step (10°) S A S| |[A] Lr (PAC)  Lp (PAC) Vi(s) = VIGE)| VG o)
CartPole 1.2 Cc R* {1,2} 512 2 0.00499653  0.399636  3.71213 0.0316655
MountainCar  2.32 CR? {1,2} 1024 2 0.0141763 0.382323  2.83714 0
Acrobot 4.3 CR® {1,2,3} 8192 3 0.0347698 0.649478  2.22006 0.0021911
LunarLander 3.2 CR® [-1,1]> 16384 3 0.0207205 0.131357  0.0372883 0.0702039
Pendulum 3.7 CR? [-2,2] 8192 3 0.0266745 0.539508  4.33006 0.0348492

Table 3.2: Formal Verification of distilled policies. Values are computed for y = 0.99
(lower is better).

(Figure 3.14c), our bounds are either close to or better than those of VAEs (except for
Acrobot, where VAE- outperforms the WAE-MDP).

Distillation. The bisimulation guarantees are only valid for 7, the policy under which
formal properties can be verified. Then, we expect 7 to achieve performance close to the
original policy 7 when deployed in the RL environment. We evaluate the performance of
7 via the undiscounted episode return. We observe that the return approaches the original
performance more rapidly for W- than VAEs. Specifically, WAEs converge quickly for all
environments, whereas VAEs require focusing on stabilizing the learning process before
proceeding to the distillation stage. The success in recovering the original performance
emphasizes the representation quality guarantees induced by WAEs: when local losses
are minimized, all original states that are embedded to the same representation are
bisimilarly close. Distilling the policy over the new representation, albeit discrete and
hence coarser, still achieves effective performance since ¢ keeps only what is important
to preserve behaviors, and thus values. Furthermore, the distillation can remove some
non-robustness obtained during RL: 7 prescribes the same actions for bisimilarly close
states, whereas this is not necessarily the case for 7.

Formal verification. To formally verify M, we used value iteration to compute
discounted properties. Precisely, we verified time-to-failure properties ¢, often used to
check the failure rate of a system [Pnueli, 1977] by measuring whether the agent fails
before the end of the episode. Although simple, such properties highlight the applicability
of our approach on (constrained) reachability events translated into VLC’s strongly
guarded formulae, which are building blocks to verify discounted linear properties in
MDPs. In particular, we checked whether the agent

(i) reaches an unsafe position or angle (CartPole, LunarLander), ie., via the
LTL formula -resetUfail under its discounted VLC interpretation ¢ =
Ax.((—reset Ay - 0x) V fail);
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(if) does not reach its goal position (MountainCar, Acrobot), i.e., 7goal Ureset with
discounted interpretation ¢ = /Ix.((ﬂgoal AY - ox) \Y reset); and

(iii) does not reach and stay in a safe region of the system across episodes
(Pendulum), ie., O(—safeAoreset) with discounted interpretation ¢ =
Ax.((—safe Ay - oreset) Vy - ox).8

Results are in Table 3.2: for each environment, we select the distilled policy that gives the
best trade-off between performance (episode return) and abstraction quality (local losses).
As an extra confidence metric, we report the value difference [V7(s))—V7(5;)| obtained by
executing 7 in M and M, where V™ refers to the values in the original MDP estimated
through Monte Carlo rollouts, while V* are the values computed in the latent MDP.

4 Concluding Discussion

In this chapter, we introduced a novel framework for distilling verifiable policies from
deep RL agents through discrete latent space models. We showed that optimizing
local reward and transition losses to learn the latent, abstract representation of the
environment yields bisimulation guarantees between the original (unknown, continuous
or very large) environment and the (simpler, discrete, abstract) latent model. Those
bisimulation guarantees provide abstraction quality bounds that can be leveraged,
coupled with PAC algorithms, to verify properties on the distilled policy, and lift
the obtained guarantees to the original environment. Furthermore, they also yield
representation quality guarantees, ensuring that states embedded to the same abstract
representation are bisimilarly close.

We developed two models, VAE-MDPs and WAE-MDPs, to learn the latent space and
distill the policy. Both are learned by executing the original RL policy in the environment.
VAE-MDPs are based on the minimization of the Kullback Leibler divergence between the
traces generated in the original and latent models. The minimization of this divergence
can be realized through a variational lower bound on the log-likelihood of the traces
produced, further inducing proxies to local losses. Although VAE-MDPs are able to distill
RL policies onto a learned latent space, they suffer from posterior collapse and require
additional annealing schemes, losses, and sophisticated sampling procedures to stabilize
the learning process.

On the other hand, WAE-MDPs are based on the minimization of the Wasserstein
distance between those traces. In contrast to VAE-MDPs, we showed that the learning
objective can be directly linked to the local losses, allowing retrieving the bisimulation
guarantees. In consequence, WAE-MDPs do not suffer from collapsing issues, and the

8note that {(—safe A oreset) expresses the event of ending an episode in an unsafe state, meaning that either
the agent never reached the safe region of the system or it reached it but eventually left it.
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learning process is more stable and efficient, without the need for annealing schemes,
additional regularization, or sophisticated sampling procedures.

Beyond distillation, our results, supported by Theorem 28, suggest that our WAE-MDP
can be used as a general latent space learner for deep RL (cf. Remark 22), further opening
possibilities to combine RL and formal methods online when no formal model is a priori
known. For instance, this may be considered to address safety in RL with guarantees or
decompose the standard synthesis pipeline within intractable environments into smaller,
more manageable sub-tasks, abstracted via our algorithm.
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Learning to Believe in Partially
Observable Environments through
Reliable Latent Models

In the previous chapter, we hinted that the representation guarantees induced by our
WAE-MDP model can be leveraged in the context of deep reinforcement learning, by
using our algorithm as a general latent space learner. Indeed, the representation induced
by our latent models yields bisimulation guarantees, ensuring that the latent space is a
faithful representation of the environment that can be used to learn a policy.

In this chapter, we explore this idea further by considering more general environments,
where the observation space is not necessarily Markovian. Precisely, we tackle the
problem of learning in environments that are modeled by Markov decision processes,
but where the observation perceived by the agent at each time step does not necessarily
correspond to the full and true state of the environment. Such environments are referred
to as partially observable Markov decision processes (POMDPs). These problems are
common in many real-world applications, where the agent does not have access to the
full state of the environment or only through noisy sensors. Notable examples include
robotics [Lauri et al., 2023] and recommendation systems [Wu et al., 2021]. To illustrate
the challenges of learning in POMDPs, let us consider the following example.

Example 18: Partially Observable MDP

Consider the simple grid world environment shown in Figure 4.1. In this
environment, the agent G is only able to observe the color of the cell it occupies.
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(= (]

(a) Grid world environment. The agent is
only able to observe the color of the cell
in which it is located.

(b) Corresponding MDP. As usual, actions leading
to self-loops have been omitted for clarity. The
observations are determined by the coloring of
each state. <, = means that the transition holds
for both actions, < and —.

Figure 4.1: Simple grid world environment with partial observability. The observation
function merely consists of the coloring of each state.

The grid contains shaded cells B where the outcome of the agent’s actions is
uncertain: in s;, the agent has a probability of 1/2 to move to the right and a
probability of 1/2 to move to the left, whatever the action chosen between < and —.
In the shaded cells at either end (s; and ss), the agent will always move to the right
or left, respectively, regardless of the action chosen (« or —). The agent’s objective
is to reach the flag, located in a cell with a green color " . If the agent enters the red
cell M, it is caught by an adversary f and becomes trapped in a dead end. Consider
a policy 7 that is solely conditioned by the current observation of the agent (i.e.,
the color of the cell). Clearly, stationary policies are not sufficient for seeking the
optimal behavior in this environment: 7 (- | ') must prescribe | in states colored in
orange in order to reach the flag. However, if the agent is in s4, this choice leads to
a dead end. Thus, 7 is clearly sub-optimal since it only allows reaching the target
with probability 1/2.

Then, the agent must base its decisions on the history of actions executed and
observations perceived. For instance, once in a state colored in orange ! (i.e., s, or
s4), the agent could play « a finite number of times n > 0 to increase its chance of
being in s,, and then play | after a sufficient number of steps. The related policy
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can be defined as the deterministic mapping

7(a | history = |(Wem<)) = {1] fa=<«} ifi< n.
T{a=1]} otherwise.

Note that the size of the history space scales exponentially with the number of steps,
so one could hardly rely on histories to define policies in general environments.

More compactly, the agent can maintain a belief over the state space, i.e., a
probability distribution over the possible states occupied by the agent. For instance,
after having executed <« in the initial state and then « in the shaded cell M, the agent
has for belief b; = {s; — 1/2, s, = 1/2}.% Then, by executing the action « twice, the
agent increases its belief to b, = {s; = 3/4,s4 — 1/4}, and so on. Once the belief of
being in s, is sufficient, the agent can play | to reach the flag. Given an error ¢ > 0,
an e-optimal policy for the reachability objective can thus be merely defined as

T{a=<«} ifb(sy) >e¢

T{a=1]} otherwise.

m(a | belief = b) = {

“for the sake of presentation, we omit the states that are not part of the support.

As illustrated in Example 18, in a POMDP, the agent perceives an imperfect observation
of the state that does not suffice as a conditioning signal for an optimal policy. Instead,
optimal policies must consider the complete interaction history. However, as the space of
possible histories grows exponentially with the episode length, conditioning policies on
histories is typically intractable. An alternative approach is the concept of belief states,
which represent probability distributions over states derived from the agent’s history.
Beliefs are a sufficient statistic of the history [Kaelbling et al., 1998] but the computation
of their closed-form expression requires access to a model of the environment and is in
general intractable.

To overcome those challenges, many state-of-the-art algorithms compress the history
into a fixed-size vector with the help of Recurrent Neural Networks (RNNs) [Hausknecht
and Stone, 2015] and hope to obtain this way a suitable representation of the history
that could play the role of the belief. Nonetheless, this may lead to information loss,
resulting in suboptimal policies. To improve the likelihood of obtaining a sufficient
statistic, RNNs can be combined with regularization techniques, including generative
models [Chen et al., 2022; Hafner et al., 2020, 2021], particle filtering [Igl et al., 2018; Ma
et al., 2020], and predicting distant observations [Gregor et al., 2018, 2019]. However,
none of these techniques guarantee that the representation of histories induced by RNNs is
suitable for optimizing the return. Additionally, many algorithms assume that beliefs are
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simple distributions (e.g., Gaussian), which limits their applicability [Gregor et al., 2018;
Lee et al.,, 2020; Hafner et al., 2021].

In this chapter, we build upon Wassertein Auto-encoded MDPs (WAE-MDPs, see
Chapter 3, Section 3) to propose the Wasserstein Belief Updater (WBU), a model-based
RL algorithm for POMDPs that allows learning the belief space over the unobservable
states. Specifically, WBU learns an approximation of the belief update rule through a
partially observable version of our WAE-MDP whose behaviors (expressed as expected
return) are close to those of the original environment. Furthermore, we show that WBU
is guaranteed to induce a suitable representation of the history to optimize the return.
WBU consists of three components that are learned in a round-robin fashion: the model,
the belief learner, and the policy (Figure 4.3).

Harnessing only histories to learn a model whose dynamics can be provably linked to
the original unobservable environment poses a considerable challenge. Therefore, in the
same spirit as the Centralized Training with Decentralized Execution paradigm in multi-
agent RL (MARL) [Oliehoek et al., 2008], where leveraging additional information such
as the true state of the environment is a common practice, we assume that the POMDP
states can be accessed during training. While this might seem restrictive at first sight, this
assumption is typically met in simulation-based training and can be applied in real-world
settings such as robotics, where extra sensors can be used during training in a laboratory
setting. This assumption is also compliant with typical software engineering approaches
like model-driven design.

Our core contribution is the development of a principled framework equipped with
theoretical guarantees in the context of RL within partial observability. While state-of-
the-art algorithms primarily concentrate on enhancing the overall return — potentially
resulting in substantial performance gains — we contend that performance is not the
exclusive goal and that possessing guarantees is equally important, as the balance

Environment P
n=R (St) at)
ac88cochoanautootstiihc (hidden) si1 ~ P (- | s a;)

0r1 ~ OC | st41,ar)

Figure 4.2: RL loop in POMDPs. The agent interacts with the environment by executing
actions and receiving observations and rewards as feedback. At each time step, the agent
maintains a belief over the state space which is updated based on the action taken and
the observation received. This enables learning a policy that maps beliefs to actions.
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Figure 4.3: The WBU framework. Learning the different components is done in a round-
robin fashion. The WAE-MDP learns from data collected by the RL agent and stored
in a Replay Buffer. WBU uses the transition function P and observation decoder O of
the WAE-MDP to learn to approximate the belief update rule. The agent learns a policy
conditioned on the resulting sub-belief B; (i.e., the parameters of the latent belief b;).

between these two aspects varies based on the specific application. By tackling POMDPs
with a formal approach, we offer theoretical guarantees that other methods cannot
provide: we ensure that our latent model is able to replicate the dynamics of the original,
partially observable environment, which further yields a belief representation suitable for
learning the value function.

While learning the latent model of the POMDP via a WAE-MDP — whose bisimulation
bounds intuitively lead to our guarantees — we maintain a belief distribution over
the latent state space via a belief update network: we minimize its distance to the
exact belief update rule, through a tractable variational proxy. To allow for complex
belief distributions, we use an autoregressive flow (Definition 42). In contrast to SOTA
algorithms, the beliefs are only optimized towards accurately replicating its update rule.
While we call recursively the belief network to maintain the belief distribution, we do not
back-propagate through time and thus implement it as a simple (masked) feed-forward
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network. The policy is learned on the latent belief space using a vector integrating the
parameters of the belief distribution. Our experimental results are promising and show
the ability of our algorithm to learn to encode the history into a representation useful to
learn a policy, without using RNN.

Other related work. DVRL [Igl et al.,, 2018] extends A2C [Mnih et al., 2016] (see
Chapter 2, Section 2.3) combined with RNNs (R-A2C) with auxiliary losses aiming to learn
beliefs via a variational auto-encoder and particle filtering, but it lacks guarantees. DVRL
further assumes independent normal distributions for beliefs, limiting its applicability.
In the same spirit as WBU, FORBES [Chen et al., 2022] uses normalizing flows to learn
complex distributions but learn policies conditioned on latent states, which is sub-optimal
as the state distribution is merely approximated with a single sample. Some works focus
on specific POMDP types, like compact image representations (e.g., visual motor tasks,
Lee et al., 2020) or states masked with Gaussian noise [Wang and Tan, 2021].

While accessing states is common in MARL, it is less common in single-agent. This
has been explored in kernel-POMDPs [Nishiyama et al., 2012], and more recently by
Lee et al. [2023] to provide results oriented towards sample complexity in the tabular
case, as well as regret bounds when particular types of function approximators are used.
Leveraging additional information available during training (not necessarily the states)
has also been explored by Lambrechts et al. [2023], but RNNs remain crucial while no
abstraction nor representation quality guarantee is provided. Several complexity results
and regret bounds were developed for sub-classes of POMDPS in finite-horizon, such as
when the observability is well-behaved (weakly revealed POMDPs, Liu et al., 2022b), or
when the sequential decision making problem admits low-rank structure [Huang et al.,
2024]. On the contrary, our results hold for general POMDPs; precisely, our constraints
rather rely on the training procedure and not on the nature of the POMDP.

Finally, we note that RQL-AIS [SeyedSalehi et al., 2023] presents an analysis of recurrent
Q-learning in the tabular setting, which also includes value difference bounds where
the latent state consists of the (discrete) hidden state of an RNN. While theoretically
interesting, their bounds are generally intractable as they rely on global metrics, requiring
them to be minimized over the whole history and action space. This limitation is made
clear in their algorithm as they use the local version of those metrics as regularization
losses. In our case, because we focus on on-policy metrics (local losses) our theoretical
guarantees hold in practice.

Origin of the results. The content of this chapter is novel in its presentation and is
based on the article [Avalos et al., 2024], including additional details and discussions. The
representation quality result (Theorem 31) is extended in this chapter to any latent policy
(whereas the original result was restricted to the optimal policies of the latent model).
The error term is not necessary in this version and the proof has been simplified.
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1. DECISION MAKING WITH IMPERFECT OBSERVATIONS

1 Decision Making with Imperfect Observations

In this section, we formally introduce the notion of partially observable Markov decision
processes (POMDPs), histories and the concept of belief states.

Remark 25: Dirac measures

In the following, we may consider the Dirac delta function § as a measure. For any
complete, separable space X and point x € X, we denote the Dirac measure with
impulse x by &, € A(X). We see d, as a measure that concentrates all its mass to
the single point x: §,(E) = fE 6x(y)dy = 1{x € E} for any E € 3(X). Interestingly,
the Dirac measure J, can be seen as the limit of a sequence of normal distributions
centered in x with decreasing variance: &, = lim,_o N'(-; x, %), where N'(-; x, 0?)
is the normal distribution with mean x and variance o2.

Definition 43: Partially Observable MDPs
A POMDP is a tuple P = (M, Q, O) where

« M is an MDP with state space S and action space .A;

« Qis a set of observations; and

¢« O: SxA — A(Q) is an observation function that defines the distribution of
observations that may occur when the MDP M transitions to a state upon the
execution of a particular action. We assume that (@ admits a density function,
denoted by pe.

An agent in P actually interacts in M, but without directly observing the states of
M: instead, the agent perceives observations, which yields histories, i.e., sequences
of actions and observations {ay.7_1, 0.7) that can be associated to an (unobservable)
trajectory (so.7, a:7—1) in M, where 0,11 ~ O(: | sp11,a;) forall t < T.

The interaction of the agent within a POMDP is illustrated in Figure 4.2. In this chapter,
we assume that the action space is finite.

Beliefs. Unlike in MDPs, where it is sufficient to make decisions based on the current
state (cf. Chapter 2, Section 1), policies solely based on the current observation of P are
not sufficient to optimize the return. Intuitively, due to the partial observability, the agent
must take into account full histories in order to make an informed decision on its next
action (cf. Example 18). Alternatively, the agent can maintain a belief b, € A(S) over the
current state of M [Astrom, 1965]. We denote by B the set of all reachable beliefs over
S in P. Given the next observation o1, the next belief b, is computed according to the
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belief update function T : Bx AxQ — B, where T (b, a;, 0r41) = byyq if and only if given
any measurable subset X’ € 3(S), the next belief is given by

_ _/X/ /SP@(OH—I | S/’ at) dP(s/ | S, a[) dbt(s)
Jsos Poori1 | s a) dP(s’ | s,a,) dby(s)

b1 (&) (4.1)

Each belief b,;; constructed this way is a sufficient statistic for the history (a,.,, 0,..,,)
to optimize the return [Kaelbling et al., 1998]. We write 7 *(ay:s, 01:++1) for the recursive
application of 7 along the history, i.e.,

T*(ao:t,01:141) = T (-, ar, 0141) © T " (041, 01:1)

for fort > 0 and 7 *(ay,01) = 7(551, ao, 01). The belief update rule derived from 7 allows
to formulate P as an infinitely large! belief MDP My = (B, A,Pp, R, b1,y), where the
density of Py is given by

b |ba)=E E E  Srwar(P); 4.2
pB( ) s~b s’~P(:|s,a) o’ ~O(:|s’ ,a) Tba, )( ) ( )
Rpb,a) = Es-p R(s,a); and by = &,,. As for all MDPs, Mp and any stationary policy
for Mp (thus conditioned on beliefs) induces a well-defined probability space over
trajectories of Mg, which allows optimizing the expected return in P (cf. Theorem 5).

Value Functions. In consequence, we obtain the value function of the POMDP P by
considering the values obtained in the belief MDP Mp. Precisely, for any stationary
policy 7w : B — A(A) for Mp and belief b € B, the value of the belief b for the particular
policy 7 is given by

V(D)

R(b, a)+y~b/ P[E( Ib )Vﬂ(b,)
“Prilba

E |R(Gs,a)+y- E E V™ (T(bao))|.
s~b 4 s’ ~P(:|s,a) o’ ~O(:|s’ ,a) ( ( ) )
Given any history h € (A - Q)*, we write V*(h) as a shorthand for V7(7 *(h)). Thus, the

value of the history h under the policy 7 corresponds to the return expected by starting
to execute 7 after having experienced this history h.

leven if S is finite, there is an infinite number of measures in B. As remarked by Bork et al. [2022], when
the observation space is finite, the reachable fragment of the belief space is countable since each belief has at
most |A x Q| successors.
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2 Learning the Dynamics

In the remainder of this chapter, we assume that the agent operates within a POMDP. In
an RL setting, the former has no explicit access to the environment dynamics: instead, it
reinforces its behaviors through interactions and experiences without directly accessing
the transition, reward, and observation functions of the environment (Figure 4.2).

The key of our approach lies in granting the RL agent access to the true state of the
environment during its training, while its perception of the environment is only limited to
actions and observations when the learned policy is finally deployed.

Assumption 9: Access to the state during training

In addition to the observation, the agent is able to observe the true state of the
environment, but only during the training phase.

Remark 26: About the access of the states during training

Seemingly restrictive, Assumption 9 can actually be met in a broad range of training
scenarios, in particular those relying on simulators, where one could merely
consider the RAM as the state. Furthermore, there are multiple settings where the
state is available during training but not during the execution. First, when the state
is too large (e.g., RAM, images) to be processed by the agent in real-time (e.g., an
agent running on low-power hardware). Then, in situations where the agent is
trained within a Simulation to Reality framework, an example being the introduction
of noise into the state space to create resilient policies intended for real-world
deployment [Staessens, Tom, 2023]. Other settings compliant with this assumption
include model-based design or model-predictive control, where a computational
model is already available in the training phase. Finally, accessing the state could be
costly [Bulychev et al., 2012], and while the cost might be acceptable in simulation
or at training time, it might not be the case in deployment time (e.g., embedded
systems, deploying multiple agents running in independent environments, or when
a final product is shipped).

For the rest of this chapter, fix the POMDP P = (M,Q,O) with underlying MDP
M = (S, A,P,R,s;,y). Concretely, when the RL agent interacts in P, we leverage this
access to allow the agent to learn the dynamics of the environment, i.e., those of M, as
well as those related to the observation function ©@. To do so, we learn an internal,
explicit representation of the experiences gathered, through a latent space model. We
then use this model as a “teacher" for the agent to make it learn how to perform its belief
updates. Hence, acquiring an accurate environment model is crucial to learning a reliable
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belief update function. In Section 2.4, we further demonstrate that the resulting model is
guaranteed to closely replicate the original environment behaviors. The trick we use to
learn such a model is to reason on an equivalent POMDP, where the underlying MDP is
refined to encode all the crucial dynamics.

2.1 The Latent POMDP Dynamics

We enable learning the dynamics of P via a WAE-MDP by considering the refined POMDP
P = (Mg, Q,O", which is defined as follows.

(i) The underlying MDP My, is refined to encode the observations, i.e.,
Mg =(Sq, A,Pq, Ra,(s1.01),}),
where

« the state is refined with the observation space, i.e., So = S x Q;
« the refined transition function encodes both the MDP and the observation
dynamics: for any S € 3(S) and O’ € 3(Q),

PQ(S’ xO|s, o,a) = // p(g(o’ | s’,a) do’ dP(s’ \ s,a),
s Jor

« the reward function is independent of the observation: Ro((s,0),a) = R(s,a);
and
« oy is an arbitrary observation from Q linked to the initial state s;.

(if) The observation function @' : Su — Q is the deterministic projection of the refined
state on the observation space, with O'({s,0)) = o for all s € S,0 € Q.

The POMDPs P and P' are equivalent [Chatterjee et al., 2016]. Intuitively, the
observation dynamics are captured by the transition function of the refined MDP, whose
states are not observed by the agent. The latter still only perceive the same observations
as in P. Then, for any history, the value functions of the two POMDPs yield the
same return. Nonetheless, the refined model P notably uses a deterministic observation
function @', which makes it easier to learn via an auto-encoder procedure.

Henceforth, we reduce the problem of learning a latent space model of P to learning a
WAE-MDP from Myg. Precisely, we learn a latent MDP M = <§ JAPR, §1,y> linked
to Mg via the embedding ¢ : So — S. The latent MDP M encodes the observation
dynamics through P and enables to learning the deterministic observation function O
through the decoder ¥ : S — Sg, by decomposing the latter in two networks¢ : S — S
and O, : S — Q, further yielding ¥(3) = (5(5), 0,(3)) for all § € S. This way, the WAE-
MDP learns all the components of P', the latter being equivalent to . With this model,
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by #5.a) Eg,.;, P Eg,5, P(5 | 51, @) 0O (o14115) brit
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Figure 4.4: The belief update rule: (left) marginalization of the transition probability
function P according to the current belief b;; (right) filtering out the next states that do
not produce the next observation o;,;.

(51 5t ar) 3

we construct a latent POMDP P = (M, Q, O), where O is a Dirac measure with impulse
O,.. Notably, WAE-MDPs yield finite latent spaces (Chapter 3, Section 3.4), which eases
its theoretical analysis. We write V" for the value function of any latent policy 7 for P.

Belief update rule. As with any POMDP, the belief update function T of P allows
reasoning on the belief space B C A(S’ ) to optimize the return. Formally, at step t > 0,

assume that the current latent belief is b, € B. Then, when a; € A is executed and
or41 € Q is observed, b, is updated according to b4y = T(b,,at,oHl) as follows, so that

for any next state 5,1 € S,
Es_5, PGisa | 51ar) - Oops | 5111)
Es 5, Ev-p(is.a) O0r1 | 5)

b1 (5e1) = (4.3)

As this latent belief update rule is at the heart of this chapter, it is useful to take a closer
look at how it is constructed. Notice that Equation 4.3 can be merely obtained via a pure
application of the Bayes rule:

Pr(0t+l | Btaat»§t+1) 'Pr(§t+1 | i’t,az)
Pr(0t+1 | Bt: at)

Pr<0t+l | Bt,at,gtﬂ) B, Pr(Se1 | 3, ar)
Pr(0t+1 | Bbat)

Pr(§t+1 | btsats0t+1) =

H

where Pr(§t+1 |Bt,az,0z+1) = ?(§t+l |Bt,az,0z+1), Pr(0t+1 | Bt,at’§t+1) = O(0441 | §41),
Pr(5i41 | 5,a;) = P(5141 | 5, a), and Pr(0t+l | bt,at) = [EgtNi,l Ey 5(i5.a) O(0141 | 5).

We further illustrate the construction of the latent belief update rule in Figure 4.4. The
update can be subdivided into three steps. First, the current belief distribution b, is used to
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marginalize the latent transition function P over the believed latent states, to further infer
the distribution over the possible next states. This first part corresponds to computing
the probability of going to the next state §;;; from the possible states §; witnessed by
the current belief b,. Second, the next observation o,,; is used to filter the resulting
distribution based on the observation function: the next latent states that do not share
the observation o;4; perceived at step ¢t + 1 are filtered out according to O(0111 | 5141).
The third operation (not present in Figure 4.4) normalizes the output of the observation
filtering to obtain a well-defined probability distribution.

Interestingly, notice that since the latent model has discrete spaces, each latent belief
b € B can be represented as a vector of probabilities from the simplex

A" = {x eR™: in =landx; > 0foralli= 1,...,n}
i=0
with n = |§‘ Then, we have for every b;,b, € A" that W; (151,132) = dry (51, 52) =
oI b

» where |.|; denotes the usual L; norm.

Latent policies.  Given any history h € (A - Q)", running a latent stationary policy
7: B — A(A) in P is made possible by converting h into a latent belief T*(h) =
b and executing the action prescribed by 7(- | b). Training M grants access to the
dynamics required to update the belief through its closed form (Equation 4.3). However,
marginalizing over the full latent space remains computationally intractable.?

As a solution, we propose to leverage the access to the dynamics of M to learn a
latent belief encoder @ : Bx . AxQ — B that approximates the belief update function
by minimizing

D(T*(h), ®*(h)) (4.4)
for some discrepancy D and histories A drawn from some distribution. The belief
encoder @ thus enables to learn a policy 7 conditioned on latent beliefs to optimize
the return in P: given the current history h, the next action follows a ~ 7(- | ®*(h)).?

*We define @ as the recursive application of @ along the history, in a similar way as 7 *.

To offer theoretical guarantees,

(i) the WAE-MDP reduction should induce a latent POMDP whose behaviors are close
to those of P, and

(ii) the history representation induced by @ should be suitable for optimizing the
expected return in P.

%In our experiments, we used up to 22° latent states.
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Clearly, the choice of the discrepancy and the history distribution are crucial. The rest of
this section is dedicated to the theoretical analysis of the proposed framework, where we
detail the required conditions (including discrepancy and history distribution) to ensure
that the latent model is suitable for learning the belief update rule.

2.2 Stationarity over Histories

To yield the guarantees, we specifically target the episodic setting for drawing histories
(cf. Chapter 2, Section 2.1 for a full discussion on this setting). In partially observable
environments, this means that the underlying MDP is episodic and that the agent is able
to observe the reset state.

Assumption 10: Episodic RL process in partially observable environments

We assume that the environment P is episodic, i.e., (i) the underlying MDP M is
episodic (Definition 16), and (ii) there is a special observation 0, € Q that can
only be perceived in Syeset, S0 that O(0reset | Sreser, @) = 1 for all a € A.

Intuitively, as in the fully observable case, Assumption 10 implies the ergodicity of
the system, which allows to derive a stationary distribution. Nonetheless, this time the
distribution is over histories.

Proposition 1: Stationary distribution over histories

There exists a well-defined, unique stationary distribution Hz € A((.A : Q)*) over
histories likely to be produced when the latent policy 7 is lifted in P.

Proof sketch. Build a history unfolding as the MDP whose state space consists of all
histories and keeps track of the current history of P at any time of the interaction, until
the reset state is observed, at which point the history is reset as well. The resulting
MDP remains episodic and is equivalent to P: the former mimics the behaviors of the
latter under any latent policy 7. All episodic processes are ergodic (Theorem 7), which
guarantees the existence of such a distribution in the history unfolding, further defining
the stationary distribution over the histories of P. O

In the remainder of this subsection, we formally elaborate on and provide technical
proofs for each assertion outlined in this sketch. Essentially, our goal is to construct a
history unfolding which is equivalent to the original POMDP, when both operate under
any given latent policy 7 lifted to the models by processing histories through the belief
encoder @. This equivalence is formalized as a bisimulation relation (Definition 29)
between the Markov chains respectively induced by the history unfolding and the belief
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MDP of P when such a latent policy 7 is executed. Then, we show the existence of a
unique stationary distribution over histories in the unfolding.

History unfolding. We define the history unfolding Mj; as the MDP consisting of
the tuple (Sy, A, Py, Ry, *,y), where

(i) the state space consists of the set of all the possible histories (i.e., sequence of actions
and observations) that can be encountered in P, ie., Sy = (A-Q)", where we
notably denote by € the empty string, with 7*(e) = J,, (no action nor observation
has been perceived yet);

(ii) the transition function maps the current history to the belief space to infer the
distribution over the next possible observations, i.e., the density of Py is defined
as follows: for all h,h’ € Sy anda € A,

pu(W lha)= E E E  Sheo(W)  ifT*(h) %0, and®

s~T *(h) s’~P(-|s,a) o’ ~O(-|s’ ,a)

Py(e | h,a) =1 otherwise,

where we denote the concatenation of a, o’ with the history h = {(a.7-1,01.7) by
h-a- 0, resulting in the history (ag.t, 01:7+1) so that ar = a and or4; = 0’; and

(iii) the reward function maps the history to the belief space as well, which enables to
infer the expected rewards obtained in the states witnessed under this belief, i.e.,
Ri(h,a) = Es~7+n) R(s, 2).

We want to show that My, is equivalent to M (the Markovian formulation of ) when
a latent policy 7 is executed in both models by processing histories through the belief
encoder ®. This lifting is straightforward in My,: for any history state h € Sy, h is
processed by @ to obtain the latent belief b = ®*(h), which is then used to sample the
next action according to fr(~ | 13). We denote the resulting policy for My, by 7%, where
7Z*( | h) = 7(-| @*(h)) for all h € Sy.

Within Mg, the lifting is more intricate. Indeed, one needs to infer the current latent
belief b solely from the current belief state b € B of M, which is not straightforward.
To do so, we use a Mealy machine (Property 1) to encode the lifted policy and keep track
of the current latent belief through the memory of the lifted policy.

Before going further, we introduce a technical Lemma that will be useful to prove the
equivalence between the two models. Intuitively, every state of the Mealy machine is
updated according to the action executed from the current state of the environment.
However, we need to synchronize the Mealy machine with the next state of the

3Notice that 7*(h) = &,,,,, whenever the history h ends with the observation oyes;, which is the sole possible
observation perceived when entering the reset state Syeset.
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environment to ensure that the latent belief is correctly inferred. To do so, it suffices
to (i) add a dummy state (b, a, b’) which is entered each time the system transitions from
a belief b to another b’ when an action a is chosen, before actually transitioning to b’, and
(i) changing the discount to /¥ to compensate for the addition of this extra transition.
The following Lemma states that adding such a dummy transition to the belief MDP
which allows for synchronizing the Mealy machine with the next belief state is harmless.

Lemma 21: Dummy states

Let M p be the belief MDP of P. Construct M/, = <B’, A, Pl R, 51, \/7> so that
B’ = BU (B x A x B) by modifying the transition density function of M to

p’B(<b,a,b/> | b,a) = p;g(b/ | b,a), and p'B( | <b,a,b/> ,a') = Oy,

as well as the reward function to R;(b,a) = Rp(b,a) and R((b,a,b’),a’) = 0 for
allb,b’ € Band a,a’ € A. The density of the remaining transitions is null. We refer
to the states of the form (b, a,b’) € B x A x B as dummy states.

a. .- 0 1ha

| .
@ I o a.'{w’\b,a) * 1
] - = >
I

Then, given any policy for Mp, lifted to M; by executing any arbitrary action in
dummy states of the form (b, a, b’), the expected return in M and M, is the same.

Proof. This follows by the construction of My . First, the discount factor is ,fy.
Second, the reward, as well as the transition functions are respectively null and
deterministic in the dummy states. Third, notice that for every even time step, the
agent is in a concrete belief state of Mz, while at odd time steps, the agent is always
in a dummy state. Then, we have for any policy 7 for My that

E4 Sy R (b | = B | 30 F Ry (o) | = B2 | 3 R
=0 t=0 =0
where we respectively denote by b' and b the beliefs coming from 5’ and B. O

Lifted latent policy. Let us now formally define the latent policy lifted in the belief
MDP M, (the belief MDP which embeds dummy states, cf. Lemma 21). Given a latent
stationary policy 7 : B — A(§ ) for M and the belief encoder @, we define the lifted
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latent policy 7* for M, as the Mealy machine 7* = (B, 7,, Ty, by = &) (Property 1) with
the following components: let a € A, b' € B, and b, b’ € B,

(i) the next action function is defined as

( X ) 7(a | B) if b is a belief state, i.e., b' € B, and
a
1{a=a'} ifb'isadummy state of the form b = (b,a’,b’);

(if) we define the density of the memory update function 7, as follows:

D, (E’ | b", b, a) =5 (E’) if b! is not a dummy state, i.e., b’ € B,
. else, if b is a belief state of the form b' = (b, a,b’) with b’ = §

Sreset >

Es~b Es~p(s,0) Eor~0( I ,a) [%@,a,n/)@/) '5T(b,a,o’>(b/)]

= (0| b'.b,a) =
Pr, ( ) Es~p IEs/NP(-ls,a) IEo’NO(-\s/,a) 5T(b,a,o/)(b/)

>

and
. Ty (l;’ | bT,E,a) =1 {E’ = 5&%} otherwise.

Note that in every dummy state that does not embed a reset state, the belief update
function is simply obtained by the usual conditional probability rule:

Pr(b’,E’ | b,b, a)

Pr(l;' | b,b,a, b’) = Pr(b’ X a)

where Pr(B’ | b,b,a, b’) = px, (13’ | (b,a,b’),b, a),

Pr(¥,b |b,ba)=F FE E Soiao(b) S NCAID

WF 1B =E £ E [Bagan(?) droun(¥)]

and Pr(b’ | b,b, a) = ps(b’ | b,a) (the next original belief state is independent from the
current latent belief state given the current original belief).

Induced MCs and bisimulation. Let M;s e = <B’ x B, P;S e Bn.,(ln,b;) \f>
be the Markov chain induced by the belief MDP of P (with dummy states) and the latent
policy 7* (cf. Definition 8). Let b,b’ € B, b,b’ € B, and a,a’ € A. The transition density
function of M’Bﬁ. is defined as follows:

P ({b.a ') b |bb) = [%;;) [ps(t' | b.a) - 8u(a)] = 7(a’ | b) - ps(b' | b,a’), and

a~7 (|

Prae (0.0 [ {b,d' by ,b) = pz, (' | {b,d",b') ,b,d).
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The density of the remaining transitions is null. The reward function is merely obtained
via its marginalization according to the action executed by 7:

B (b,i)) = ~7[%'“;) R(b,a) and B (<b, a, b/> ,[}) =0.

Let us now define the MC M7+ = <B x B,Pp e, Rz, <b1, BI> ,y> as a copy OfM’Bﬁ.
without the dummy states, defined over the state space B x B (instead of B’ x B) and with
discount factor y (instead of fy). Precisely, we define the transition density of Mygzs as

Pz (V.5 16,5) = 3 Dlsze (Kb, 0/} B [ b,B) - e (07 (b 0,6") B)

acA
= [E . [p5 (¥ |b,a) - pz, (b | {b,a,b’) b,a)]
a~7(-|b
= FE E E E  [00gar(?) 0rean ()]

a~7f(.|[7) s~b s’~P(:|s,a) o’ ~O(:|s’ ,a)

Intuitively, pjs -+ simply aggregates two consecutive steps from the function pJ; ., into a
unique time step: (i) transitioning from <b, E} to the next belief state b’ through a dummy
state (b, a,b’), and (ii) updating the latent belief to v according to the action a recorded
into the dummy state. The reward function is simply given by R s+ (b, B) = Ris e (b, B).
By construction (cf. Lemma 21), the MC M’Bﬁ. is equivalent to M+, as the dummy
states are only used to synchronize the Mealy machine with the next belief state: the
expected return in both models is exactly the same.

Now, we show that the history unfolding M3, operating under 7* is equivalent to the
MC Mpze.

Lemma 22: Bisimulation between the history unfolding and the belief MDP

Denote by My, 7+ the Markov chain induced by the history unfolding of P and the
lifted policy 7*. There is a bisimulation relation between My, 7+ and M ze.

Proof. Define =/ as the set {<h (b, B)} € Sy x (B X 73) | 7*(h) = b and ®*(h) = B} )
We show that =, is a bisimulation relation between the states of MG and M. Let
h =(ay.7-1,01.7) € Sy, b € B, and b € B so that or # 0yeser and h =7 (b, b):*

1. Ry z+(h) = Ea~z(|0+h) Es~7+n) R(s,a) = Eq-z(p) Es~b R(s,a) = Ry (b,b).

2. Note that histories are deterministically mapped to a unique belief (resp. latent
belief) state through the belief update function 7 (resp. @). However, 7 and
@ are not injective, as multiple histories can lead to the same belief (resp. latent
belief) state. Then, each equivalence class T is composed of belief and latent

223



CHAPTER 4. LEARNING TO BELIEVE IN POMDPS VIA RELIABLE LATENT MODELS

belief pairs that aggregate multiple histories through 7" and ®. Concretely,
let b’ € B, b’ € B, an equivalence class of =, embeds subsets of the form
[(b’, b/)] ; , so that

(o

(a) the intersection of [(b’ b )] with Sy is the set

;
(o]
{W €Sy |T*(W) =V and ®*(h') =¥}, and
(b) the intersection of [(b’ % )] _r with the state space of M@’ merely consists
_ )
of the pair (b’,0’).

Therefore,

/ prqe (R | h) dn’
[ 5]

[l

- / ) E E E E  Shao (h) dW
[<b/’b/>]E{p a~x(-|D*(h)) s~T* s'~P(:|s,a) o’ ~O(:|s’ ,a)
= E E E E  Shao (h) Srary (V') - Sy (B7) AR
/S“H a~7(-|®*(h)) s~T *(h) s’ ~P(-|s,a) o’ ~O(-|s’ ,a) h ( ) 4 (h)( ) @ (h)( 7)
(by definition of [(0/,b)]_, )
=0

= E E E E  [6rtao) (b)) - S0 hao) (b
a~7(-|D*(h)) s~T *(h) s'~P(-|s,a) o’ ~O(:|s’ ,a) [ T )( ) o )( )]

= E E E E  6rac)(t") 8o (ha0) (b ince h =, (b,b
a~ﬁ'(-|5) S*‘bSINP(‘ls,a)U/NO("s’Ja) T(b, 5 )( ) q)(b,a,o)( ) (SlnCe @ < >)

:pBﬁ" (b/, E/ | b,B)
By 1 and 2, we have that My and Mp are in bisimulation under the equivalence

relation =7, when the policies 7* and 7* are respectively executed in the two models.

O

%The case where 01 = 0yesr is trivial.

Note that we only set up a bisimulation relation here, not necessarily the coarsest one.
Since (i) any bisimulation relation between two models preserves the optimal expected
return [Givan et al., 2003], and (ii) the two induced MCs are purely stochastic (there is
no nondeterministic choice, so the expected return is unique in both models), we get the
following corollary.
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Corollary 6: The behaviors induced by 7* in Mj; and 7* in M; are the same

The agent behaviors formulated through the expected return that are obtained
by executing the policies respectively in the two models are the same:
[E,i:;lu [R(sls ao) + ZZ’L v - Ru(ao: -1, 01:t)] = [E,Jf:/olﬁ [Zi’io Y' - Rp(b, at)]-

Concluding the proof of Proposition 1. In consequence, since My and My are
equivalent when the latent policy 7 is executed via the belief encoder @ and induce the
same behaviors, it is sufficient to consider My, z+ to study the behaviors of the agent in
the POMDP P when the latent policy is executed. Since My, is episodic, the existence of
a stationary distribution is guaranteed by Theorem 7.

Theorem 29: Unique stationary distribution over the histories of 7

There exists a unique stationary distribution Hz € A((.A ? Q)*) over the states of
the history unfolding M3y, z+.

2.3 Local Losses

The objective function of the WAE-MDP incorporates local losses (Chapter 3, Section 1.1)
that minimize the expected distance between the original and latent reward and transition
functions. By taking into account the fact that the dynamics are learned from the refined
MDP My, the local losses are given by

Lz = EHi |R(s,a) = R(¢(s,0),a)| and Lp = aﬂénf w; ((;SPO( | s,0,a),P(- | #(s,0), a)) ,

where s,0,a ~ Hj is a shorthand for drawing (i) h ~ H; so that o is the last observation
of h, (il) s ~ T*(h), and (iii) a ~ 7(- | ®*(h)). In practice, the ability of observing
the states during learning enables the optimization of the local losses without the need of
explicitly storing histories. Instead, we simply store the transitions of Mg encountered
while executing 7 into a replay buffer. We also introduce an observation loss in addition
to the reconstruction loss of the decoder, which allows learning O:

Lo= E E drv (0( |s,a), E O(] ¢(s/,o/))>. (4.5)

s,0,a~Hz s'~P(:[s,a) o' ~0O(|s’ ,a)

Belief losses. In Equation 4.4, we set D as the Wasserstein distance between the true
latent belief update and the belief encoder. In addition, we introduce the following reward
and transition regularizers to reconcile the behaviors obtained in the fully observable
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latent model M and the partially observable one P:

Ly = h~[|%f Wy (?*(h), (D*(h)) , L% = hso[ENHi §~q[5(h) |7€(¢(s, 0),a) — R(5,a)|, and
LY = weoE e o & Wi (P(- | §(s.0),0),P(: | 5,a)) . (4.6)

The losses L%) and L%D aim at regularizing @ and minimize the difference between the
rewards (resp. transition probabilities) that are expected when drawing states from the
current belief compared to those actually observed. Again, the ability to observe the states
during training enables optimizing the losses without explicitly requiring the states to
execute the policy. The belief loss and the related two regularizers can be optimized on-
policy, i.e., coupled with the optimization of the latent policy 7 that is used to generate
the episodes.

To help the reader grasp the intuition behind those loss functions, we provide a high-
level overview of the optimization process in Figure 4.5.

The procedure allowing to minimize the reward, transition, and observation losses is
depicted in Figure 4.5a. At each step, a state s, an observation o of s, and an action a
are drawn from the distribution of experiences encountered Hz while executing 7. First,
(s, 0) is mapped to the latent space via the state embedding function of the WAE-MDP,
ie., ¢(s,0) = 5. Then, the action a is executed both in the original and latent space
models (respectively from (s, 0) and 5), which allows quantifying the distance between
the next reward and transition produced in the original and latent models. Finally, the
original model transitions to the next state-observation pair (s, o’). Embedding this pair
again to the latent space via ¢(s’,0”) = §’ allows to quantify the distance between the
original observation o’ and the one that is produced in the latent space model, from §’
via &' ~ O( | ¥).

The procedure allowing to minimize the belief losses is depicted in Figure 4.5b. This
time, the optimization is performed on-policy, which means that it is performed while
executing the policy in the original environment. At time step t > 1, the current history
h ends up in the observation o, of state s;. First, the discrepancy between the latent
belief obtained via our belief encoder b, = ®*(h) and the one obtained via the true latent
belief update function &’ = 7*(h) is evaluated and can further be minimized from that
point. Second, we compute the reward and transition regularizers by minimizing the
distance between rewards and transitions produced from believed states § ~ b, (ie.
states witnessed by the current belief b;) and those produced by mapping the current
state-observation pair into the latent space, via ¢(s;, 0;) = §, when the action a ~ fr(~ | B,)
is produced. Finally, a is executed in the original environment and the process is repeated
until the end of the episode.
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Mg
< 00
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h = <au:t71501:t>
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b, Zsa
o (h) t t
Lz
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(0 D
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i \ Lo /
P ro s |p
_ Sppq rorreranns 5
(a) Optimization of the latent space model M LI(,D

parameters (i.e., R,P, and O) by minimizing

local losses. s, 0, a are drawn from H. (b) Optimization of the belief encoder ®

by minimizing the belief loss, as well as
the reward and transition regularizers. The
history h is obtained by executing 7 in P.

Figure 4.5: Local losses. Arrows represent (stochastic) mappings, the original state-
observation (resp. latent state) space is spread along the blue (resp. green) area, and the
latent belief space is spread along the yellow area. Distances are depicted in red. Notice
that the blue area corresponds to the state-observation space Sg, which is observable
only during training (Assumption 9).

2.4 Value Difference Bounds

We provide guarantees concerning the agent behaviors in P, when the policies are
conditioned on latent beliefs inferred from @. We formalize the behaviors of the agent
through the expected returns achieved in both models under the latent policy. We claim
that when the losses are minimized to zero,

(i) (Model quality): the latent model almost surely mimics the original environment,
and

(if) (Representation quality): our belief representation captures the value function; in
other words, the closeness of the representation of consistent histories in the latent
space implies the closeness of their values.
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Consistent means that we range over histories that are measurable under both P and P.
Precisely, let

L=Lg+LY+Ryax Ly +yKy - (Lp + LY + L7 + Lo),

with Ky = Rwsx/1—y. Then, we have the following results.
Theorem 30: Model quality

For any latent policy 77 : B — A(A), the values of P and P are bounded by the
local and belief losses in average when, in both models, the actions are produced by
7, which is conditioned on the latent belief induced by @, i.e., a ~ 7(- | ©*(h)):

E V() - TR < ——. (47)
h~Hz 1-y

Proof sketch. Given the intricate and computational nature of the proof, we postpone its
detailed exposition to Appendix C.1. Nevertheless, we give some ideas of the calculations
required to infer the bound:

(i) we develop the value difference inside the absolute value by exploiting the fact that
the value function is the unique solution of Bellman’s equation:

E V() -V (h)
h~Hz

=L
h~Hy

E E [R(s,a)—i—y- E E V”(h~a-o’)]
s~T*(h) a~7(-|D*(h)) s’~P(:|s,a) o’ ~O(:|s’,a)

- E E [R(ia)—i—y- E E V”(h~a-o’)];
5~T*(h) a~7(|@*(h)) §/~P(-[5,a) o’ ~O(|5")

(if) we repeatedly apply the triangle and the Jensen’s inequalities to reveal mean
discrepancies for either rewards, value functions, and observations;

(iii) we bound those discrepancies by L; norms and Wasserstein terms, which reveal the
local losses;

(iv) when all the local losses from L are revealed, we are left with a discounted value
difference term over the next possible histories. Then, we exploit the stationary
property of Hjz to retrieve a discounted, absolute value difference term over the
current history:

E |[V7(h) - V™(h)|
h~Hz
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<L+y- V’T(h-a-o’)—Vﬁ(h-wo’)

E E E E
ho~Hz a~7(-|@*(h)) s~T “(h) s’ ,0'~Pq(-|s,0,a)
=Ly E V) -V

Solving the equation yields the 1/1-y term.

(v) Putting all together, we derive an inequality only composed of constants, multiplied
by the losses that we minimize.

O

Theorem 31: Representation quality

Let 7 be any latent policy conditioned on latent beliefs inferred from ®. Then for
any n > 0, there exists a K > 0 so that for any histories h;, h; of length at most n
that are measurable under both P and P with ®*(h;) = b; and ®*(hy) = b,, the
representation induced by @ yields:

_ _ K. - K- L=+ L 1 1
Vo) = V7 (k)] < I = B + ( o H”(hz)) (48)

Intuitively, the theorem states that the latent representation captures the value function:
whenever the losses are minimized and go to zero, histories that are encoded to close
representations are guaranteed to have close values as well. Phrased differently, Theorem 31
ensures that the representation induced by our encoder is suitable to optimize the (latent)
policy since the distance between beliefs in the latent space characterizes the distance of
values in the original environment. The latent belief space thus captures the necessary
information to learn a policy that optimizes the expected return.

Proof (of Theorem 31). Let n > 0 and hy, h, be two measurable histories so that h; =
<610:T,—1,01:T,> withT; < nand o; € sz supp((?(- | 5)) forallt < T; and i € {1, 2} (the
two histories are consistent with both 7 and P). Then, we have:
V7 (hy) = V7 (hy)|

=|V*(hy) - VT (h) + V7 () = V7 (hy) + V7 (hy) — V7(hy)|

<|V7(hy) = VE(hy)| + [V (hy) = V7 (hy)| + [V (hy) = V7(hy)|  (Triangle inequality)

<Hz(hy)™ JE [VE(R) = VT (W)| + |V (hy) = V7 (hy)|

FHah) " E V) - VIR

(Lemma 13)
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<|V7(hy) = V()| + % (Hz(h) ™' + Hz(hy) ™) (Theorem 30)

First, notice that P is finite, i.e., P is defined over finite spaces. To see why, note that
the latent state space S is finite. Then, O is deterministic by definition (it consists of
the Dirac centered on the observation produced by @,), so the observations of P can
be limited to the union of the supports of O(- | 5), ranging over all latent states 5 € S.
The resulting set is also finite.

Second, notice that we consider histories from the set

Hist, = {h €(A-Q)" : {h} e supp(Hz), h € H(P,TJ), and |h| < n} ,

where supp(Hz+) denotes the support of Hz-, |h| the length of the history h, and
H(P,TJ) the set of histories consistent with both P and P, i.e., histories whose
observations belong to | J..g supp(@(~ | §)) Notice that Hist, is finite: we consider
histories that are measurable in the two models (i.e., the original and latent POMDPs)
and the observation space of the latent POMDP is finite. So, Hist, consists of a finite

number of action-observation branchings. In consequence, the set of reachable latent
beliefs

Beliefs‘f = {B € A(§) | there is a history h € Hist, so that b = CD*(h)}

is finite as well. We define Beliefsi analogously. With the same reasoning, we can

show that Beliefsf is finite.
Then, let the constant

2[77 (b1) - V7 (b2)|
K= max B — . (4.9)
Bl,BgeBelEefsf UBeliest “bl - b2H1
by#b,
We have:
V7 () ~ V7 (ko) (4.10)

VE (T (hy)) — Vﬁ(?*(hz))’

V7 (T () = VA () + VH(@* (1)) = VA(@* (ha) + V(@ () = V7 (T (ko))
<V (T () = V(@ ()| + [77(@* () = V(@ (he))] +

VA(@ (h) = V7 (T ()|
(Triangle inequality)

<K- % H?*(hl) - 0*(h) T K- % ”Bl - BZ"l +K- % H?*(hZ) B (D*(hZ)Hl

(Equation 4.9)
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T * 1= 1. T *
=K - W; (T*(h), *(h1)) +K - 3 |6y = bo, + K - W (T*(hy), @*(h2))
(By definition of total variation, Definition 34)

Ha()™ B (KW (T (), 0 ()] + K- % [b: - b,

v

+ Hz(hy)™ E [K-W; (T*(h), @*(h))]

v

(Lemma 13)

(Hz(h) ™'+ Hz(hy) ™) E [K-W; (T*(h), ®*(h))] +K - % 161 = B2,

v

(Hﬁ(l’l])il + Hﬁ-(hz)il) (K . L?) +K- é ”Bl - l;z"l . (by deﬁnition OfL?)

Putting all together, we have that for any n > 0, one can find a constant K > 0 so that:

KL?-FE

_ _ K. -
V7 () =V (h)| < 5 by = baf, + =T

(7‘[;7(}11)7l + Hﬁ(hz)fl)-

“Note that the same reasoning holds for any latent observation function with finite support.

Remark 27: Comparison to the representation guarantees of Avalos et al. [2024]

The representation guarantees of Avalos et al. [2024] do only hold for the latent
policies 7* that are executed by processing histories via the belief encoder ® and
are optimal in the latent POMDP P. In practice, although optimal policies are a
yardstick for evaluating the agent’s performance, they are rarely the ones that are
eventually learned, and reaching them during the learning process is often hardly
feasible. In contrast, our result holds for any latent policy (therefore including such
optimal ones).

The key difference between the two results lies in the way the constant K is
set. The proof of Avalos et al. [2024] relies on the fact that the optimal value
function of the latent POMDP is almost Lipschitz continuous in the latent belief space
VT (by) = V7 (bs)| <
K -dry (131, Bg) + ¢€), and then use that result in the derivations performed from
Equation 4.10. Precisely, the almost Lipschitz continuity comes from the fact that
the optimal value function of a model with finite spaces is piecewise linear convex
(PWLC) when the horizon is fixed [Smallwood and Sondik, 1973; Sondik, 1978;
Hauskrecht, 2000]. Then, one simply needs to find a horizon large enough to

[Vanderbei, 1991] (for any €, one can find a constant K so that
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that compose the PWLC function.

3 Learning to Believe

ensure an error of at most € with respect to the optimal (infinite horizon) value
function. Finally, it suffices to take K as the higher slope of those linear functions

In our case, the proof relies on the fact that the set of reachable latent beliefs is
finite since the length of the histories that we consider is bounded. The constant
K can be obtained by taking the maximum ratio between the value difference and
the distance of beliefs in the latent space, where we range over all reachable latent
beliefs (see Equation 4.9). The resulting constant holds for all latent policies.

As we already hinted in the introduction of this chapter, the latent POMDP, policy, and
belief updater are learned in a round-robin fashion (Figure 4.3). The latent POMDP P is
learned via the WAE-MDP framework by minimizing the local losses Lp, Lz, and L. The
latent policy 7 is learned via an on-policy algorithm (in this case, A2C, cf. Algorithm 4),
and the latent policy is conditioned on the latent belief inferred from the belief encoder
®, which is updated by minimizing the belief losses Lz, L%), and Lg’ , over the trajectories
produced by the latent policy in the original environment P.

In this section, we specifically
focus on the learning of the belief
encoder ® and provide details on the
optimization procedure.

Architecture.  Our latent belief
encoder @ aims at generalizing
to any POMDP. Therefore, we do
not make any assumption about
the wunderlying belief distribution.
To accommodate complex belief
distributions, we use a masked auto-
regressive flows (MAF, Papamakarios
et al, 2017, cf. Definition 42).
Precisely, to fit with the WAE-
MDP framework and leverage the
guarantees presented in Section 2.4,
we use the MAF described in
Chapter 3, Section 3.4. We refer
to the vector which embeds the
parameters of the belief distribution

t+1

Masked
Autoregressive @
Flow M
sub-belief encoder
Belief loss

————— >

Figure 4.6: WBU learns to encode the history
into a sub-belief solely by optimizing the belief
loss. The policy, being conditioned on the
sub-belief, is learned via A2C and does not back-
propagate through the sub-belief encoder. The
colored arrows represent the gradient flows of
the different losses.
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Figure 4.7: R-A2C combines A2C with RNNs to process the history at each time step ¢ > 0,
and the agent’s policy is conditioned on the hidden state z; of the RNN. To optimize the
parameters of the network, R-A2C uses backpropagation through time (BPTT): the RNN
leverages gradients from future time steps to improve its compression of the history. The
colored arrows represent the gradient flows of the different losses.

at each time step t > 0 as the sub-belief f;, which is converted into a belief via
the MAF M(B;) = b;. We use a sub-belief encoder ®**® to recursively update B, via
O (B, ar, 01+1) = Prs1, so that d)(l;t,at,o[+1) = M o O**(f;, ay, 0141). RNNs are trained
via backpropagation through time (BPTT), which may lead to learning instabilities as
it accumulates errors over time, is computationally intensive, and requires mitigating
exploding and vanishing gradients [Pascanu et al., 2013]. In contrast, albeit sub-beliefs
are updated recursively in the same spirit as RNN hidden states, we do not need to use
BPTT and use a simple feed-forward network for ®**®, as illustrated in Figure 4.6.

In R-A2C (Figure 4.7), the RNN hidden states serve as a compact representation of
histories for the policy, which is learned through a backward recurrence: the errors in
the value approximation are accumulated from the end to the beginning of the episode,
meaning that the values of time steps closer to the end of an episode are easier to learn and
the gradients of future time steps tend to be more accurate. Thus, BPTT helps learning.

This is in stark contrast to learning the belief update rule, which is learned through
a forward recurrence: the errors in the belief approximation are accumulated from the
beginning to the end of the episodes, which means that beliefs of early time steps are
easier to infer. So BPTT is unnecessary and might even be harmful.

Additionally, viewing the belief update function as the transition function of Mp,
disabling BPTT aligns with the literature on model-based RL for learning Markovian
transition functions (see, e.g., Gelada et al.,, 2019; Francois-Lavet et al., 2019 or V- and
WAE-MDPs in Chapter 3, Sections 2 and 3).

In practice, we stop the gradients from previous time steps to avoid the accumulation
of errors in the gradients.
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Training. Our goal is to train ®**® and M to approximate the latent belief update
rule, by minimizing the Wasserstein distance between the belief update function 7~ of
the latent POMDP, and the belief encoder @ (Equation 4.6), to leverage the theoretical
learning guarantees of Theorem 30 and 31. However, Wasserstein optimization is
challenging, often requiring the use of additional networks, Lipschitz constraints, and
a min-max optimization procedure [Arjovsky et al., 2017; Gulrajani et al., 2017], similar
to how WAE-MDPs are trained (Chapter 3, Section 3). Importantly, sampling from both
distributions (7" and @) is necessary for optimizing the Wasserstein distance and, while
sampling from our belief approximation is straightforward, sampling from the update
rule (Equation 4.3) is non-trivial.

In practice, as an alternative to the Wasserstein optimization, we minimize the KL
divergence between the two distributions (Definition 32). While the Dg; proxy is
easier to optimize and only requires sampling from one of the two distributions (in our
case, the belief encoder), it bounds the Wasserstein distance by the Pinsker’s inequality
(Theorem 18) in the zero-temperature limit of the WAE-MDP.

On-policy KL divergence. Using D;, as a proxy for W; allows to narrow the
discrepancy between ® and 7. We train @ on-policy, with the same samples as those
used for 7, which helps to learn despite gradients not being allowed to flow between the
networks. At any time-step ¢ > 0, given the current belief b;, the action a; played by the
agent, and the next perceived observation 0,1, the belief proxy loss is given by

DKL(q)(Et,at,Otﬂ) l ?(Et,at,oﬁl)) = log( E E p@(0z+1 | 5/)>+

5~b; ¥ ~P(-[5,a,)

(D([E ) log po> (§z+1 | Et>at>0t+l) —log [Ei; PG | 5, ar) — log pa(0s41 | §t+1)] ,
Str1~ t50t,0t+1 S~by

(4.11)

where pg, po, and p respectively denote the densities of the latent observation function
O, the belief encoder @, and the latent transition function P. Equation 4.11 consists of
four terms: a normalization factor, the negative entropy of @, the alignment of the latent
belief update with the transition function of the latent MDP, and the filtration of latent
states unrelated to 0;41.

Given the parameters J of the network modeling @, we minimize the KL divergence
Dy, by gradient descent on the Monte-Carlo estimate of the divergence:

Vy DKL(q)(Bt>atsot+l;l9) I ?(Bnat,ozﬂ)) =

Vi (IE ) log po (§t+1 | Et:ataOtJrl;l?) —log E P(3i+1 | 5,a:) — log p3(0r+1 | S14+1)
501~ D (br.ar,014159 5~b,
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3. LEARNING TO BELIEVE

Notice that the first term of the divergence (the belief normalization term) of
Equation 4.11 does not depend on @ and thus vanishes. Nevertheless, we observed during
our experiments that adding the normalizing term allows for stabilizing and reducing the
variance of the belief loss.

To learn to minimize this divergence through gradient descent, we use

(i) anormal distribution for modeling the latent observation function pg, which allows
retrieving a Dirac as the variance of the normal goes to zero (Remark 25); and

(if) continuous relaxation of discrete distributions (see Chapter 3, Section 2.4) to model
po and p (more specifically, the MAF of Chapter 3, Section 3.4), which allows to
retrieve discrete distributions as the temperature of the relaxed distributions go to
zero (see Remarks 21 and 23).

Remark 28: Smoothness of latent observations

The WAE-MDP learns from the augmented POMDP P! (Section 2.1), which is
equivalent to P and possesses a deterministic observation function. Such a
deterministic mapping is learned in the WAE-MDP through ©,. However, when
deterministic, the observation terms of Equations 4.3 and 4.11 are Dirac, which
prevents learning: deterministically filtering out states from the next belief that
does not share the next observation is sample inefficient and may further require
constructing the full belief distribution, which is usually intractable. In practice, to
alleviate this, we model the observation function as a normal distribution: O(- | 5) =
N(; 6,1(5), 0%) where the variance can, e.g., be learned via L or simply annealed
during training. Annealing the variance to zero allows recovering a Dirac.

Optimizing the Wasserstein terms. To optimize the Wasserstein term of the reward
and transition regularizes (Equation 4.6), we follow the same learning procedure as in
WAE-MDPs (Chapter 3, Section 3.3): we introduce neural networks I'a (for & € {F, Q })
that are trained to attain the supremum of the dual formulation of the Wasserstein
distance. To do so, we need enforce the Lipschitzness of I'a and, as in WAE-MDPs, we
do so via the gradient penalty approach of Gulrajani et al. [2017], leveraging that any
differentiable function is 1-Lipschitz if and only if it has gradients with norm at most 1
everywhere.

Finally, we do not directly optimize the total variation distance of Lo, but rather the
Wasserstein; we take the usual Euclidean distance as metric over Q that we proved to be
Lipschitz equivalent to a distance converging to the discrete metric as the temperature
of the latent space goes to zero, assuming Q is compact (Lemma 20). This allows to to
eventually recover dry in the zero-temperature limit.
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Figure 4.8: Evolution of the (i) undiscounted cumulative return for WBU, R-A2C and
DVRL [Igl et al., 2018], and (ii) estimated belief loss during learning for WBU (mean
and standard error). We report 5 instances of each algorithm. Appendix C.2 details the
hyperparameter search performed.

Learning the policy is enabled by inputting the sub-belief into the policy, while the
optimization of the belief encoder parameters by the RL agent is not allowed. Our
method is applicable to any on-policy algorithm, and we employ A2C (Algorithm 4) in
our experiments.

We summarize the learning procedure in Algorithm 7.

4 Experiments

To evaluate our approach, we identify three types of POMDPs: those requiring long-term
memory, those where features of the state space are hidden (and may be inferred from
short-term memory), and those with noisy observations. Notably, we stress that long-
term memory is crucial in POMDPs, whereas short-term memory could be mitigated by
stacking frames (e.g., Mnih et al. 2015). We compare our agent to R-A2C and DVRL [Igl
et al., 2018] in Figure 4.8, trained in environments from POPGym [Morad et al., 2023] and
our own partially observable version of MINATAR [Young and Tian, 2019].

Memorization. The REPEATPREVIOUS environment involves shuffling two decks of
cards at the start of each episode and presenting the agent with a card at each time
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4. EXPERIMENTS

Algorithm 7: WASSERSTEIN BELIEF UPDATER

Input: Batch sizes Bwpu, Bwag, Bnexr; global learning steps N; no. of model updates per iteration
Nnoper; your favorite collect strategy init; replay buffer @B) D; Lipschitz networks
IF: S - R, Ih: Q- R;observation variance network O ; and loss weights wg, wp

function O(- | 5) > (smooth) Observation Filter
U 6,,(5); o« O4(5) > Decode §; get the standard deviation of the reconstruction
return N'(-; p1,0%)

N
— / / init
collect r = {s,-, 0j, 4,13, S{, 0] }izl

> Use the exploration policy min;; to collect transitions and initialize the RB

by executing minit for Niy;; steps; store 7 in D

repeat N times

repeat Nyjopz times

> Update the WAE-MDP model for Nyiope, consecutive training steps
for i < 1 to Byag do

<Si, 0i,ai, 13, 8], 0,{> ~D > Sample a transition from the RB
& —¢(s].0f) > Embed {0/ ) to the latent space
& ~0(15) > Observe the resulting latent state via O

Lwag < compute the WAE-MDP loss on the batch {si, 0i, @i, 11,5}, 0f }i’\{AE (Algorithm 6)
Update the WAE-MDP components by minimizing Lwag

Lo < 1/Byat - E?ZV{AE [FQ(O{) - I"Q(éf)] > Observation loss
Update I, by maximizing £ and enforcing its 1-Lipschizness w.r.t. metric dg

| Update O, by minimizing Le

for i < 1 to Bypy do

S0 < 51550 < 515 bo < 853 fo < fir > By is arbitrary, e.g., zeroes
fort < 0toT do
a ~7( | Br) > Produce the action a; according to the sub-belief f;

execute a in P, receive reward r;, and perceive the next state-observation (s;+1, 0;+1)
store the transition (s;, o, az, 1y, St+1, 0t+1) into D

Bre1 < (I)s"b(sg(/)’,), ar, 0p4+1) > Update the sub-belief; sg refers to “stop gradients"
brp1 — M(Br+1) > Retrieve the next belief distribution by via the MAF M
Si41 ~ bt > Believe into the next latent state

> Marginalize the next latent state distribution w.r.t. the current belief
for j < 1 to Bygxr do

L S~ Et§ £{0g13 <~ [logF(EHl | S,a1) — log BNEXT]

£~ toghen(ie) ~LIERE™ ({£], 5 }) = 10gOCore1 | 5101)
> Pointwise decomposition of Equation 4.11; LXE refers to the log-sum-exp operation
£% — [R($(st,00). @) — Ry ) > Latent reward regularizer

§ ~P(-|5§,a:) © Transition to the next latent state from the current believed latent state

E%’t — [Fe(@Cste1, 0001)) = T5(57) ] > Latent transition regularizer

Update I by maximizing Zfi"fw e E%t and enforcing its 1-Lipschitzness w.r.t. latent metric d

Update ®*** and M by minimizing /(Bwpy-+T) ng’BU Z:T;ol (Ei& +wg - E% +wp E%’t )
Bwgu

i > Algorithm 4

| Update 7 by minimizing the A2C loss on the batch {Bir @t}
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step. The goal is to identify the suit of the card seen 8 time steps earlier. Our algorithm
stands out as the sole method demonstrating mid- to long-term memorization capabilities.
Unlike other methods, notably DVRL which also attempts to learn a belief distribution,
WBU provably acquires a suitable representation of the history by learning to maintain
a sufficient statistic, thereby explaining its ability to retain past information.

Hidden features. We employ a cart pole scenario (STATELESSCARTPOLE) where
velocity components of the system are hidden. R-A2C excels rapidly here, capitalizing
on short-term memory to infer velocities from the preceding observation, while DVRL
is overtaken. Still, WBU eventually reaches R-A2C final performance. We also explore
the SPACEINVADERs environment, where the agent takes command of a cannon with the
objective of shooting at groups of moving aliens. In the observation, we intentionally
concealed the direction of alien movement and confounded friendly and enemy fires. In
this more challenging setting, WBU excels by earning the highest rewards.

Noise. We explore two types of noise. First, we introduce Gaussian noise to the
observations of STATELESSCARTPOLE. Second, for SPACEINVADERS, binary noise is injected
via a radar-like mask obscuring the position of each alien with high probability. Hence,
the agent must infer their positions based on previous observations. By leveraging its
ability to maintain a belief over the noiseless (latent) state space, WBU demonstrates its
resilience to noise and swiftly provides superior solutions, whereas R-A2C eventually
achieves comparable performance but with more variance.

Belief  representation. Ideally,
close policy inputs should lead to
close wvalues, which would ease its
optimization. Theorem 31 provides
such a representation guarantee and
ensures that the representation induced
by ® captures the value function. To
support this, we performed a t-SNE . v
[van der Maaten and Hinton, 2008] on . ‘
our belief representation at the late stage
of training, which projects latent beliefs
on a 2D space (Figure 4.9). Interestingly,
latent beliefs clustered together have indeed SR I
close values, in line with Theorem 31. We

reported the belief loss throughout the
training phases (Figure 4.8). Importantly,
unlike other baselines, our approach

»
*
Value

Figure 4.9: Two-dimensional t-SNE of our
belief representation for SPACEINVADERS
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distinctly separates the optimization of ® and . Consequently, the policy optimization
does not influence the representation which is solely learned via ®@. The decrease in this
loss thus relates to improved representation quality for RL.

5 Concluding Discussion

WBU provides a principled approach that approximates directly the belief update
for POMDPs, in contrast to state-of-the-art methods that use the RL objective and
regularization to attempt to turn the history into a sufficient statistic. By learning the
belief and its update rule, we provide strong guarantees on the quality of the belief, its
ability to condition the optimal value function, and ultimately, the effectiveness of our
algorithm. Our theoretical analysis and experimental results demonstrate the potential of
our approach. Overall, WBU provides a promising new direction for RL in POMDPs, with
potential applications in a wide range of settings where decision-making is complicated
by uncertainty and partial observability, or when guarantees on the agent behaviors are
required.

The theory we developed is not limited to the algorithm proposed in this chapter. It
opens diverse avenues for future work, e.g., on formally verifiable policies for POMDPs,
by leveraging the guarantees presented in our framework. We also leave the study
and the adaptation of our framework under relaxed assumptions (e.g., in settings akin
to the work of Lambrechts et al., 2023) to future work. In addition, Theorem 30
enables policy optimization through planning in the learned model, as demonstrated
in successful model-based RL methods (e.g., Hafner et al. 2021). Scaling to high-
dimensional observations (e.g., images) may potentially be computation-intensive due
to observation filtering. For this further challenge, we suggest either to modify the
WAE-MDP framework by using a stochastic decoder (see Tolstikhin et al., 2018, e.g., via
PixelCNN, van den Oord et al., 2016), or learning a lower-dimensional latent observation
space synced with the policy with a normalized or (relaxed) discrete prior (e.g., via a
WAE-GAN, Tolstikhin et al., 2018).
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Synthesis from Deep Reinforcement
Learning Components

In Chapter 3, we mainly focused on model checking deep reinforcement learning policies.
In this chapter, we rather focus on synthesis: we start from a specification and the
goal is to construct a controller which satisfies the specification by design. For a
detailed discussion on synthesis, we refer the reader to the introduction of Section 3
in Chapter 2. Notably, we consider the case where the environment is too large to
be modeled explicitly, in which case standard synthesis algorithms cannot be applied.
To address this challenge, we propose to combine deep RL with reactive synthesis to
construct the controller. Deep RL and synthesis are two complementary approaches to
obtaining control policies with different strengths and weaknesses. We recall the main
differences between the two approaches — benefits and drawbacks — and motivate the
introduction of a unified framework, alleviating the limitations of each technique while
preserving their advantages.

On the one hand, one may consider RL to learn the control policy. In RL, the designer
chooses how rewards are issued, and the RL agent is trained to learn a control policy
that optimizes the cumulative sum of rewards. In particular, deep RL shows success
in domains of increasing size, often surpassing human capabilities. On the downside,
designing a reward function is a challenging engineering task in which the designer
needs to both train the agent to exhibit desired behavior and train it efficiently. While
the satisfaction of specifications may be encoded as binary sparse signals issued along
the interaction, sparse rewards are challenging for RL agents. For instance, consider a
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robot obtaining a reward for exiting a building. Since exiting by random exploration
is improbable, training is time-consuming and might even fail in simple environments.
In practice, dealing with sparse rewards can be alleviated by guiding the agent to the
intended behavior through intricate techniques [Liu et al., 2022a]. This in turn, adds more
problems as the “desired behavior” is specified via rewards, and reward engineering can
lead to behavior that may not align with the user’s intentions.

On the other hand, synthesis constructs an optimal policy based on a model of the
environment and an objective specified as a logical formula. In contrast to DRL,
synthesis provides guarantees that the policy satisfies the specification and allows users
intuitive and natural specification languages. For example, exiting the building in linear
temporal logic is Qexit. The reliance on an explicit model of the environment is its key
disadvantage; the technique struggles with scalability and domains in which dynamics
are partially known.

In this chapter, we propose a framework that aims to gain the best of both worlds. We
introduce a novel approach to obtaining policies in large environments when only limited
information about their high-level, abstract structure is available. We require minimal
prior knowledge on this structure: the input is a map given as a graph, where each vertex
is populated by an (unknown) room, modeled as an MDP. We argue that this is a natural
requirement in many domains. Suppose the building in which the robot operates is a
warehouse, where it needs to deliver a package. The warehouse is divided into rooms
amid moving obstacles (e.g., forklifts, workers, or other robots). While it is infeasible to
provide a model describing all the possible interactions the agent may have within the
warehouse and the dynamics of the moving obstacles, one can reasonably assume a map
is provided.

In each room, we train DRL policies to complete short-horizon room-specific tasks, e.g.,
safely exit a room. Based on the DRL policies, we synthesize a high-level planner to solve
along-horizon task given on the map, e.g., deliver the package at a target location. We call
the combination of low-level policies and the high-level planner a hierarchical controller.

We list advantages of our framework. First and foremost, it provides guarantees on the
operation of the controller. As mentioned, it enjoys the best of both worlds: it enables
synthesis with theoretical guarantees in large partially-known environments. It allows a
“separation of concerns”: reward engineering is only done locally while high-level tasks
are given in an intuitive specification language. In addition, it offers a remedy for the
notorious challenges of sparse rewards in RL. Interestingly, it enables reusability: the
policies in rooms and their guarantees are reusable across similar rooms and when the
high-level task or structure change.

We stress that, while our approach naturally fits the given example, it is not limited to
such navigation scenarios. Others include probabilistic programs (e.g., network protocols
and job scheduling, Junges and Spaan, 2022), systems that can be formalized as string
diagrams (e.g., dice games, Watanabe et al., 2024), and more general software systems
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relying on libraries of reusable components such as drivers in an operating system
[Ryzhyk et al., 2009]. Notably, our approach can be seen as post-hoc to hierarchical RL
[Barto and Mahadevan, 2003], where the high-level structure is eventually learned and
fixed, but not yet the low-level components.

We complement our theoretical results with a case study which illustrates the feasibility
of the approach. We consider a domain of parameterizable size in which an agent needs
to reach a distant location while avoiding moving adversarial obstacles with stochastic
dynamics. We show that DQN struggles to find a policy in our domain, even with
reward shaping. In the rooms, we demonstrate our novel procedure for training concise
latent policies directly. We synthesize a planner based on the latent policies and show
the following results. First, our high-level controller achieves high success probability,
demonstrating that our approach overcomes the challenge of sparse rewards. Second,
the values predicted in the latent model are close to those observed, demonstrating the
quality of our automatically constructed model. Third, we complement the latter with
probably approximately correct (PAC) bounds on the abstraction quality.

Related work. We compare with other approaches to obtain high-level controllers. In
hierarchical RL or the options framework [Sutton et al., 1999b], the high-level component
learns a policy over subgoals and a low-level component learns to achieve them. Both are
learned concurrently, while for us the map is given — our problem is post-hoc to learning
the high-level component. Furthermore, the reusability of our low-level components
and the fact that the choice of the low-level policy cannot be resolved in a Markovian
fashion (i.e., without memory, details in Section 3) is a distinction from option-inspired
approaches. Another recent approach is the CLAPS algorithm [Zikeli¢ et al., 2023]
to learn low-level components with correctness witnesses. However, CLAPS focuses
on stochastic feedback loops, where both the transition function and the controller
are assumed Lipschitz continuous in the state space and respectively restricted to re-
parameterizable distributions and deterministic, stationary policies. In contrast, we
consider MDPs with (intractable) finite spaces and general policies. Moreover, the low-
level components of CLAPS are not related to the high-level structure of the environment
but rather to the considered logical specification.

The key challenge in planner synthesis is to obtain a ranking criterion, i.e., an estimate
on the policy’s success probability. DRL outputs a neural network (NN), which is too large
to incorporate in a synthesis procedure [Kazak et al., 2019], and we assume no knowledge
of transition probabilities in rooms (rather, only simulator access). Our approach draws
from the common framework of training an NN, distilling a concise latent model, and
applying formal reasoning to the latent model (see, e.g., Chapter 3 and Ernst et al., 2005;
Alamdari et al., 2020; Bastani et al., 2018; Tornblom and Nadjm-Tehrani, 2019). Note that
the latter only gives guarantees if distillation provides error bounds on the abstraction
induced by the latent model. In contrast, our method is of independent interest and trains
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a latent policy directly, thereby circumventing the need for model distillation; it outputs
a latent MDP together with a mapping from concrete environment states to abstracted
states, and PAC guarantees on the latent policy value. We stress that the abstraction is
learned, unlike in the works of Roderick et al. [2018]; Jothimurugan et al. [2021b].

The work developed in this chapter is concerned with reach-avoid objectives in RL.
Such objectives can be specified in LTL or VLC (cf. Chapter 1, Sections 3.1 and 3.5). While
hierarchical RL is a notoriously difficult problem [Kulkarni et al., 2016], LTL objectives
add intractability (cf. Chapter 1, Section 3.4) and only allow for PAC guarantees if the
MDP structure is known [Fu and Topcu, 2014]. Besides the mentioned work of Zikeli¢
et al. [2023], high-level controllers are used in recent works such as combining a planner
with a low-level learned policy and a safety shield [Xiong et al., 2022]; however, the ad-
hoc integration of the learned component does not provide guarantees. Moreover, Nayak
et al. [2023] obtain low-level controllers via reactive synthesis, which does not scale to
complex scenarios. Regarding safety objectives, RL remains intractable [Alur et al., 2022].
For guaranteed safety, one can synthesize a shield that blocks unsafe actions [Alshiekh
et al., 2018; Konighofer et al., 2022]. In our setting, we would need shields for the low-
level policies; constructing them would require full access to the rooms’ models (which
are too large). Approaches encouraging but not ensuring safety use constrained policy
optimization [Achiam et al., 2017], safe padding in small steps Hasanbeig et al. [2020],
time-bounded safety [Giacobbe et al., 2021], safety-augmented MDPs [Sootla et al., 2022],
differentiable probabilistic logic [Yang et al., 2023b], or distribution sampling [Badings
et al., 2023].

Origin of the results. This chapter presents original and unpublished results, which
can be found in the preprint [Delgrange et al., 2024].

1 Problem Setting

MDPs and initial distribution. In this chapter, we consider environments modeled
as (very large) MDPs with finite state and action spaces. Let M = (S, A,P,R, AP, ¢,Ly)
be an MDP. For the sake of simplicity, notice that we replaced the initial state of the
MDP with an initial distribution over states, I € A(S). Note that this formulation is
equivalent to our standard definition of MDPs (Definition 5): to pass from an MDP with
initial distribution I to an MDP with an initial state, it simply suffices to add a new initial
dummy state s; to the state space and define its transition function as P/(: | s;,a) = I for
all a € A, then make all rewards shift by y to take this additional transition into account,
i.e., R/ = R/y.

When AP and ¢ are omitted from the definition, we may simply consider the natural
labeling of M (cf. Definition 5), i.e., AP = S and £(s) = {s} for all s € S.
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Reach-avoid objectives. We specifically focus on reach-avoid objectives, which are
a combination of reachability and safety specifications: the agent must reach a target
set T C AP while avoiding a set of unsafe labels B C AP. Precisely, we consider the
VLC formula

©(T,B) = Ax.((avoid Ay - 0x) V (reach A avoid)) (5.1)

where avoid = /\;5 —b and reach = \/,.;t. Notably, as the discount factor goes to
one, the reach-avoid objective translates to the LTL formula avoid U (reach A avoid):
the value of every state s € S for a given policy = w.r.t. the objective @(T,B), written
V7 (s, (T, B)), reduces to the probability of satisfying the objective starting from s and
following w as y — 1, ie., lim,; V*(s, o(T,B)) = P.(r F avoid U (reach A avoid)).
When clear from the context, we may simply write ¢ for @(T,B). We are particularly
interested in the values obtained from the beginning of the execution, which we denote

by V(@) = Eg [V”(so, (P)]

1.1 Problem Formulation

In this section, we formally model a hierarchical environment and state the problem of
hierarchical controller synthesis.

Intuitively, we consider an MDP given by a high-level map as an undirected graph, each
of whose every vertex is associated with a “low-level” MDP called a room. A hierarchical
controller operates as follows. In each room, we assume access to a collection of low-
level policies, each optimizing a local (room) reach-avoid objective. We obtain these low-
level policies using DRL since the rooms may be large and of unknown structure. When
transitioning to a new room, a high-level planner selects the next low-level policy. We
synthesize this planner to optimize a high-level reachability objective. The challenge
with this hierarchical structure is to obtain concise low-level policies with performance
guarantees to enable a feasible synthesis procedure.

Hierarchical model. A room R = (Sg, Ax,Px,Dirg, I, O, AP, f) consists of
states, actions, transition, and labeling functions S, A, P, and £% as in an MDP,
a set of directions Dirg, an entrance function Iy : Dirg — A(Sx) taking a direction from
which the room is entered and producing an initial distribution over states of the room,
and an exit function Og : Dirg — 2°* returning a set of exit states from the room in
a given direction d € Dirg. We assume states are assigned to at most one exit, i.e., if
s € Ox(d) and s € Ox(d’), then d’ = d. We further see each direction as an atomic
proposition, with Dirg C AP: this allows to label exit states with d so that s € Ox(d)
if and only if d € £x(s).
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Example 19: Room

Consider the grid world of the right figure

as a room R populated by an adversary o R

A whose position is encoded in S and ?Zgj oo ’?2?,.)

behavior in Px. The position of §§ depends ,‘,..j" o

on the direction from which the agent *,.-{;’:" Or(=)
enters R. The agent G enters from Tx( =)~

the left in direction — to the states of ,?ZZ)

R distributed according to the entrance “A

function Ix(-|d =—) (the tiling patterns
highlight its support). Precisely, while
Q@ is deterministically sent to the leftmost cell (yellow tiling), Iz allows to
(probabilistically) model the possible positions of @ when entering the room (red
tiling). When reaching the green area, depicting states from O(—), G may exit R
by the right direction —.

For a graph G = (V, &) with vertices V and undirected edges € C 'V x V. Since
the graph is undirected, we have (v,u) € & if and only if (u,v) € &. The neighbors
of v € V are Neighbors(v) = {u eV |(u,v) € &} and the outgoing edges from v are
out(v) = {u,t) € E&: u=vort=v} A pathin G corresponds to a finite sequence of
vertices vy, vy, ..., U, € V* such that (v;,v;4,) € € forall i < n.

A hierarchical model H = (G, Rooms, £,vy,{dy,d;),y) consists of a graph G = (V, ),
a collection of rooms Rooms, a labeling £ : V — Rooms of each vertex v € V with
a room £(v) such that the directions are Dir,;y = out(v), an initial room vy € V,
directions dy, d; € out(vy) from and in which v is respectively entered and must be left,
and a discount factor y € (0, 1). Note that we allow multiple copies of a room, i.e., there
can be u = v with £(u) = £(v).

For the remainder of the section, fix a hierarchical model H =
(G, Rooms, £,v9,{dp,d1),y). The explicit MDP M corresponding to H is obtained
by, intuitively, “stitching” MDPs R € Rooms corresponding to neighboring rooms.
Figure 5.1 illustrates the different layers of a hierarchical model and the corresponding
explicit MDP. Formally, we define the explicit MDP as the tuple M = (S, A,P,R,Ly),
where S = {(3, V) : S €SV € \7}, A = Unerooms AR U {@exit}, and P and I are defined
as follows. The initial distribution I simulates entering M in the room £(v,) from
direction dy. Thus, for every s € Sy(,,), we have I(s,v9) = Z;¢,)(s | dp). The transitions P
coincide with Py for non-exit states. Let d = (v,u) € € so that v € Neighbors(u);
Ox(d) are the exit states in room R associated with v in direction d, and Z,(,(d) is
the distribution over initial states in the room associated with u in direction d. The
successor state of s € Ox(d) follows the distribution Z,¢,)(d) when the action gy is
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Figure 5.1: Example showing the
different layers of a hierarchical
model. Bottom: a snapshot of
a grid world environment with
several rooms (two depicted
here) with one controllable agent
@ and moving adversaries .
Middle: an explicit MDP M
composed of two rooms R, and
R;. Arrows between states depict
(some) possible transitions. Top:
a graph G composed of vertices
V={vp,u,v/,...} and edges
E ={di,d,,...} for transitions
between rooms. The agent G
enters (sp,v9) €S (£(vy) = R
and sy € Sg,) from the top (dy =l)
and must avoid f and exit R,
through the door on the bottom
right: O, (d; = (v, u)) = {s2}.
The function I, (- | d; = (vo, u))
produces an initial probability
distribution over the possible
positions of @ and R when
entering R; (tiling patterns), in
the same spirit as in Example 19.

chosen. Note that each trajectory 7 in M corresponds to a unique path path(r) in G
that traverses the sequence of rooms 7 visits.

High-level reach and low-level reach-avoid objectives. The high-level reachability
objective that we consider is OG, where G C 'V is a collection of goal vertices in the high-
level graph of H. A path 7 in M satisfies (G if and only if path(r) visits a vertex v in G,

i.e., T visits the room located in v.

We define the low-level safety objective for the discount factor y over the states of the
rooms in Rooms. For each room R, let Bx C AP be a set of unsafe (“bad”) labels that
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Figure 5.2: Hierarchical model H where a set collection of low-level policies II is fixed;
all probability distributions are deterministic. Graph vertices are depicted by squares and
room states by circles. States of the form s, (blue circles) are exit states. Subscripts —, |, <
respectively indicate directions (u, v;), (u,v3), and (u,v4) in the room ¢(u). B = £(sp)
(orange circle) and G = {vs;} are the set to avoid and the high-level goal, respectively.
The set of low level policies include those from room ¢(u), i.e., {ﬂk,ﬂl,ﬂﬂ} CIl. A
hierarchical controller m = (@, II) selects which low-level policy from II to execute in
each room, according to the directions chosen by the planner @.

the agent must avoid. Moreover, given a direction d € Dirg, we define the reach-avoid
objective (p‘jz(ng = {d},Bx), namely exiting R in direction d while avoiding bad states.!

Hierarchical control. We define a high-level planner @ : V* — & and a collection
of low-level policies II such that, for each room R € Rooms and a direction d € Dirg,
IT contains a policy nx g4 for the objective (pffR. The pair m = (®@,II) is a hierarchical
controller for H, defined inductively as follows. Consider an initial vertex vy € V.
Let dy = @(€),d; = @(dy) € out(vp). Initially, the room ¢(vy) is entered according to
the distribution Z,(,,)(: | dp). Then, the control proceeds according to the policy ;)4 -
Let 7 be a finite trajectory in H ending in s € Sg, for some room R = ¢(v). If s is not an
exit state of R, then control proceeds according to a policy mx4 with d = (v,u) and u €
Neighbors (v). Suppose that s is an exit state in direction d and that path(r) ends in v, i.e.,
s € Ox(d). Then a,,;; is taken in s and the next state is an initial state in R’ = £(u) drawn
from I/ (- | d). The planner must choose the direction d’ = @(path(r) - u) € out(u) from
which to exit R’. Control of R finally proceeds according to the low-level policy %/ 4.

Note that 7t can be simply considered as a policy in the explicit MDP M. An example of a
hierarchical model with a fixed collection of low-level policies can be found in Figure 5.2.

lwe set T to {d} since states from R are labeled with d if and only if they are exit states from O (d).
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Problem statement

Given a hierarchical model H = (G, Rooms, £,vy,{dy,d;),y), we define the high-
level objective as the tuple Q = (OG, w) with goal G C V and a set of low-level
reach-avoid objectives w = {q)‘é2 : R € Rooms,d € Dirg }, construct a hierarchical
controller T = (®,II) maximizing the value of reaching a goal vertex in G while
avoiding the bad states in each room.

2 Obtaining Latent Low-Level Policies using DRL

There are fundamental challenges in reasoning about policies obtained by DRL, which
are typically represented by large NNs. In this section, we develop a novel unified DRL
procedure called WAE-DQN, which outputs a latent model together with a concise policy
accompanied by PAC guarantees. We believe that WAE-DQN is of independent interest.

2.1 Latent Space Models and Guarantees

We consider learning a latent MDP M = <§ LA, R,AP, 7, T} for each room R, associated
with an embedding ¢ from concrete to latent states. This way, any latent policy for M
can be lifted to the room R: let s € S, then it suffices to process s through ¢ to execute
7 in R by generating actions via a ~ (- | #(s)) (see Chapter 3, Section 1 and Figure 3.3).
As in the previous chapters, we respectively write V7 and V7 for the value function of
the original environment and the latent model, when they both operate under the same
latent policy 7.

Then, the goal is to learn the latent policies 7 populating the collection of low-level
policies IT of the hierarchical controller. This way, each policy from II is associated
with the guarantees we derived in Chapter 3, Sections 1.2 and 1.3 (refer to Table 3.1
for a summary of the guarantees we provide by learning latent models). Notably, the
guarantees rely on bounding the difference of values that the agent can achieve in the
latent models and the concrete environments (here, the rooms). To achieve this, we have
shown in Chapter 3, Section 1.2 that this is made possible by learning to minimize the
errors in the transition functions of the original and latent model (called the transition loss,
cf. Definition 1.1). We quickly recall some results that will be useful in the subsequent
sections.

Let @ be a reach-avoid objective. Since the spaces are assumed discrete in this chapter,
one can see every probability distribution as a vector of probabilities in the simplex A" =
{x eER": Y x;i=landx; >0foralli=1,..., n} where n is the number of states in
the environment under consideration. Then, assuming P is the transition function of the
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environment, the transition loss obtained under a latent policy 7 is given by
Lp=1/2- [Eg |#PC: | s,@) = P(- | §(s), a)],. (5.2)
s,a~&

Minimizing Lp ensures that the difference of values between the latent and concrete
models is also minimized (Theorem 23):

_ — Lp

V(@) =Vi(Q) < s—————.

| ! I | gﬁ(sreset)(l - Y)

where 1/&:(s.) corresponds to the average episode length under 7. This result is PAC
estimable (Theorem 25). Furthermore, minimizing Lp ensures that original states that
are clustered together in the latent space have close value for the reach-avoid objective
(Theorem 24): for all states s;, 53, ¢(s1) = P(s2) implies

v \&&) " as)

To enable those guarantees, we need to ensure that one can access a stationary
distribution for every room abstracted through a latent space model (Assumption 2). For
simplicity, we assume that the low-level policies are learned in the rooms via episodic
simulations, which guarantees the existence of a unique stationary distribution per room
(Corollary 1).

V7 (s1,0) = V7(s3, )| < IYLP ( ! ! ) (5.3)

Assumption 11: Rooms are episodic

Each room R € Rooms is episodic (Definition 16). In particular, since all rooms
R make use of an initial distribution Ix, the transition function need satisfy
PR(: | Sreser, @) = I for all a € Ax.

Remark 29: Reachability in ergodic rooms

Assumption 11 implies the ergodicity of the rooms and the latent model
(Theorem 7). In ergodic MDPs, each state is almost surely visited infinitely often
(cf. Chapter 2, Section 1.4). Therefore, for unconstrained reachability goals (B = @),
while discounting still provides insights into how quickly the objective is achieved,
optimizing the values associated with reaching the target T before the episode
concludes (thus, B = {reset}) is often more appealing.? This involves finding a policy
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7 that maximizes V" (@(T, B = {reset})). In essence, this is exactly how an RL agent
is trained: learning to fulfill the low-level objective before the episode concludes.

“reset is a special label for s, see Assumption 5.

2.2 Obtaining Latent Policies During Training

Algorithm 8: WAE-DON
Input: steps T, model updates N, batch sizes Bwag, Bpon, and a, € € (0, 1); Deep
Q-Network Q with params. Opgn, state embedding ¢ with params. ¢, and
latent model M with params. Owag;

Initialize the taget parameters: <i, éDQN> « copy the parameters <l, GDQN>
Initialize replay buffer D with transitions from random exploration of M
fort e{1,...,T} withs, ~ I do

Embed s, into the latent space: § « @(s;)

> Your favorite exploration strategy (here, e-greedy)
) w.p. (1—¢€), define a; = arg max, Q(5, a), and
Choose action a;: )
w.p. €, draw a; uniformly from A

Execute g; in the environment M, receive reward r;, and observe s;,;
Store the transition in the replay buffer: D « D U {(s;, a;, 11, $1+1)}
repeat N times

Sample a batch of size Byag from D: X « {(s, a,r,s’); }f;:;AE ~D
Update ¢ and Oyag on the batch & by minimizing the WAE-MDP loss

(including Lp) for the latent policy 7 > cf. Algorithm 6

foric {1, ,BDQN} do
Sample a transition from D: s,a,r,s" ~ D

Compute the target: y < r +y maxycy Q(d)(s’; D,d; éDQN)
| Compute the DON loss (Equation 2.22): L; « (Q(g{)(s; 1), a; GDQN) - )7)2

Update 1 and Opgn by minimizing 1/Bpox Z?EIQN L;

Update the target params.: I < a -1+ (1 — @) - I; 0« a- Opon + (1 —a) - 0

return ¢, M, and 7

In this section, we introduce WAE-DQN;, a DRL procedure that trains a latent MDP over
finite state-action spaces and policy. WAE-DQN alternates between the optimization of a
latent policy via DON (Algorithm 3, details in Chapter 2, Section 2.2) and representation
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learning, via a WAE-MDP (Algorithm 6, details in Chapter 3, Section 3). The detailed
learning procedure is described in Algorithm 8.

Intuitively, a WAE-MDP and a (latent) DQN policy are learned in a round-robin fashion:
the WAE-MDP produces the input representation (induced by ¢) that the DQN agent
uses to optimize its policy 7. At each step t = 1,...,T, the environment is explored via
some strategy to collect transitions in a replay buffer. Each training step consists of two
rounds of optimizations. The first one optimizes the parameters of P and ¢. Second, we
optimize the DQN’s parameters to learn the policy as in DQN. We further allow DQN to
backpropagate gradients through ¢. We make use of a target embedding function (/’) for
stability purposes (in the same spirit as Zhang et al., 2021). This is consistent with DQN’s
target network approach: the weights of gi; are periodically synchronized with those of
the original embedding function ¢. Then, q§ is paired with the DQN’s target network,
which allows to avoid oscillations and dramatic shifts in the representation.

This learning procedure yields two properties (implied by the representation quality
guarantees of WAE-MDPs, cf. Equation 5.3): (i) the embedding function ¢ groups states
with close values, easing the learning of 7; (ii) 7 prescribes the same actions for states
exhibiting similar behaviors, enhancing robustness to environment perturbations. The
direct learning of 7 has two key benefits: (i) it removes the need for alternating between
policy optimization and distillation phases, simplifying the process; (ii) it enables the use
of the same latent space for different rooms with similar structures.

3 Obtaining a High-Level Planner

We fix H = (G,¢,Rooms,vy,{dy,d;),y) as hierarchical model. In this section, we
construct a high-level planner @ for H based on a collection of low-level latent policies
IT (cf. Figure 5.3). Recall that (pffR denotes exiting room R € Rooms via direction d € E,
which the latent policy 74 € II is trained to optimize. To enable high-level reasoning
when the rooms are aggregated into a unified model, we add the following assumption.

Assumption 12: Shared reset

All rooms R € Rooms share the same reset state s,,5; in H.

3.1 Planner Synthesis

Fix II as a collection of low-level, latent policies. In this section, we show that
synthesizing a high-level planner reduces to constructing a policy in a compact model,
where the action space coincides with the edges of the graph G (the choices of the high-
level planner). In the following, we describe the chain of reductions leading to this result.
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VR € Rooms
‘ ] 1Vd € Dler
WAE-DON
N ﬂg o)
— 11
| WAE-MDP on R FH— - |
H, ¢% R £ (@,11)
=
;\\\\\t II (/>)\'
4 ==,

Figure 53: Given the hierarchical model H, the set of low-level objectives
{(,o‘éz : R € Rooms, d € Dirgg}, WAE-DOQN is run in each room R € Rooms for each
direction d € Dirg in parallel. The algorithm outputs an embedding function ¢, a
collection of latent MDPs, and policies IT accompanied by PAC guarantees (Theorem 25).

A planner @ maximizing the values of Q is then synthesized in a compact model Mﬁ,
aggregated according to the hierarchical graph structure G of H.

We further discuss the memory requirements of the planner. An overview of this chain
of reductions is depicted in Figure 5.4.

We start by establishing a bound on the memory required to implement an optimal
planner. We show that planners indeed require memory.

Example 20: Memory is necessary for high-level planners

A planner for the hierarchical model depicted in Figure 5.2 requires memory. To
reach v; while avoiding the bad state sp, the planner’s decision in room R = £(u)
must depend on how u is entered: when entering from vy, the planner must choose
<, when entering from v,, it must choose |, and when entering from vy, it must
choose —.

MDP Plan. We define an MDP My, called an MDP plan, such that policies in My
correspond to planners. Recall that the actions of a planner @ consist of choosing a low-
level policy once entering a room. Example 20 shows that the planner needs to take into
account the direction from which a room is entered. Accordingly, we define the MDP
plan as the tuple My = (Sn, Am, Prr, I, ), whose components are intuitively defined
as follows.

States in Sy keep track of the location of the agent in each room as well as the target
of the current low-level policy that is being executed. Precisely, such states have the
form s* = (s,v,u), meaning that the current state of H is s € Sg, located in the room
R = £(v), while the current low-level policy executed is 7 ® 4=, The initial distribution
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Hierarchical Explicit fixTl MDP Compact
model MDP Plan Plan
Theorem 32 Theorem 33 c
H<——>M ——— > My <—>MY
®: V* — Dir : ®: V? > Dir : ®: V? = Dir
State space: (s,v) (s,v,u) (v, u)
current state s current state s room R = fu)
of room R = () of room R = (v) entered from direction

target d = (v,u) d = (v,u)

Figure 5.4: Chain of reductions allowing to synthesize a high-level planner @ for a
hierarchical model H. The hierarchical model H can be formulated as an explicit MDP
M. Once the low-level latent policies II are learned (Figure 5.3), the synthesis problem
reduces to constructing a stationary policy in an MDP plan My where the collection II
is fixed, encoding the directions chosen in each room into the state space (Theorem 32).
From such a policy, one can derive a |V|-memory high-level planner @ for H. Finally,
finding a policy in the MDP plan is equivalent to finding a policy in a compact model M
whose state space merely corresponds to the directions from which rooms are entered,
the actions to the high-level choices of the planner, and the transition probabilities to the
values achieved by the latent policy chosen in the current room (Theorem 33).

I distributes states of the initial room Ry = £(vy) according to the entrance function
Ix,(- | dp). The action space embeds the choices of the high-level planner: € C Ap,
where & are the edges of the graph G. The transition function Py is defined as follows.
If s is not an exit state, Py(- | s*) follows Px(- | s,a), where the action a ~ ZTx4(: | s) is
prescribed by the low-level policy. When s is an exit state, the planner need select a new
target direction d’ € Dirg/ for the next room R’ = £(u), and Pp(- | s*,d’) follows the
entrance function Z/(- | d) of R’ entered from direction d.

Explicit construction of the Plan. Formally, the state space of the MDP plan is

ReRooms

Sn = ( U (SfR N\ {Sreset}) X E) U {Sreset: J—}:

where a pair (s,v,u) € Sy means that the current room is v, the target of the low-level
policy is to exit the room in direction d = (v,u), and the current state is s € Se)-
Following Assumption 12, the rooms share the reset state s, and L is a special sink
state that we add for technical reasons, to disable actions in states. The initial distribution
In has for support {(s,v,u) € Sy | v =vo and (v,u) = d;} where states s € Sy, are
distributed according to Z,,,)(- | do). Actions chosen correspond to those of the planner
— only required when entering a room — so the action space is Ay = € U {*}, where
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d € € means that the low-level policy that is executed exits via direction d, and « is a
special action that is used inside a room, indicating no change to the low-level policy. Let
P be the transition function of the explicit MDP M (cf. Section 1.1). Note that once d is
chosen, we only allow exiting the room through direction d.

We now formally define the transition function. For a state (s, v, u) € Sy with d = (v, u),

(i) if s is not an exit state, i.e., s € Oy()(d), then the action is chosen by the low-level
policy 7,4 and the next state is chosen according to the transitions of ¢(v): for
every s” € Spw) \ {Sreser},

Pu({s,v,uy | (svu),«)= E P({s,v)|(s0),a); (5.4)

a~1e(wya(ls)

(ii) if s is an exit state in direction d, i.e., s € Oy)(d), the next room is entered from
direction d and the planner needs to choose a new target direction d’: for every
s" € Sy \ {Sreser} and edge d’ = (u, t) € out (u):

Pu({s uty |(sv,u),d") =P({s",u) | (5,0),aexit) = Leqy(s" | d) (5.5)

(iii) the reset state is handled exactly as in the explicit model M: Pr(syeser | (5,0, u), %) =
[EaNJZg(U)d P(sreset | <S> U> > a), and PH( ‘ Sresets a) = Iy for anya € A

(iv) any other undefined distribution transitions deterministically to the sink state L so

that Pp(L | 1,a) = 1 for any a € Ap.

Proper policies. We say that a policy & for My; is proper if the decisions of 7 ensure

to almost surely avoid L, i.e., Pyt (®L) = 0. Note that improper policies strictly consist
of those that prescribe to not follow the low-level policy corresponding to the current
objective and do not select a new target direction when exiting.

Property 2: High-level objective in the MDP plan

In My, the high-level objective Q) translates to the reach-avoid objective @(T,B)
where T = {(s,v,u) € Sy | v € G} and

B = {(s,v,u) € S | £x(s) € Bx with R = £(v)}

so that G C V is the set of goal vertices and Bz, is the set to avoid in ¢% for any
d € Dirz. When clear from the context, we may simply write ¢(T, B) for ¢.*

“Note that T, B are set of states. We consider the natural labelling of My;: £1(s*) = {s*} for all s* € Sp.
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The following theorem states that a deterministic stationary policy in the MDP plan can
be implemented through a planner @ : V? — & which utilizes a memory remembering
the direction from which the current room was entered. Such a planner is said to have a
memory of size |V|, as one can implement such memory via a Mealy machine (Property 1)
with at most |V| states.

Lemma 23: Equivalence of policies in the hierarchical model and plan

There is an equivalence between high-level planners with memory of size |V| in the
hierarchical model H and proper deterministic stationary policies in the MDP plan
My; that preserves the values of their respective objective, so that the values of the
objective Q) in H and ¢ in My; are the same under equivalent planners and policies.

Proof. Let @ be a high-level planner for H with memory of size [V|. Let us encode @ as
a finite Mealy machine (Property 1) whose inputs are graph vertices V and outputs are
directions, i.e, @ = (Q, @,, Dy, qo) Where Q is a set of memory states with Q| = |V,
@, : VxQ — ¢ is the next action function, @, : VxQx& — Q is the memory update
function, and gy is the initial memory state.

Let us consider the hierarchical controller 7t = (@, II) as a policy in the explicit MDP
M. Since @ is a high-level planner, we require that

1. @,(vo,q) = d;, and
2. if @,(v,q) = d, thend € out(v) forany v € V,q € Q.

Intuitively, @, chooses the direction to follow in the current room based on the current
memory state ¢, and @, describes how to update the memory, based on the current
room, the current memory state, and the direction chosen. By definition of 7t (see
Section 1), @, is used at each time step in the current room, to know which low-level
policy to execute, and @, is triggered once an exit state is reached, to switch to the
next memory state that will determine the direction to follow in the next room.
Notice that the probability measure induced by 7t in M is P, which defines a
distribution over the trajectories of the Markov chain M, whose state space is the
product of the state space of the explicit MDP, S = {(s V) 1 S €SV E V}, and the
memory states Q, i.e., S x Q (cf. Definition 8).

Recall that the o-algebra of M is generated by the countable union, intersection, and
complementation of cylinders sets (cf. Remark 1). Basic events are cylinders spanned
by finite trajectory prefixes. In particular, in M, for any given finite trajectory r =

(S0:tsV0:1Go:1) € Trajﬁﬂ, the cylinder spanned by 7 is given by

Cyl(r) = {<56;00;U0:oo;q6;;x,> € Trajy,,, | s, =s,, v, =0y, and q, = q, foralln < t}.

Following the definitions of the induced MC M (Definition 8), the probability space
PM (Remark 1), and the controller 7t (cf. Section 1.1), the measure P! can be obtained
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inductively as follows. For a state (s,v) € S, PXY(Cyl(s,v,9)) = Lp(s | do) if vo = v
and ¢ = qo, and assigns a zero probability otherwise. The probability of a cylinder
spanned by a trajectory 7 = (so:1, Vo1, Go:) 1S given as follows:

(a) if s;—; is not an exit state, the low-level policy is executed in direction d =
@,(Ve-1,q—1) and both the current vertex and memory state must remain
unchanged:

PnM(Cyl(SO:H, 0:t-1,G0:1-1)) * E P((sp, 0) | (S-1,01-1) , @)

a~To(u)a(-ls
if 51 € Opy,_)(d) withd = @,(V1-1, G-1), v = v;—y, and ¢, = g_y;

(b) if s;—; is an exit state in the direction prescribed in g;_, then this direction should
point to v; and the memory state must be updated to g;:

Pﬁd(c}’l(so:t—l,Uo:tflaq():t—l)) : If(m)(st | d)
if -1 € Opy,y(d) with d = @,(v—1, g=1) = (W1, 1), and g = Dy (Ve—1, @-1,d);
(c) if s;_; is the reset state, by Assumptions 6 and 12, the planner must be reset as well:
P (CyI(s0:1-1:Vo:1-1. Go:1-1)) * Leop) (st | do)
if $i-1 = Syesers Ut = Vg, and g = qo;
(d) zero otherwise.

Notice that renaming Q to V so that for all ¢ € Q, g is changed to u € V (ie,
q — u) whenever @,(v,q) = (v, u) is harmless, since the probability measure remains
unchanged. From now on, we consider that Q has been renamed to V in this manner.
Now, define the relation = between planners in M and policies in M; as

@ = n if and only if

@Ww-u) ifse O, u)

* otherwise,

w((s,v,u)) = {

for all (s,v,u) € S, where we write @ (v - u) for @,(u,-) e @u(v,u,d = -) o @,(v, u). By
construction of My, modulo the renaming of Q to 'V, [F"HM: (@m = [F",j,w“ for any @, 7
in relation @ = 7: condition (i) is equivalent to (a), condition (ii) is equivalent to (b),
and condition (iii) is equivalent to (c). Note that the only policies = which cannot be in
relation with some planner @ are improper policies, i.e., those choosing actions leading
to the sink state L (see condition iv). Such policies are discarded by assumption.

The result follows from the fact that, modulo the renaming of Q to V, planners and
policies in relation = lead to the same probability space. O
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Theorem 32: Tight memory bound for the planner

For a fixed collection of low-level policies II, a memory of size |V| is necessary and
sufficient for the high-level planner to maximize the values of Q in the hierarchical

model H.

Proof. The necessity of a memory of size [V| is shown in Example 20. The sufficiency
follows from the fact that optimal deterministic stationary policies are sufficient to
maximize reach-avoid objectives in MDPs.

To see why, consider the reach-avoid objective ¢ in the MDP plan M;. The optimal
value of @ is given as follows, for every state s* € Syy:

1 if s € T\ B,
Vi(s, @)= 10 ifs € B, (5.6)

Y - MaXee sy Ey-py(lsta) V (', @)  otherwise

(cf. Chapter 2, Section 3.6). This value function is actually equivalent to the optimal
value function of the usual expected return in an MDP where we make states from
T U B absorbing and incur a reward of (1 — y) for any action played in the absorbing
states T\ B (leading to a value of 1 in those states). Then, by Theorem 5, deterministic
stationary policies are sufficient.

Let 7" be a proper optimal deterministic stationary policy in M. Note that one
can always find a proper optimal policy from an improper one: if z* is improper,
it is necessarily because a prohibited action has been chosen after having reached the
target, which can be replaced by any other action without changing the value of the
objective. Consider a planner @ in the hierarchical model H which is equivalent to
7" (Lemma 23). Then, @ is optimal for Q) in H (since the probability space of the two
models is the same), and @ uses a memory of size |V)|. O

Compact Plan. We now describe a compact construction of My, denoted MIQI, that
preserves its value function. The construction depends on analysis of the rooms under
control of the low-level policies. In the next section, we show how to estimate this value
from the latent models. Intuitively, each state of MY consists of a pair of vertices (v, u)
indicating that room R = £(u) is entered from direction d = (v, u). As in M, a planner
must select an exit direction @(v - u) = d’ = (u,v’) for room R. We set the probability of
going to v’ by choosing d’ to the value that the low-level policy 7 4 achieves in room R.
We illustrate the idea behind the construction via the following example.
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Example 21: Composed trajectories

Consider the explicit model of Figure 5.1, which
we project on two dimensions in the left figure.
Each directed arrow corresponds to a transition
with a non-zero probability. A state of the form
(s,v) indicates that the agent is in state s of
room £ (v).

Consider a trajectory 7 that enters £(vy) = Ry,
exits after i = 3 steps (sp = $1 = $2 %), enters
£(u) = Ry, exits after j = 2 steps (s) — 3 M),
and reaches the high-level goal. The prefix of 7
in R is discounted to y* when the agent exits.
Similarly, the suffix of 7 in R, is discounted to y2. Once in the goal, the agent gets a
“reward" of one (the goal is reached). The discounted reward of 7 is thus y'*/ = y°.
In expectation, this corresponds to multiplying the values in the individual rooms
and, in turn, with the semantics of MY, where probabilities are multiplied along a
trajectory.

Formally, Mﬁ is an MDP <S, A,P,AP = {goal},[*,l>, where S = Eu{l}, A = €,
I(dy) = 1, and £*((v,u)) = {goal} if and only if u € G (the set of goal vertices). The
transition function is defined as follows. Let u € V, for entrance and exit directions
(v,u),(u,t) € out(u), the probability of transitioning from (v, u) to (u,t) is

P(d’ =(u,t) | (v,u),d = (u, t)) = H%K >)Vﬁi(u),d (s, (P?(u))- (5.7)
s~Tpqy(-[vu

The remaining probability mass is concentrated on a special sink state L, capturing the
case where the low-level policies fail to satisfy their objective (ﬁ(p?(u)):

P(L|[{v,u),d =(u,t)) =1—P((u,t) | (v,u),d = (u,t)).
Precisely, let v,u € V,d € €, and d’ € £ u {1}, P is explicitly defined as

E  Viwi(s, @) ifd=d €out(u),
s~Lp(u)(-[v,u))

P(d’ | (v, u) ,d) =11-P{d|{v,u),d) ifd’ = L and d € out(u),
1 ifd = L and d ¢ out(u),and
0 otherwise,

(5.8)
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while P(L | L,d) = 1.

For convenience, we assume that reset € By for each room R, which is consistent with
Remark 29. The construction of J\/llgI and Theorem 33 can be generalized by additionally
wisely handling the reset state in P.

Theorem 33: Value equality in the compact plan

Let T = (@, II) be a hierarchical controller for H with a [V| -memory planner ®.
Denote by Vj’(,ln((p) the initial value of My; running under a policy 7 equivalent®
to @ in My for the reach-avoid objective ¢ of Property 2. Moreover, denote by
Vﬁg (Oygoal) the initial value obtained in ./\/lrgI when the agent follows the decisions
of @ for the discounted reachability objective (¥ goal (cf. Chapter 2, Section 3.6).
Then, assuming v, ¢ G (the case where vy € G is trivial),

Vi, (0) = Vi (0" goal).

%cf. Lemma 23.

Proof. Let M = <§' f{ P,I AP, Z’,y} be any MDP, 7 be a stationary policy for M
and @(T, B) be a reach-avoid objective with T, B C AP. The value of @(T,B) in M is
given by

1 if 7(s)NT = @and £(s) N B = @,
Vi(s, @)= 10 if 7(s)nB = @, and
Y * Ea-i(ls) Eyp([sa) Vi(s’, @) otherwise.

(cf. Chapter 2, Section 3.6). Now, let us consider the values of the MDP plan My
for the reach-avoid objective @(T,B) of Property 2. Fix a |V|-memory planner @
and let 7 be an equivalent policy for M (Lemma 23). We take a close look at the
value of each state in My; by following the same structure as we used for defining
the transition function of My (cf. Section 3.1). For the sake of presentation and by
abuse of notation, given any pair of vertices v, u € V, we use (Syeser, U, 4) to refer to the
(unified, cf. Assumption 12) reset state Sns: € Sp. Then, given a state (s,v,u) € S
with direction d = (v, u),

(i) if s is not an exit state, i.e., if s € Op(d), then

V”(<S, v, u> 5 (p)
V({5 vu), @) (by Equation 5.4)

: E
Y (s ) ~Pr(-[(s.0,u).%)

=y - Z Pn(<s’,v,u>|<s,v,u>,*)-V”(<s’,v,u>,(p)

S'€S)
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=y - Z Z Fewa(als) Py (s | s,a) -V (s 0,u)y, @);

S'ES((,,) GGA”U)

(i) if s is an exit state in the direction d, i.e., s € Oy(,(d), given the direction chosen
by the planner d’ = @ (v - u) = (u,t) € out(u), we have

Vﬂ(<s’ v’ u> > (p)

V(i) 0)

: E
y (" ut)~Pr([sv.u)d’)

=y E V”((s’, u, t> , (p) (by Equation 5.5)
' ~Loq(1d)

=y Z I[(u)(s’ | d) -V”((s', u,t> , (p); (5.9)
€Sy

(iii) ifvisagoal,ie,v € G, V*(s, ) =1;and
(iv) otherwise, when s is a bad state, i.e., £x(s) N By = @, V7 (s, @) = 0.
Take R = ¢(v). By (i), (i), and by definition of the probability measure PX

TRd
(Theorem 1 and Remark 1), when s is not an exit state, i.e., s € Oy)(d), we have

Vi((s,v,u), @) = Z v P?R,J(Cyl(so:i’ao:i—l) | so=3)-V"({s,0,u), @),
fin
ok

(50:1,00:i-1)€Traj

where

Trajfé2 = {T = (S0:i,09:i-1) € Trajjﬁz" | s; € Ox(d) and Vj < i, lgg(sj) NBg = (Z)}.
Following Equation 5.9, notice that V7 ({Sexit, v, ), @) = V”(<séxit, v, u> , (p) for any
Sexits bt € Or(d = (v, u)): the probability of going to the next room R’ = £(u) from
an exit state of the current room R only depends on the entrance function Z- and is
independent from the exact exit state which allowed to leave the current room R.
Let us denote by V7({-,v,u), @) the value of any exit state of R, i.e., V*({-,v,u), @) =
V7 ((Sexit, 1, u) , @) for all syt € Or(d). Then, we have

Vi((s,v,u), @)
= Z Yi ) P%yd(cyl(so:uao:i—l) I'so=3)-V"((si,v,u), @)

fin
R
d

(50:1,00:i-1)€Traj
@®

-3

(80:1,a0:i-1)€Traj

x P?R,d(cyl(SOLis aO:i—l) | So = S) : V”(<" v, u> 5 (p)

~

fin
ol
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=V'({,vu), @) Z )’i : P,%yd(cyl(so:i, ao:i-1) | S0 =5)
<So:nal):i71>Eijj:d
R

=V((,0,u), @) - EX,,

supy' - 1 {si € Ox(d) and Vj < i,t’gg(sj) NBg = @} | so=s
i>0

V7 (- v,u), @) EX [@(p‘gk | so = S] (see Theorem 13)

TRd

:Vﬂ(<'> v, u) 5 (p) : Vﬁd’y (S, (P‘;Q);

where V7 *®4 (s, (pff]{) denotes the value of the reach-avoid objective (,og2 in the room R
from state s € R in direction d = (v, u). Then, by (ii), assuming v ¢ G, we have

1. ifu ¢ G,
V”(<'r v, u> 5 (p)
=y- Z I[(u)(s' | d = v, u)) ~V”(<s’, o[- u)> , (p) (5.10)
S'€Sp()
=r- Y, L (s 1d=(ouw) - Viween (s, ¢f) - V(@ - u), )
8/65”,4)

=y -P(@@-uw) | (v,u),@@-w) - V((-, @@ u), )
(where P is the transition function of Mg, see Equation 5.8)

2. ifuegG,
V”(<'a v, u> 5 (P)
=y - Z Loy (s' 1d = (wu) - V' ({5, @@-w)), o)
S'GS[(M)
=y- Z Ig(u)(s/ ld=(v,u) 1
S/ES[(M)
(since @(v - u) = (u,t) for some t € Neighbors(u))
=y.

Now, respectively denote by VJ’{,[H(',(p) = V7(,, @) and Vﬁg (~,<)Vgoal) the value

functions of M and M% for the objectives ¢ and {Ygoal. By 1 and 2, and by
construction of ./\/lrgI we have for any pair of vertices v, u € V that

V./]\T/ln(<'! U, u> > (P) =Y Vﬁ% (<U, u> > Oygoal)>
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On the one hand, notice that, by construction of M%, we have for any pair of
vertices (v,u) € €& that the initial values Vf/l’g (ngoal) are [Eg-1 Vﬁ (d, Oygoal) =
11

Vﬁg (do, oY goal). On the other hand, we have

g
it

Vf/ln((p) = fo,[n(<s’, @(d0)> , (p) =1/y- ij,ln(-,do, @). (by Equation 5.10)

E
'~ Ly () (o)
Then, we finally have:
Vj\rxln((P) =1y- V,f/ln(',do, ®)=7/y- Vﬁ% (do, <>Yg0a1) = Vﬁ% ((}ygoal),
which concludes the proof. O

Synthesis. Note that the values V™** of each room R € Roomsin Equation 5.7 are either
unknown (their model is not necessarily explicitly given) or computationally intractable
(due to large state spaces). However, assuming access to a latent model for each room, and
assuming IT is solely composed of latent policies, we can compute the latent value of each
low-level objective using standard verification techniques for discounted reachability
objectives (cf. Chapter 2, Section 3.8). Assuming we are given a latent entrance function

for each room R € Rooms, we may construct a compact latent MDP plan Mrgl in a similar
fashion as the original one. This enables the computation of the value of the global
objective function V® (¢¥goal) for any hierarchical controller = (®,II). Standard
techniques for discounted reachability in MDPs further allow us to synthesize a planner

for JVIIQI Since the state space of ./T/llgl is identical to that of MIQI planners for JVIIQI can
be executed in My, and vice versa.

3.2 Reusable Latent Policies

To learn one latent model per room and the low-level policies II, we run WAE-DQN in
each room R independently (Figure 5.1). Viewing R as an MDP, we obtain a transition
loss ng’d for each directions d associated with a latent policy 7¢4 € II. Nevertheless,
independent training introduces some complications. Room R has its own initial
distribution I, while, at synthesis time, the initial distribution depends on controller 7t =
(@,II) and is a marginalization of Zx(- | d) according to the directions d chosen by ®.
Recall that Lljf’d is the total variation between original and latent transition functions,
marginalized with respect to the states produced under &, ,, i.e., the distributions over
states visited under 77 when using I as entrance function, and not I. Since &z, , could be
unrelated to the distribution over states visited under high-level controller 7, ng’d (and
thus the guarantees from WAE-DQN) could turn obsolete and non-reusable.
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Figure 5.5 illustrates this distribution shift. Assume G | 1) |
that @ chooses direction | in R. As Iy is uniform, ‘ L
every state is included in the support of the distribution i
&y, over states visited under 7 at training time.
In contrast, under a high-level controller, rooms are
entered according to Ix (- | d € {{, «<}) (whose supports ~ |I% Ix(| <)
are depicted in red and green). Since the goal is to go .—/
down, all states of R need not be visited under 7 ¢ , i.e.,
the distribution over states visited under the controller
need not be the same as during training. The question Figure 5.5: Uniform initial
is whether it is possible to recover the guarantees i i ibution Iz (blue)
associated with latent models at synthesis time.

and

entrance function Ig (red: |,
Fortunately, as we will show in the following green: <«). Color intensity

proposition, it turns out that if the initial distribution Iz ghows probability mass.

of each room R is well designed and provides sufficient

coverage of the state space of R, it is possible to learn

a latent entrance function T so that the guarantees associated with each room can be
lifted to the high-level controller. To learn this entrance function, we define an additional
entrance loss as

Ly = <E. |¢ZR( | d) = Ix(- | d)|

i (5.11)

N | =

where ¢Ix(-|d) = Esz¢ja) 1{5 = §(s)}, Ix: Dirp — A(?) is the latent entrance
function, 7 is the stationary policy in My corresponding to the hierarchical controller
7 = (@,II) in H where ® has a memory of size |V|, and £, is the stationary distribution
induced by & in M. The measure &, can also be seen as a distribution over rooms and
directions chosen under the controller:

ERd= E_[MH{R=1().d=.wl].

s,o,u~&;

For simplicity, we consider here the special state (syeser, 0, Vo) With (v, 09) = dp as the joint reset state of the
model (Assumption 12). This special state is further labelled as reset.
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Proposition 2: Reusable RL components

Let T = (@,II) be a hierarchical controller in H where @ has finite memory of
size |V| and II only consists of latent policies, and 7 be the equivalent stationary
policy in the MDP plan M;.

(State coverage) Assume that for any training room R € Rooms and direction d €
Dirg, the projection of the BSCC associated to 7 in My; to Sx is included into the
BSCC associated with low-level policy 7x 4 in R.

Then, there exists a constant K > 0 so that

L1 + K- ERrg-¢, Lg{’d
gfr(sreset) . (1_}/)

Vi) =V (0" goal)| <

The state coverage assumption basically boils down to designing the initial distribution
of each room so that its support covers the states that are relevant for the high-level
controller. Note that the easiest way to achieve this is to cover the whole state space of
the room or the joint support of its entrance function for all the possible input directions.
In the latter case, one needs to have access to the entrance function of the room, which
is rarely the case — this is further the reason why we propose to learn a latent entrance
function.

The remaining of this section is dedicated to the proof of Proposition 2. We start by
defining the specific training setting of each independent room.

Training rooms. Formally, for each room R € Rooms and direction d € Dirg, we train
a WAE-DON agent by considering R as episodic MDP with some initial distribution I,
yielding a (i) low-level latent policy 7 4, (ii) latent MDP M, and (iii) state-embedding
function ¢x. Since Zx 4 must learn to maximize the values of the objective (pﬁ{, which
asks to reach the exit state in direction d, we restart the simulation when the latter is
visited. Formally, the related training room is an episodic MDP R, = <35R, Ax, P‘éz, Ix >,
where $,.5; € Sx, and the transition function is defined for all 5,5’ € Sx, a € A as

P(s’ | s,a) ifs ¢ Ox(d),
P‘;z (s/ s, a) =11 if s € Ox(d) and 5" = sye5er, and (5.12)

0 otherwise.

We define F‘;z similarly for My when the direction d is considered.

In the following lemma, we show that the global transition loss Ly (the one associated
with the high-level controller 7t in the MDP plan) can be bounded by some constants
multiplied by the sum of the entrance loss and the expected transition losses, where
we range over the rooms visited under the high-level controller. Then, minimizing the
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entrance loss and the transition loss of each room guarantees that the global transition
loss is minimized.

Lemma 24: Reusable transition losses

Let 7t = (@, II) be a hierarchical controller in H where @ has finite memory of size
|V|, and 7 be the equivalent stationary policy in the MDP plan M;. Assume that

(i) II only consists of latent policies; and

(i) for any training room R € Rooms and direction d € Dirg, the projection® of
the BSCC associated with 7 in My to Sz is included in the BSCC associated
with the low-level policy 7 4 of Ry.

Let

Sra ={s,v,u) € Sy | £(v) = Rand (v,u) =d},
§n(sreset | R’ d) = IE(s,v,u),a~§,, [PH(Sreset | <S’ v, u> ’a) | Sm,d] > and
—xﬁier;et =1- max [gﬂ (sreset | SR,d) + §7t((932(d) X {d} | Sﬁ,d)] .

ReRooms, deDir
Then, there is a x > 0 with

R.d
min P
—reset Rd~%x

LQSLI-F

Furthermore, define the expected entrance function in room R as

RO =, E[Ins]1d=(w0)]$ € Ouu((uv)) and £0) = &]

$uv)~&x

for any s € Sx. If supp(Ir) = supp(Igz), Kk can be set to the maximum probability
ratio of room entry during training and synthesis:

S
_ 15() Ix() ]
K = Imax max max 9 c
ReRooms | sesupp(Ix) Ix(s) I5(s)

“Formally speaking, we consider the projection to S of the intersection of the BSCC of My with
Sgg X Dirgg

Proof. For simplicity, assume that the reset state in Sy is a triplet of the form
(Sreset U, Ug) so that (v,v9) = dy and Oy, )([do) = {Sreser}. We also may write ¢(3)
for ¢x(5) when it is clear from the context that § € Si. We respectively denote the
marginal stationary distribution of states and directions by &;(s) = Ey yu-e¢, [1{s = 5"}
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and &;(d) = Esyu-s, [1{d = (v, u)}], respectively. Furthermore, given a directiond € €,
we denote the conditional stationary distribution by

&i(s,ald) = s/v[llif [Zewa(al ¢()-1{s=5}[{{s,v,u) € Sn|(v,u) =d}]

1{d = (w,u)}
& (v, u)

In the following, we also write P(s” | s,a) as shorthand for P((s’,v) | (s,v),a) (the
transition function of the explicit MDP of H) if and only if s, s € S,y and s € Op(,)(d)
for some v € V, d € out(v). Denote by Py the latent transition function of the latent
MDP plan My, constructed from the collection of low-level policies I, the latent rooms
{./\7133 : Re Rooms}, and the latent entrance functions {T:R : Re Rooms}. Then:

= E, [Frwala| 46))-1 {s=5}

s’ 0,u~

L;[:< @,1I)

= 5 (s’v’u[EaNgﬂ ||¢Pl'[( | <5, v, u) s a) — ?H( | <¢(S), v, u> i a)Hl

- % i [14s # Steset} T{'s € Qv (0. ) }
[9PaC- | 45,01, %) = BuC- | (5(5)0,), )], l
1
* E (s,l),ug,zd'—~§,r ﬂ {S * Sreset} ﬂ {S € ot’(v)(<v; u>)}

6P (- (s.0,00, ") = Pu(- | (@(s).0.).d)

1

+ é SUEg (145 = Sreser} |¢$PrC: | (5.0, u), %) =P | (p(s),0,u), %)[,] (7 is proper)

J

(by definition of My; i)

svl[Evf []] {S * Sreset} 1 {5 ¢ Ol(v)«v’ u))}

N | =

E [¢P(~ |'s,a) = P(: | 4(s), a)]

a~T ¢ (v) (o) Cl6(5))
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1
+ - E T{s # Spesert 145 € Opy(v, u
2 (oot | 41 {s € Or)((v,u)) }

[T equy (- | w0 w)) = Loy (- | (0, ),

(by definition of My ii)
1 T 11 “ee
T2 [E~E [14s = e} [#Zeon)(- | do) = Lo (- | do)Hl] (by definition of M iii)
1
=5 E, [1# st 1 {s € O}

E [¢P(~ |s,a) = P( | $(5), a)]

a~T ¢(w),(va) C1(5))

J

1 —
* ok |$ZR(- [ d) = Tx(- | D),

1
= 5 [E~§ 1 {S * sreset} 1 {S ¢ (9[(1))«1), u))}
E P(- | 5,a) = P(- | ¢(s), a)]
a~T(v) (o) ClP(5)) [¢ ¢ 1
+ Lz
1
<- E E [ﬂ {S * sreset} 1 {S ¢ Ot’(u)«v’ u>)}

T2 s0u~Er a~T ) oy C16(S))
[#PC | 5.0) = P | (), a)],] + Lz
(Jensen’s inequality)
1

= — 1 F Sre. ]] (9 v d
2 d~¢, s,a~g§(~\d)[ {S S sez} {Se 2( )( )}

|#PC- | 5.@) = BC | $().0)],] + Lz
(%)

Now, let d = (v,u) € & be a target direction for the room R = ¢(v). We consider
the room R as an episodic MDP (cf. Assumption 6) where (i) the initial distribution
corresponds to the expected entrance probabilities in R under 7: for any s € S¢

RO = E Izl ldr=(@0) [ $ € Ouw((0)) and o =]

Uu0)~Cp
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R

&1 d) £l

Sz Sz

Figure 5.6: Room R = £(v) in the hierarchical model (left) and the same room taken
individually (right). Both distributions &,(- | d) and §§2 Jj’d’ correspond to the limiting
distributions over Sk when 7 4 is executed in R. The sole difference remains in the
fact that the reset is considered outside R in the hierarchical model (Assumption 12)
while it is considered to be part of the state space when R is taken individually

(Assumption 6).

(where d; is the direction from which R is entered); and (ii) the room is reset when an
exit state in direction d is visited: for any s,s” € Sx, a € Ax,

1 if " = Speser and s € Ox(d),
Pdﬂi” (S, | S’a) = Ilﬂz{(s/) if s = Spesers and (513)

Pr(s"|s,a) otherwise.

We call the resulting MDP the individual room version of R that we denote by R, . The
stationary distribution of the room R, for the low-level policy g4 is fg}f: Observe

that E%i;’ is over Sg, which includes the reset state sy, While &;(- | d) is over the
exact same state space but without the reset state (since the reset state is a special
state outside R, shared by all the rooms in the hierarchical model; cf. Assumption 12
and the definition of My).

Furthermore, notice that, modulo this reset state, the two distributions are the same
(see Figure 5.6): they both consist of the limiting distribution over S when Zx 4 is
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executed in R. All the transition distributions remain the same, except those of the
exit states: in the hierarchical model H, every state s € Ox(d = (v, u)) transitions to u
deterministically, while in the individual room R, they transition to the reset state
deterministically. Still, in both cases, R is entered and exited with the same probability
(respectively from and to (S \ Sz x {v}) in H and s in the individual room R, ;).
Therefore, we have:

Rax
gzzr:d(s) 1 {S + sreset}
Rax
1- fﬂ :d (sreset)

Instead of sampling from &,(s | d) in Equation x, we would rather like to sample from
the distribution of the individual room &, d”(s | Sk \ {Sreser}). We have:

§ﬂ(s | d) = §,IM(3 | Sz \ {sreset}) - (514)

W Ey (1% 50 1 {5 € 0@} [$PC | 5,00~ PC | 650, ]

= 3N [Es | d) Falal $(s))

s€S acA

s # St} 1 {5 € O(@ } [$BC- | 5,0) — B | §(s). a)], ]
(5.15)

iR x
Ernr ()T {s # Spesert

R
1- fﬂﬂjﬁ (sreset)

1 {s + sreset} 1 {s ¢ Ol(v)(d)} “¢PR( ‘ S, a) - FR( | ¢(s)> a)”l]
(5.16)

=22,

s€S acA

Txaal $(s))

E 1{s # Sreser}
s,a~&; 1

R,
- fﬁn::;r (sreset)

1{s ¢ Ory(d) } [¢Px(- | s,@) = P=(: | $(s), a)||ll

Notice that we can pass from Equation 5.15 to Equation 5.16 because we only consider
states s # Speqer and s € O (,)(d). States that do not satisfy both constraints are the only
ones for which P(: | s, a) differs from Pgi”(- | s, a) (Equation 5.13). Furthermore, in that
case, we have P‘;{ZC | s,a) = PR(: | s,a). Then we have:

1 resel
E [ {S * S t}
s,a~&-

R,
gnﬂsd”( reset)

1{s # Spese
_ o | Moz
sai—’

1{s ¢ Ouy(d) } [pP(- | 5,0) = Px(- | $(s), a)Hll

PP | 5.0) =P | 4().a),

R,
1- ﬂvj::(sreset)

(by definition of P% and ??R, cf. Equation 5.12)
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= B [T s [P 0 - Pt 190010
T STpa \Oreset s,a~§ﬁ£:§
1

PP | 5.0) = Pa(- | §(s).a)|,

S TR .
1- gfzg:d(sreset) s,a~ Eyd”

Assuming that the projection of the BSCC associated with 7 in My; to S« is included
into the BSCC associated with the latent policy Zxy in room R, we have that

supp( = M) c supp(é%v 4)’ where &X w, denotes the stationary distribution of the
training room R, under the latent policy 7 4. Then:

1
T ) PP | 5.0) ~ Pi(- | g(s). )]
o e Z Y [ 7l )
1 ézkg(sreset) ses pp(iﬁ,d”)aEAk

|$PhC 1 5.0) ~ P | 4.0 |
SO

&)

1
:1 Rix Z Z
acAx

EL () Tralal ¢(s))
TRd (sreset) P(fﬁ*},{‘d )

|$PAC 15,00 = Po(- [ (5).0)] |

_ [»;?if:( )

T £ (syr) s, | £, Hgﬁpdﬁ("s’“)“’é('¢(s)’“)ull
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If the initial distributions of the individual room R, and the training room R; have

the same support, then the projection and the BSCCs coincide since the same set of
states is eventually visited under 7 from states of supp(Ix) = supp(I’,jQ). Furthermore,
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by [O’Cinneide, 1993, Theorem 1], we have
Rix

max ()

SESUPP<§£?M) gf%z,d(s)

{ffg;:@ f,?;m}
max )max

R > wRax
s€supp(§§k,d g?rge,d(s) fﬁ;:d(s)

(5.17)

IN

N

I7 I

< max max { R(s), ®(s) } (cf. Equation 5.13)
sesupp(Ix) Igz(s) I’jz(s)

= k. (5.18)

A\

Rax
. O]
Otherwise, we set kg 4 to maxseSupp ( £ d) [M . Moreover, let

TR
Sra={(s,0,u) € S| t(v) = Rand (v,u) =d}

and define
gﬂ(sreset | :R> d) = ( E [PH(sresm‘ | <3s v, u> aa) | SR,d] .

vu),a~&x

Notice that

5722):1: (sreset) = ( E [PH(Sreset | <S, v, u> P a) +1 {S € Ogg(d)} | SfR,d]

s.0,u),a~&

= &n(Sreser | Rod) + &n (OR(d) x{d} | SfR,d)

by (i) the stationary property, (ii) definition of Pgi” (cf. Equation 5.13 and Figure 5.6),
(iii) the fact that the probability of exiting the room is equal to the probability of
visiting an exit state, and (iv) the fact that resetting the room and visiting an exit
state are disjoint events (when an exit state is visited, it always transitions to the next
room, never to the reset state).

By putting all together, we have

Ly

1 —
Shivy B (1%l 1{s€ 00o@} 9PC 150 ~PC 10

. LfR,d
<L;+ E 4E§%414,
Rd~Lx 1- fﬁyj (sreset)
_ Kwa - Lp*
= LI + [E
Rd~& |1 — gﬂ(sreset | :R: d) - §n (Oﬂ(d) X {d} | SfR,d)
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E max {ng*’d* : R* € Rooms,d* € Dl.rgg*} Lf}’d
Rd~& |1 — maxXR+eRooms,d* eDiry [é{n(sreset | R*, d*) + fﬂ (033' (d*) X {d*} | SR*,d’ )]

K q
<LY+ — LR
gﬁreset R,d~§”

<L7+

where k = max {K:Rw’d* : R* € Rooms,d* € Dirgg~} and

—r\r;ier;et =1- max [§7r(sreset | :R’ d) + §7r (OfR(d) X {d} | sz,d)] . (519)

ReRooms,deDiry

This concludes the proof.
O

Interestingly, note that if this initial distribution is powerful enough to provide an exact
coverage (same support) of the entrance states visited under the high-level controller r,
the constant k can be determined solely based on the ratio of the initial distributions
obtained during training and synthesis.

As a consequence of Lemma 24, by additionally taking into account Equation 5.2
(the value difference bound), and Theorem 33 (the equality of the value function in
the compact plan), we derive the following corollary, which coincides with the result
presented in Proposition 2.

Corollary 7: Initial value difference bound for hierarchical control

Under the same assumptions as in Lemma 24,

v Rd
L +x/emn, - Era-g, Lp

§n(sreset)(1_y)

VI(9) = V@ (Oygoal)‘ <

4 Experimental Evaluation

Environment. In this section, we report on results from a case study. Further details
on our setting is provided in Appendix D.

We use a parameterized grid-world environment with N rooms subdivided into m x n
cells (cf. Figure 5.7). Cells may contain items such as walls, entry and exit points,
power-ups, and adversaries There are adversaries patrolling with varying behaviors
between rooms, e.g., randomly or along walls; some chase the agent when entering
their patrol zone. The agent has P life points, decrementing upon adversary contact or
timeout. By collecting power-ups (appearing randomly with low probability), the agent

3Demonstration with 9 rooms: https:/ /youtu.be/crowN8-GaRg
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Figure 5.7: Two rooms of 20 x 20 cells (9 rooms in Appendix D, Figure 1).3

shortly becomes invulnerable, causing adversaries to vanish upon contact. The high-
level objective is to reach a target position while keeping the life points strictly positive.
Episodes start from an initial position and conclude when the agent reaches the target or
runs out of life points. The state space comprises two components:

(i) asetof N 3-dimensional bitmaps M € {0, 1}"*™", where each layer [ € L corresponds
to an item type on the grid. Entry Mfi, ; is 1if and only if room R has item [ in
cell (i, j);

(ii) step, power-up, and life-point counters (a,b,c), with 1 < a < T}, 1 < b < Tp,
1<c<P.

DRL baseline. Clearly, the resulting state space, although finite, does not scale
to traditional synthesis approaches (the state space is simply intractable). We use
convolutional neural networks (CNNs, LeCun et al., 1989) to deal with input matrices M
and a sparse reward signal R(s,a) =r*-(1{¢(s)n T = @} — 1{¢(s) n B = @}), where r* >
0 is an arbitrary reward (or conversely, a penalty) obtained upon reaching the target
labeled with T (or an undesirable state labeled with B). To guide the agent, we add simple
potential-based reward shaping scheme [Ng et al., 1999; Wiewiora, 2003] based on the L,
distance to the target. The resulting potential is ®(s, a, s”) = y®(s") —D(s)+ R (s, a) leading
to the reward signal Ro(s,a) = Ey-p(|sq) P(s,a,s"), where

~ min {|x(t) = x(s)| + |y(t2) = y()| : titp € £7H(D) }

®(s) =1 N-(m+n)

and x(s), y(s) respectively return the Euclidean coordinates along the horizontal and
vertical axes corresponding to state s € S. Intuitively, |®(s) — 1] reflects the normalized
distance of state s to the targets labeled with T. When the agent gets closer (resp. further)
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Figure 5.8: Evaluation of the policies along training steps of WAE-DQN and (vanilla)
DOQN in a grid world with 9 rooms of 20 x 20 cells. Each point is the average across 30
policy rollouts. We train five different instances of the algorithm per policy with different
random seeds, where the solid line is the mean and the shaded interval is the standard
deviation. To train the DQN agent, we set a time limit five times longer than that used
for training rooms in the WAE-DQN agents. Furthermore, the DQN agent is equipped
with 3 life points, while the WAE-DQN agents are limited to one.

to target states when executing an action, the resulting reward is positive (resp. negative).
Nevertheless, as demonstrated in Figure 5.8, while DQN allows reducing contact with
adversaries, the hierarchical nature of the decisions required to reach a target hinders
learning the high-level objective.

Learning the low-level policies. Instead of learning a policy for the grid world
directly, we run our WAE-DQN algorithm to learn the set of low-level policies IT along
with their linked latent space models. Recall the representation quality guarantees of
our algorithm (cf. Equation 5.3): the same latent space can be used for rooms sharing
similar features. For instance, in an environment composed of 9 rooms similar to those
of Figure 5.7, where the agent may exit via directions in {«,—, 7, ]}, we only train 4
latent policies (one per direction) instead of 9 - 4 = 36. For training in a room R, we
let Iy uniformly distribute the agent’s possible entry positions. Note that the entrance
function I is unknown at training time. The adversaries’ initial positions are randomly
distributed by Iz, whereas they may be different following the (unknown) function Z in
the high-level model. The low-level objectives (,0”31z specify reaching the target exit while
avoiding the adversaries, before that the environment reset is triggered.

We combined WAE-MDPs with Rainbow DON [Hessel et al., 2018], embedding state-
of-the-art extensions and improvements of DQN. For the experiments presented in this
section, we found that using a categorical network for learning a value distribution
[Bellemare et al., 2023] and prioritized experience replay [Schaul et al., 2016] did not
significantly improve the performance of the WAE-DQN agent.
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Table 5.2: Values of the controller 7t = (@, II) for various sizes of the grid and y = 0.99.

Grid Size | Life Points | # Adversaries Vi (cpyzl) Ve(e) Vi(o)
3x3 1 11 0.5467 £+ 0.1017 0.1378 0.07506 + 0.01664
3x3 3 11 0.7 + 0.09428 0.4343 0.01 + 0.00163
5x5 3 23 0.4933 £+ 0.09832 0.1763 0.007833 + 0.002131
5x5 5 23 0.5667 + 0.07817 0.346 0.00832 + 0.00288
7x7 7 47 0.02667 + 0.01491 | 0.004229 | 5.565-107° =+ 7-107°

PAC bounds. For every latent policy 7,4 € I, Table 5.1 shows  Table 5.1: Local loss.
the PAC bound on the transition loss Lp (cf. Lemma 14) for § =
0.05 and € = 0.01. Intuitively, those values serve as a measure
of proximity between the original and abstracted rooms when
the agent operates under latent policy 7, designed for target

Target dir. d Lp

Ricar — 0.504124

direction d. A value closer to zero indicates that the resulting Lerr < 0.777875
behaviors of the agent in the corresponding abstracted model Up T 0496315
Down | 0.480581

better resemble those in the original training room.

Synthesis. To estimate the latent entrance function, we

explore the high-level environment through random execution of the low-level latent
policies. We further consider MADEs (Definition 41) which are simple feed-forward
networks with masked connections, allowing to learn complex distributions from a
dataset. Utilizing the data collected via this exploration, we train a single MADE to

learn I for all rooms R € Rooms. We finally construct /T/lg (cf. Section 3.1) and apply
the synthesis procedure to obtain a hierarchical controller 7t = (@, II).

Table 5.2 reports the values of 7 obtained for various environment sizes. Respectively,
\71((pV:1), Vi@ , and Vi(¢@) refer to the values of the objective: (i) approximated and

undiscounted in the original model, (ii) computed via value iteration in ./T/l?l and
(iii) approximated in the original model. Approximated values are averaged over 30
rollouts for different random seeds. The latent policies are solely trained in a grid of 9
rooms with 11 adversaries, while they are used for synthesizing controllers in larger
environments, respectively with 25, 49 rooms and 23, 47 adversaries. This highlights the
reusability of the low-level policies in scenarios of larger scales when the rooms share
similar features as those used during training.

5 Concluding Discussion

Our approach integrates DRL with reactive synthesis to obtain a hierarchical controller
for reach-avoid specifications. First, we train low-level policies and an abstract model
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via WAE-DQN. Then, we compute the value of the specification for the high-level MDP,
optionally estimating PAC bounds. Finally, we synthesize a high-level controller in the
resulting high-level MDP, preserving the bounds. Experiments show the feasibility of
our approach in hierarchical scenarios which are hard to handle by pure DRL.

Taking inspiration from goal-conditioned RL (e.g., Andrychowicz et al., 2017) and
ensemble modeling [Janner et al., 2019; Lu et al., 2022; Alegre et al., 2023] would enable
unifying the learning of the latent policies, further allowing learning of the latent
entrance function in the same procedure (“end-to-end”).
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Conclusion

This dissertation was motivated by two key observations. Firstly, deep reinforcement
learning (deep RL) is incredibly powerful in providing intelligent agents with control
policies in complex, high-dimensional environments. However, they lack guarantees,
which is a major issue hampering their widespread deployment in safety-critical
scenarios. Secondly, model checking is a very useful technique for providing formal
guarantees on system behavior, but it struggles to scale to high-dimensional state and
action spaces, which limits its applicability to complex scenarios. The combination of
the strengths of deep RL and model checking allows for bypassing the limitations of both
approaches while retaining their mutual benefits: providing formal guarantees on the
agent’s behaviors induced by deep RL policies in complex environments.

The question was precisely how to combine them. In this dissertation, we addressed
this question and we further enabled formal verification of deep RL policies.

To allow for the activation of formal verification, we developed abstraction techniques
to learn latent models that are amenable to model checking. We introduced two
generative models that learn a latent space representation of the environment:
Variational and Wasserstein auto-encoded Markov decision processes (VAE- and WAE-
MDPs). While the former allows learning a verifiable latent abstraction, the latter
improves on robustness and stability of the training procedure, backed up with additional
theoretical learning guarantees. Furthermore, we showed that both approaches yield
a latent model that is bisimilarly close to the original environment when its training
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loss function is minimized. The bisimulation distance is a (pseudo-) metric that allows
quantifying the behavioral difference between models and is our key ingredient to
lift the guarantees resulting from model checking the latent model to the original
environment. We further provided probably approximately correct (PAC) estimation
schemes to evaluate the closeness of the latent model to the original environment in
terms of bisimulation.

Beyond distillation, we showed that WAE-MDPs are also theoretically grounded for
providing online learning guarantees, which opened possibilities to use the framework
as a general latent space learner for deep RL. Notably, we demonstrated that our method
is theoretically grounded for learning representations in deep RL, facilitating policy
learning in complex environments. In particular, we considered partially observable
environments, where representation learning is crucial. In partially observable systems,
the agent cannot directly observe the environment’s state but receives imperfect, non-
Markovian observations. To make informed decisions, the agent must either remember
the entire sequence of observations and actions (the “history”) or maintain a belief
distribution over the possible unobservable states of the system. However, maintaining
this belief is often intractable, while the history-based approach becomes quickly
impractical as the history space grows exponentially with the time horizon.

Most deep RL approaches rely on recurrent neural networks to compress the history
into a fixed-size representation, but this lacks representation guarantees. In contrast,
our approach learns to maintain a belief in a principled way, supported by a WAE-MDP
learned in parallel to the policy. We demonstrated that combining WAE-MDPs with
policy learning enables generating a compact, informative representation of the policy
inputs, which is guaranteed to facilitate its optimization.

Finally, we addressed the problem of synthesizing high-level controllers for very large
environments, where a high-level description of the latter is available. Synthesis is
an automated technique for generating controllers that satisfy a given specification
by design. Given a high-level description of the environment and collections of low-
level policies, latent models, as well as reach-avoid specifications, we showed how to
synthesize a hierarchical controller whose decisions consist of the choices of low-level
policies to execute, by composing the latent models. This composition poses several
challenges. First, we showed that the problem becomes non-Markovian due to the
hierarchical nature of the environment. Second, even if the synthesis is performed in
the unified latent space of the models, the resulting state space remains too large to
be explored entirely. Third, stitching the latent models together may lead to a loss
of the bisimulation guarantees equipped with each individual model. We addressed
these challenges by demonstrating that the synthesis problem reduces to constructing
a controller in a compact, tractable model based on the high-level description of the
environment and a small memory. Furthermore, we proved that the guarantees of the
latent models are reusable under some mild assumptions, allowing lifting them to the
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unified model and finally enabling synthesis within very large environments with reach-
avoid specifications.

Perspectives

This thesis mainly focused on enabling formal verification of deep RL policies. The
activation of formal verification now opens diverse perspectives for future research.

Emulating Synthesis through Learning

As mentioned several times throughout this manuscript, the applicability of synthesis is
limited by the complexity of the system, the size of the specification, and the requirement
of an explicit model of the environment. Trading traditional (intractable) synthesis
procedures for deep RL approaches with guarantees “end-to-end”, i.e., in a unique
dedicated and automated learning instance, has diverse avenues for future research.

The aforementioned tractability issues have been addressed in the context of model
checking, in the framework presented in Chapter 3, which allows formally verifying deep
RL policies that have been learned a priori. While this is a significant step forward, the
method “only” tells us the degree of satisfaction of the specification (through values and
PAC guarantees) for a given, pre-learned policy. Notably, a violation of the specification
may indicate that the policy is unsafe and far from optimal, that it is not robust to the
environment dynamics, or that the reward signal designed by the user is not appropriate
to learn the specification. In case of failure, the framework does not yet provide any
automated mechanism for refining the learning procedure to eventually lead to the
satisfaction of the specification. Such mechanisms would be a significant step towards the
automated generation of safe and correct policies through learning. Possible directions
include local corrections of the policy, in the same spirit as the work of Pathak et al.
[2015]. The challenge will be to find a way to correct the policy without causing the loss
of the (bisimulation) guarantees provided by the latent model — otherwise, the result
of the correction would turn obsolete and disconnected from the original environment,
requiring a new epoch of latent model learning.

In Chapter 5, we discussed the application of synthesis for reach-avoid specifications
within large MDPs, where a high-level description of the environment is available. The
approach involves learning a collection of low-level policies and latent models that are
subsequently combined by the synthesis method to meet the specification. Although the
method allows learning the collection of policies in parallel, it is not “end-to-end”, in
the sense that the synthesis step only occurs when the different components have been
learned and fixed. Thus, it is not fully automated.
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Taking a step back, emulating synthesis through learning, i.e., automating the learning of
a specification within an unknown, intractable environment with verifiable guarantees,
builds on the following requirements:

1. one needs to make sure that the input reward signal is appropriate to learn the
specification;

2. desirably, the guarantees should hold online, i.e., one should be able to track the
degree of satisfaction of the input specification during the learning process;

3. the process should guarantee the satisfaction of this specification, i.e., that the
policy spit out by the learning procedure meets the input requirements; and

4. all three previous steps should be automated.

Requirement 1 is already intricate, as it requires a deep understanding of the environment
and the specification to design a reward signal that is appropriate for learning the desired
behavior. The automated design of such reward signals is an ongoing research topic (e.g.,
Sadigh et al., 2014; Camacho et al., 2019; Jothimurugan et al., 2021a; Alur et al., 2023; Shao
and Kwiatkowska, 2023; Elbarbari et al., 2022). However, none of these works generate
a reward signal that is fully compliant with VLC formulae, most of them focus on LTL
(not learnable, see Chapter 1, Section 3.4) or LTL (see Chapter 1, Section 3.5 for a brief
discussion). Ensuring the automated generation of reward signals that are appropriate
for learning VLC formulae is a promising direction since VLC is learnable and has a
direct link with bisimulation (Theorem 21), which is compliant with our latent model
framework.

While requirement 2 is a challenging task, as discussed in Chapter 3, Section 3, our
WAE-MDP framework unlocks the possibility of learning the latent model online, i.e., at
the same time as the (latent) policy (Theorem 28). Then, tracking the satisfaction of the
specification is enabled. Being provided with the latent model during learning further
unlocks the possibility of tackling safe RL from a formal methods standpoint (e.g., via
probabilistic shields, Alshiekh et al., 2018; Jansen et al., 2020).

Requirement 3 can be enabled with future research on the refinement of the learning
process, as discussed above.

The Latent MDP is a World Model

We already mentioned it, WAE-MDPs can be learned online, at the same time as the
policy. The related latent model comes with abstraction and representation guarantees.
A feature that we did not explicitly use in this thesis but that is worth mentioning is
that our latent model can be seen as a world model [Ha and Schmidhuber, 2018; Freeman
et al,, 2019; Hafner et al., 2021]. Indeed, the latent model captures the dynamics of the
environment, so it can be used to plan in the latent space. The structure of the latent
space enforced in the context of this thesis even ensures its tractability. This further
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opens the door to diverse planning approaches (e.g., explicit exploration of the model or
through simulations). The main challenge here is to ensure that policies learned entirely
in the latent space do not break the abstraction and bisimulation guarantees of the latent
model. Indeed, the current approach provides guarantees with respect to the behavioral
policy — the one used to collect training data. Planning usually goes beyond this policy as
it explores states and actions in regions of the latent space that have not been necessarily
widely visited through the behavioral policy. In spirit, one can draw connections with the
concept of safe policy improvement (e.g., Scholl et al., 2022; Siméo et al., 2023; Wienhoft
et al., 2023). Planning in the latent model while preserving the bisimulation guarantees
would ensure that policies learned in the latent space can easily be lifted back to the
original environment with similar performance, while also improving sample efficiency.

Multi-objective Reasoning

One of the main goals of this thesis was to formally reason about the behaviors induced
by deep RL policies. The real world is complex and often involves multiple trade-offs
between (possibly conflicting) constraints, costs, rewards, and specifications. In fact, the
willingness to optimize a reward signal while ensuring that a set of safety requirements
are met is a typical example of a multi-objective problem. Furthermore, formal reasoning
also involves the ability to reason about those multiple trade-offs. This is then a natural
extension of our work to consider multi-objective reasoning.

Multi-objective deep RL (e.g., Reymond and Nowé, 2019; Abels et al., 2019; Reymond
et al., 2022; Hayes et al., 2022; Alegre et al., 2023; Ropke et al., 2024) and model-checking
(e.g., Chatterjee et al., 2006; Etessami et al., 2008; Forejt et al., 2012; Hartmanns et al.,
2018; Delgrange et al., 2020) have been studied in parallel in the literature, but their
combination has never been fully addressed.

Many of the deep RL approaches enable formal reasoning by recording in the state space
the rewards accumulated on every dimension (one dimension per objective) [Hayes et al.,
2022]. Some of them condition a single policy on the desired trade-off or optimization
direction (e.g., Abels et al., 2019; Reymond et al., 2022), which can be seen as goal-
conditioned RL approaches [Liu et al., 2022a]. Our framework naturally applies in such
cases: this enables, e.g., checking if some costs remain below a threshold, or if a return is
guaranteed on some dimension. Furthermore, for goal-conditioned approaches, one can
further check whether the conditioning of the policy is eventually met (for instance, by
checking if the latent model can achieve a desired return).

This is the idea we experimented in Wasserstein auto-encoded Pareto conditioned
networks (WAE-PCN) [Delgrange et al,, 2023b]: combining WAE-MDPs with Pareto
conditioned networks (PCN, Reymond et al, 2022). PCN offers state-of-the-art
performance but struggles when the environment exhibits high stochasticity. WAE-
MDP corrects PCN when the latent model detects unexpected events. Moreover, we
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adapted the abstraction quality guarantees to the multi-objective setting, ensuring the
verifiability of the PCN’s results. However, the way goal-conditioned algorithms are
trained is intricate and involves manipulating the replay buffer, continuously changing
the distribution of the data collected, which exhibits a high degree of non-stationarity.
This yields a challenge for the guarantees provided by the latent model, as they are based
on the assumption that the data distribution eventually turns stationary. Future work
should focus on fixing those instability issues and may involve, e.g., the use of off-policy
learning techniques [Gelada and Bellemare, 2019].

Refining the PAC Guarantees

Finally, from a theoretical standpoint, there are several possibilities for future research,
notably for refining the PAC guarantees provided with the latent model. As we already
mentioned in Chapter 3, the PAC guarantees that we developed to estimate the transition
loss (Lemma 14) are rather conservative. In fact, the theoretical transition loss involves
the transition function of the original environment, which is not available in practice
when we need to empirically estimate the former. To alleviate this problem, we developed
an upper bound on the transition loss, which is learnable via tractable simulations of the
environment, but sensitive to the entropy of its dynamics. As a result, the PAC bounds
provided may sometimes yield high numerical values even if the latent model is accurate.

We also presented theoretical PAC bounds for value difference and bisimulation
distance (Theorem 25). Some of them rely on an intricate termination criterion, which
suggests probabilistic algorithms that we did not explicitly develop. Future research may
involve the development of a dedicated algorithm to estimate those bounds efficiently, in
practice, to provide interpretable results faster.
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Appendix

A Details on VAE-MDPs Experiments

A.1 Details on Policy Distillation

The goal of distilling the original RL policy 7 into a latent policy 7 is to find a smaller
policy which allows replicating the behaviors of 7 through the latent spaces. However,
executing the lifting of 7 in the original model M may result in performance loss
compared to that offered under 7. In fact, distillation failure may reveal the lack of
robustness of input RL policies, which may produce decisions according to very specific
points of the state spaces and provide good performance in a limited set of states. We
propose two approaches that can be used alone or together to alleviate this problem.

Robust RL policies. In general, policies 7 learned through deep RL provide local
performance, meaning they provide good performance in states s € S that are likely
to be reached from s; by executing . It is, however, often suitable to distill and verify
robust RL policies, i.e., policies trained to provide good performance in a wider range
of states. Training robust RL policies can be achieved by allowing the agent to learn
(or pursue its training) in a modified version of M, where s; is picked at random from
S. Nevertheless, training robust deep RL policies this way may take longer time and
require more exploration. The degree of randomness can be decided according to the
exploration vs. exploitation trade-off and the additional training time allowed. We argue
that this additional time is mild in the context of policy verification since enabling and
applying model checking are time-consuming tasks by nature.

e-mimic. When 7 does not exhibit robustness issues, we allow the encoder to process
states reachable under both 7 and 7 by learning from a mixture 7° of the two, defined as
7als)=mals) - (1—¢)+7(als)-eforalls € S,a € A, given ¢ € [0,1]. Assuming
7 is sufficiently robust, states entered according to a decision a ~ 7(- | s) (produced with
probability ¢) should be efficiently processed by . In practice, we may start with a high
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value of ¢ (e.g., ¢ = 1/2) to encourage exploration of states possibly reachable under 7
and we anneal it to 0 during training.

A.2 Setup

We used TENsorFLow 2.4.1 [Abadi et al, 2015] to implement the neural networks
modeling our parameterized distributions constituting our variational model, optimize
the loss function (ELBO), and running our PAC approximation schemes. Precisely, we
used TENsORFLow ProBasiLITY 0.12.2 [Dillon et al., 2017] to handle the probabilistic
components of the VAE (e.g., distributions, reparameterization tricks, etc.), as well as TF-
AGENTs 0.7.1 [Guadarrama et al., 2018] to handle the RL parts of the framework, coupled
with REVERB replay buffers [Cassirer et al., 2021].

The experiments have been driven on a cluster running under CentOS Linux 7
(Core) composed of a mix of nodes containing Intel processors with the following CPU
microarchitectures: (i) 10-core INTEL E5-2680v2, (ii) 14-core INTEL E5-2680v4, and
(iii) 20-core INTEL Xeon Gold 6148. We used 8 cores and 128 GB of memory for each
of our experiments.

A.3 Hyperparameters

Each distribution parameters (locations, scales, logits) are inferred by feed-forward
networks composed of two dense hidden layers and 256 cells by layer. For all
our experiments, we used the TENSOrRFLOW’s implementation of the Adam optimizer
[Kingma and Ba, 2015] to learn the neural network weights. We fixed the size of the
prioritized experience replay to 10°. The training starts when the agent has collected 10*
transitions in M. Every time a transition is added to the replay buffer, its priority is set to
the maximum value. We used minibatches of size 128 to optimize the loss function (i.e.,
ELBO) and we applied a minibatch update every time the agent executing 7 performed
16 steps in M. This allows the VAE to process at least 1/s of the new transitions collected
by sampling from the replay buffer (more details in Schaul et al. 2016). We fixed 7, to 0.4
as suggested by Schaul et al. [2016].

Annealing schemes. During training, we anneal different hyperparameters { to 0 or
1 according to the following annealing schemes: (i) we start annealing the parameters at
step to = 10%, (ii) if { € [0, 0], then { is annealed to 0 via §; = ¢ - (1 — 9;)"™", or (iii) if
{ €[0,1], then { is annealed to 1 via §; = { + (1 = ¢) - (1 = (1 = §,)' ™) for step t > 1,
and annealing term ;.

Unshared parameters. The list of hyperparameters used for the different
environments is given in Table 4. The activation function of all cells of the neural
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networks was chosen between relu and leaky relu, the learning rate of the optimizer
in [107%,107%], the regularizer scale factor a from {0.1, 1, 10, 100}, & in [0, 1], the values of
each annealing term in [107%, 107*], and we tested both loss- and bucket-based experience
replay buffers.

A.4 Labeling functions

The labeling functions ¢ we used for each environment are detailed in Table 2.

A.5 Reproducibility of the Results

Seeding. The code we provide allows for setting random seeds to run the experiments,
making the overall shape of the Figures we present in this paper reproducible. However,
the exact values obtained in each particular instance are not: our prioritized experience
replays (and those of TF-AGENTS) rely on REVERB replay buffers, handling randomness
via the ABSEIL C++ library! which does not allow for manual seeding. All other libraries
using randomness are seeded properly. The code for conducting and replicating our
experiments is available at https://github.com/florentdelgrange/vae_mdp.

B Details on WAE-MDPs Experiments

B.1 Setup

We used TensorFLow 2.7.0 [Abadi et al, 2015] to implement the neural network
architecture of our W?AE-MDP, TENSoRFLow ProBasBiLITY 0.15.0 [Dillon et al., 2017]
to handle the probabilistic components of the latent model (e.g., latent distributions
with reparameterization tricks, masked autoregressive flows, etc.), as well as TF-AGENTS
0.11.0 [Guadarrama et al., 2018] to handle the RL parts of the framework.

Models have been trained on a cluster running under CentOS Linux 7 (Core)
composed of a mix of nodes containing Intel processors with the following CPU
microarchitectures: (i) 10-core INTEL E5-2680v2, (ii) 14-core INTEL E5-2680v4, and
(iii) 20-core INTEL Xeon Gold 6148. We used 8 cores and 32 GB of memory for each
run.

B.2 Hyperparameters

WAE-MDP parameters. All components (e.g., functions or distribution locations and
scales, see Figure 3.11) are represented and inferred by feed-forward networks. All the

!https:/ /abseil.io
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CartPole MountainCar  Acrobot Pendulum LunarLander
activation leaky relu leaky relu relu relu relu
learning rate 107 107 107* 107 1074
RL policy DQN DQON DON (robust) SAC (robust) SAC
log, |S| 9 10 13 13 16
|| / / / 3 5
A 2/3 2/3 2/3 2/3 2/3
A5 1/2 1/2 1/2 1/2 1/2
AT / / / 1/2 s
i / / / s 1/

9, 10°¢ 107° 10°° 10°¢ 107¢
N, 2-107° 2-107° 2-107° 2-107° 2.107°
a 10! 10! 10 10! 10!

a, / / / 1 107!
S 107° 107° 7.5-107° 7.5-107° 107°
9p 5-107° 5-107° 7.5-107° 7.5-107° 5-107°
PER bucket bucket bucket loss loss

m 1/3 1/3 31071 3-107! 3-107!
I, 7-107° 7.5-107° 7-107° 107° 107°

£ 0 0 1/2 1/2 0

9, / / 1073 1073 /

Table 1: Hyperparameter choices for the different environments. We write A for the
temperature parameter used for the concrete relaxation of Bernoulli distributions when
X = S (resp. Categorical distributions when X = A). This corresponds to the encoder
distribution if i = 1 and the one of the latent transition function (resp. distilled policy) else,
if i = 2. PER stands for the kind of prioritized experience replay buffer used. Moreover,
we write a, for the scale factor of the action entropy regularizer where the final entropy
regularization term is « - (h(CI)) +a, - h(d)A)).

322



B. DETAILS ON WAE-MDPS EXPERIMENTS

Environment S C Description, for s € S £(s) =(ay, ..., a,, reset)
« s;: cart position
4 « sy cart velocity « a; = 1{s; > 1.5}: unsafe cart position
CartPole R « s3: pole angle (rad) « a; = 1{s3 > 0.15}: unsafe pole angle
« s4: pole velocity at tip
s.: position « a; = 1{s; > 1.5}: target position
MountainCar R? 17 posttl « ap = 1{s; > ~1/2}: right-hand side of the mountain
« s: velocity R
« a3 = 1{s; > 0}: car going forward
Let 0,,0; € [0, 2”] be 'th'e angles « a; = 1{—s; — 53-8 + 545, > 1}: RL agent target
of the two rotational joints,
e a; = 1{s; > 0}: 6; € [0,7/2] U [37/2, 2]
« 51 = cos(f)
. s, = sin(6)) e a3 =T{s; >0} 0; €0, 7]
Acrobot R® sz B cos(Gl) e ag = 1{s3 >0} 0, €[0,7/2] U [37/2, 2]
3TN o a5 =1{s, >0}: 0, €[0,7]
o 54 = sin(0,) L .
. « ag = 1{ss > 0}: positive angular velocity (1)
+ s5: angular velocity 1 a; = 1 {ss > 0}: positive angular velocity (2)
« s¢: angular velocity 2 77 e 205 P & Y
Let 0 € [0, 2] be the joint angle  « a; = 1{s; > cos(7/3)}: safe joint angle
3 « 57 =cos(0) o ay =T1{s; >0} 0 €[0,7/2] U [37/2,2r]
Pendulum — R* o _ Gin(6) v ay=1{s; >0} 0 € [0,7]
« s3: angular velocity « ay = 1{s3 > 0}: positive angular velocity
« s1: horizontal coordinates
« sy: vertical coordinates « a;: unsafe angle
« s3: horizontal speed « ay: leg ground contact
s « s4: vertical speed « as: lands rapidly
LunarLander R « s5: ship angle + ay: left inclination
« s¢: angular speed « as: right inclination
« s7: left leg contact « a4 motors shut down
« sg: right leg contact

Table 2: Labeling functions for the OPENAI gym environments considered in our
experiments. We provide a short description of the state space and the meaning of each
atomic proposition. Recall that labels are binary encoded, for n = |AP| — 1 (one bit is
reserved for reset, cf. Assumption 5).
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networks share the same architecture (i.e., number of layers and neurons per layer). We
use a simple uniform experience replay of size 10° to store the transitions and sample
them. The training starts when the agent has collected 10* transitions in M. We used
minibatches of size 128 to optimize the objective and we applied a minibatch update
every time the agent executing 7 has performed 16 steps in M. We use the recursive
e-perturbation trick of Huang [2020] with ¢ = 3/4: when an episode ends, it restarts from
the initial state with probability 1/s; before re-starting an episode, the time spent in the
reset state labeled with reset follows then the geometric distribution with expectation
¢/1-c = 3. We chose the same latent state-action space size as for VAE-MDPs, except for
LunarLander that we decreased to log, |S| = 14 and |A| = 3 to improve the scalability
of the verification.

VAE-MDPs parameters. For the comparison of Section 3.6, we used the exact same
VAE-MDP hyperparameter set as prescribed in Appendix A, except for the state-action
space of LunarLander that we also changed for scalability and fair comparison purpose.

Hyperparameter search. To evaluate our WAE-MDP, we realized a search in the
parameter space defined in Table 3. The best parameters found (in terms of trade-off
between performance and latent quality) are reported in Table 4. We used two different
optimizers for minimizing the loss (referred to as the minimizer) and computing the
Wasserstein terms (referred to as the maximizer). We used Apam [Kingma and Ba, 2015]
for the two, but we allow for different learning rates Apam, and exponential decays
ADAMg,, ADAMg,. We also found that polynomial decay for Apam, (e.g., to 10~ for 4-10°
steps) is a good practice to stabilize the experiment learning curves, but is not necessary to
obtain high-quality and performing distillation. Concerning the continuous relaxation of
discrete distributions, we used a different temperature for each distribution, as Maddison
et al. [2017] pointed out that doing so is valuable to improve the results. We further
followed the guidelines of Maddison et al. [2017] to choose the interval of temperatures
and did not schedule any annealing scheme (in contrast to VAE-MDPs). Essentially, the
search reveals that the regularizer scale factors f§ (defining the optimization direction)
as well as the encoder and latent transition temperatures are important to improve the
performance of distilled policies. For the encoder temperature, we found a nice spot in
Ay = 2/3, which provides the best performance in general, whereas the choice of Ay and
B are (latent-) environment dependent. The importance of the temperature parameters
for the continuous relaxation of discrete distributions is consistent with the results of
[Maddison et al., 2017], revealing that the success of the relaxation depends on the choice
of the temperature for the different latent space sizes.

B.3 Reproducibility of the Results

Code. The code for conducting and replicating our experiments is available at https:
/ /github.com/florentdelgrange /wae_mdp.
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Table 3: Hyperparameter search. Ay refers to the temperature used for W?AE-

MDP component X.

Parameter

Range

ApAM, (minimizer)
ApaM, (maximizer)
ADAMyg,

ADAMy,

neurons per layer
number of hidden layers

activation

B,

ﬁ Lp

Nyeg

o)

use e-mimic
Ap

Ay

Az

/1¢A

{0.0001, 0.0002, 0.0003, 0.001}
{0.0001, 0.0002, 0.0003, 0.001}
{0,0.5,0.9}

{0.9,0.999}
{64,128,256,512}

{1,2,3}

{ReLU, Leaky ReLU, tanh, %(ZHZ) — 1 (smooth ELU)}

{10, 25, 50,75, 100}
{10, 25, 50,75, 100}
{5,10, 15, 20}
{10, 20}
{True, False} (if True, a decay rate of 1075 is used)
{0.1,1/3,1/2,2/3,3/5,0.99}
{0.1,1/3,1/2,2/3,3/5,0.99}
Y|A]-1, Y(|A]-1)15
YA, V(A1)
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Table 4: Final hyperparameters used to evaluate WAE-MDPs in Section 3.6

CartPole MountainCar  Acrobot LunarLander Pendulum
log, |S| 9 10 13 14 13
|A4] 2=|A| 2=1A] 3=1A4] 3 3
activation tanh ReLU Leaky Relu ReLU ReLU
layers [64,64,64] [512,512] [512,512]  [256] [256, 256, 256]
ADAM,, (minimizer)  0.0002 0.0001 0.0002 0.0003 0.0003
ApAM, (maximizer) 0.0002 0.0001 0.0001 0.0003 0.0003
ADAMg, 0.5 0 0 0 0.5
ADAM/;2 0.999 0.999 0.999 0.999 0.999
IBLP 10 25 10 50 25
,BL!” 75 100 10 100 25
Mreg 5 20 20 15 5
S 20 10 20 20 10
£ 0 0 0 0 0.5
ps 1/3 1/3 0.1 0.75 23
Ay 1/3 2/3 2/3 2/3 2/3
Az 2/3 1/ 0.5 0.5 0.5
Aga / / / 1/3 1/3
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C The Wasserstein Believer: Supplementary Material

C.1 Proof of Theorem 30

Warm up: Some Wasserstein Properties

In the following, we elaborate on properties and definitions related to the Wasserstein
metrics that will be useful to prove the main claims.

Lemma 25: IPM constant

Let f: & —» R and d be a metric on X. Denote by

Lipsch = {f + f(x1) = f(x2) < K - d(x1, %2)}

the set of K-Lipschitz functions with respect to d. Assume that f is K-Lipschitz, i.e.,
fe LipscﬁK , then for any two distributions P, Q € A(X),

xl[EPf(xl)—xz[EQf(xz) <K-W;(P,0).

In the case where d = 1., for any bounded function g: X — Y with Y C R, we
have |Ey,-p §(x1) — Ex,~0 8(x2)| < Ky - Wi, (P,Q) = Ky - dry(P, Q), where Ky >
SUp,ex 1ECX)L.

In both cases, we call the smallest K (resp. Ky) the integral probability metric (IPM,
Miiller, 1997; Sriperumbudur et al., 2009) constant of the function f (resp. g).

Proof. Let f € Lipsch¥, and P,Q € A(X). Take f = f/k € Lipscﬁ;. Then, we have
that [Ep f —Eg f| = K - |Ep f — Eg f’| < K- Wy (P,Q). The reasoning is the same
for bounded functions g: let Ky > sup,.y|g(x)| and g’ = /K. It is clear that g’ is
one-bounded, i.e., [g’]., = sup,.y Ig’(x)| < 1. Recall that dry can be formalized as an
integral probability metric [Miiller, 1997], with drv(P, Q) = supjy o ][Ep f—-Eof |
(Definition 34). Then, we have that |[Epg— Eo g| = Ky - |[Ep g —Ep g’| < Ky -
drv(P, Q) = Ky - Wi (P, Q). O

Lemma 25 intuitively explains the occurrence of the constant Ky in the bound of
Theorem 30: since the value function is bounded by K3, given two distributions over
the discrete space S, the absolute difference in the value functions of the belief states is
bounded by Kj times the Wasserstein distance between the two distributions.

Since the value difference is computed in expectation (over histories drawn from Hz),
we introduce the following useful property of the Wasserstein distance:
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Lemma 26: Wasserstein in expectation

For any function f: Y x X — R so that X is equipped with the metric d, consider
the function g, : & — R defined as g,(x) = f(y,x). Assume that for any y € Y,
gy is Lipschitz (or simply bounded if d = 1.) and let K be the IPM constant of g,
Then, let D € A(Y) be a distribution over ) and P,Q € A(X) be two distributions
over X, we have E,-p |[Exle f,x1) — Ex,~0 f(y,x2)| <K-W;(P,0).

Proof. The proof is straightforward by construction of g,:

E|E,f0m)~ E fOx)

1~

=E
y~D

< [ED [K-W;(P,0)] (Lemma 25)
e

=K - Wy (P,Q)

E,s(0) - E g)

Model Quality Bound: Time to Raise your Expectations
Let us restate the theorem:

Theorem 30: Model quality

For any latent policy 77 : B — A(A), the values of P and P are bounded by the
local and belief losses in average when, in both models, the actions are produced by
7, which is conditioned on the latent belief induced by @, i.e., a ~ 7(- | ©*(h)):

- - L
E |[V*(h)-V*(h)| < —. (4.7)
h~H5 1—-y
Proof. The absolute value difference can be bounded by:
E |[V7(h) - V™(h)
h~H;

= E
h~H;

E E [R(s,a)+y E E V”(h-a-o’)}
s~T*(h) a~7(-|D*(h)) s'~P(-|s,a) o’ ~O(:|s’ ,a)

- E E [R(E,a)+y E E V”(h-a-o/)“
§~T*(h) a~7(|®*(h) §~P(-[5,a) o ~O(-[5")
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= E E
h~Hz a~7(-|®*(h))

E |[RGa)+y E E Vﬂ(h'a.O/)}
s~T*(h) §'~P([s,a) o' ~O(ls'.0)

- E
s~T*(h)

RGaty E E V”(h~a-o’)“
¥ ~P(-5,a) o’ ~O(|5)
(Jensen’s inequality)

E R(s,a)— E R(,a)

<E E [
~T () T (h)

" h~Hz a~7(|©*(h))

vl E E Vi(h-a-d)- E E E V'(h-a-o) ]
s~T*(h) s’~P(:|s,a) o’ ~O('|s’ ,a) 5~T*(h) §~P(-[5,a) o/ ~O(3")

(Triangle inequality)

+

For the sake of clarity, we split the inequality into two parts.
Part 1: Reward bounds

E R(G,a)— E RGa)
s~T+(h) s~T+(h)

= E E | E [R(s.a)—R(¢(s 0).a)]

oMy a7 (1D (W) s~T*(h)

E
h~Hz a~7(-|®*(h))

+ SN;E*(h) §~%E*(h) [R((ﬁ(s, 0),a) — R(5, a)] |

(o0 is the last observation of h; ¢ comes into play)

[R(s, a) — R(4(s,0), a)]

s~T*(h)

< E E
= ho~Hz a~7(-|®*(h))

+ E E [R(¢(s,0).a)— R a)

s~T*(h) 5~T+(h)

(Triangle inequality)
< E E E |R(s,a) — R(¢(s,0),a)|
= ho~Hz a~7(|O*(h)) |s~T*(h)
+| E E [R($s.0),a)— R a)]
s~T*(h) 5~T*(h)
(Jensen’s inequality)
T E E E |R(s,a) — R(¢(s,0),a)|

ho~H;z a~7(|@*(h)) s~T*(h)

s~£(h) §N%Ek(h) [R((ﬁ(s, 0),a) — R(5, a)]

+

E E
ho~Hz a~7(-|@*(h))
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=Lrp +

[ﬁ(g{)(s, 0),a) — R(3, a)] ( by definition of Lg)

E E
ho~Hz a~7(-|D*(h))

E E
s~T*(h) 5~T*(h)

=Lp +

E[[Rg(s.0).0) - R5..a)]

E E
ho~Hz a~7(-|©* (1)) |s~T*(h) 5~T *(h) .~ P*(h)

+[RGLa) - R a)]] ‘
(the belief encoder ® comes into play)

[ﬁ(qﬁ(s, 0),a) — R(5, a)]

=Lp +

E E E E
ho~H; a~7(|D*(h)) |s~T*(h) 5~@*(h)

+ E E [RGLa)-RGa)
5~T+(h) 51~ @*(h)

[R(4(s,0),a) — R(5, )] ‘

<Lp +

E E E
ho~Hyz a~7(|®*(h)) | |s~T*(h) 5~D*(h)

+ E [RGia)-RGa)

E
5~T*(h) S.~D*(h)

(Triangle inequality)

|

(Jensen’s inequality)

<Lp +

E E ’E(gi)(s’ O)’ Cl) - ﬁ(g’ a)‘

E
ho~Hz a~7(|D@*(h)) |s~T*(h) s~D*(h)

+| E E [RGiLa)-RGa)

§~T*(h) S~ ®*(h)

=Lp+ E E E E |[R(¢(s.0),a) — R(5,a)|
ho~Hz a~7(|®*(h)) s~T*(h) 5~D*(h)

+ R(31,a) — R(5,a)

E E E E
ho~Hz a~7(|®* (1) [5~T(h) 5.~ D*(h)

=L + L% + [ﬁ(gja a) - E(g’ (1)]

E E E
ho~Hz a~7(|®*(h)) |s~T*(h) 5L.~D*(h)

(by definition of LY, Equation 4.6)
<Lg + L% + , [I;{ Ryuax W; (?*(h), d)*(h)) (by Lemmae 25 and 26)

=Lg + L + RyaxL7;
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Part 2: Next value bounds
| E E E Vﬁ(h-a-o’)
s~T*(h) s’~P(-|s,a) o’ ~O(-|s’ ,a)

- E E E V(hao)
5~T*(h) ¥ ~P([5,a) o/ ~O([3")

vy E E
h~Hz a~7(|®*(h))

=Y

- E E E E E [Vi(h-a-d)- E V'(h-a-¢)
h~Hz a~7(-|D*(h)) | s~T*(h) s’ ~P(-Is,a) o’ ~O(:|s ,a) &' ~O(|¢(s",0"))

+| E E E E V'(h-a-?)

s~T*(h) s'~P(:|s,a) o' ~O(ls’.a) & ~O(|$(s’,0"))

- E E E Vﬁ(h-a'o/)”
§~T*(h) ¥~B([5.0) o' ~O(5") o
(¢ comes into play, as well as ©)

V’T(h-a~o')— E Vﬁ(hﬂ-é')

< v _
&' ~OClp(s".0))

- E E E E E
h~Hz a~7(-|D*(h)) Is~T*(h) s'~P(:|s,a) o’ ~O(|s’ ,a)

E E V'(h-a?)

+y E
s~T*(h) '~P(|s,a) o' ~O(ls’.a) & ~O(-|$(s’,0"))

- E E
h~Hz a~7(|D*(h))

-~ E E E Vi(h-ad)
§~T*(h) ¥~P([5.0) o' ~O(|5)

(Triangle inequality)

= y- E E E E E |Vi(h-a-d)- E V'(h-a-&)
h=~Hy a~7(|@*(h)) |s~T *(h) ¢ ~P(ls.a) o' ~OC s’ @) & ~OCIp(s',0")

E V'(h-a?)

+y E [ E
s~T*(h) Ls",0'~Pq(:|5,0,a) & ~O(-|¢(s’ ,0"))

- E E
ho~Hy a~7(|D*(h))

- E E V’T(h-aﬁ’)]
§~P(|¢(s,0).a) ' ~O([5")

+| E E E V© (h ca-o )

s~T*(h) 5 ~P(|p(s,0),a) o' ~O(|5")

- E E E Vi(ha)
5~T*(h) & ~P([5.a) o’ ~O(|5")

(0 is the last observation of h; P comes into play)

< vy Vi(h-a-d)- E Vﬁ(hwz-é’)

- E E E E E
h~Hz a~7(-|@*(h)) |s~T *(h) s'~P(Is,a) o' ~O(|s’,a) o/ ~O(|¢(s',0"))
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4y £ E | E [ E E V(h-a-¥)
ho~Hz a~7(:|®*(h)) [s~T*(h) Ls",0'~Pa(:ls,0,a) 6’ ~O(|$(s",0"))
- E E V(h-a-d)]
§~P(|¢(s,0).0) ' ~O([3")
+y- E E E E E V'(h-a-o)
ho~Hz a~7(|®*(h)) |s~T*(h) &' ~P(¢(s.0).a) o' ~OC|5")
- E E E V'(h-a-o)
5~T*(h) ¥'~P([5,a) o' ~O(3")
(Triangle inequality)
7 / \Vald A/
< v E E E E E |Vi(h-a-d)- E V'(h-a-&)
h~Hz a~7(:|®*(h)) |s~T*(h) s'~P(|s,a) o’ ~O(ls’.a) o/ ~O(|¢(s",0"))
+y- E E E E E V'(h-a-o)
ho~Hz a~7(|@* (1) s~T*(h)|5' ~¢Po(ls,0.0) o’ ~O(-|5")
- E E Vi(h-a-o)
§~P(|¢(s.0),0) o' ~O([3")
+y- E E E E Vi(h-a-o)
ho~Hz a~7z(-|®*(h)) [s~T*(h) 5 ~P(-|¢(s,0),a) o’ ~O(:|3")
- E E E V'(h-a o)
s~T*(h) & ~P(-[5,a) o’ ~O([3")
(by definition of ¢Pq and the Jensen’s inequality)
< v E E E Vi(h-a-o)- E V(h-a-¢)
h~Hz a~7(-|©*(h)) [s~T *(h) s'~P([s,a) o’ ~O(|s",a) & ~O(|¢(s",0"))
+y- E E E Ko -W;(¢Po(-|s,a),P(-| ¢(s,0),a
VB B o By K7 Wi (#Pal 15,00 P( | §(5.0).4)
+y- E E E E V'(h-a-o)
ho~Hz a~z(-|®*(h)) [s~T *(h) 5 ~P(|¢(s,0),a) o’ ~O(:|5")

- E E E Vi(hoa-o’)
5~T *(h) ¥~P(-[5.a) o/ ~O([5")

(by Lemma 26)
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IN

IN

Vi(h-a-d)- E V”(h-a-é’)l

y- E E E E E
h~Hz a~7(-|@*(h)) |s~T *(h) '~P(|s,a) o' ~O(|s’.a) o' ~O(|¢(s",0"))
+ YKV LP
+y- E E E _E E V'(h-a-o)
ho~Hz a~7z(-|®*(h)) [s~T*(h) 5 ~P(-|¢(s,0),a) o’ ~O(:|3")

- E E E V'(h-a-o)
§~T*(h) ¥ ~P(-|5,a) o’ ~O([3")

(by definition of Lp)
y- E E E E E |Vi(h-a-d)- E V'(h-a-&)
h~Hz a~a(1®* (1)) |s~T+(h) ¢ ~B(ls.a) o/ ~OCIS ) &~BE )
+ YKV Lp
/7T /
+y- E E E E E V'(h-a-d)
ho~Hz a~z(:|O*(h) | | s~T*(h) § ~P(-|¢(s,0).a) o’ ~O(-|3")
- E E E V”(h~a-o/)]
5~®*(h) ¥ ~P([5,a) o’ ~O(-|5")
+| E E E Vi(h-ad)- E E E V'(h-a-o) ‘
5~®*(h) ¥ ~P(5,a) o' ~O(-|3") $~T*(h) ¥~P([5,a) o’ ~O(-|5")
(the belief encoder ® comes into play)
vy- E E E Vi(h-a-d)- E V’T(h-a-é')
h~Hz a~7(-|©*(h)) [s~T*(h) s’ ~P(|s,a) o' ~O(|s",a) o' ~O(|¢(s",0"))
+ YKV Lp
+y- E E E E E V(h-a-o)
ho~Hz a~7z(-|®*(h)) [s~T *(h) 5 ~P(|$(s,0),a) o’ ~O(-|5")

- E E E V'(h-a-o)
5~®*(h) 5 ~P(-[5,a) o’ ~O(-3")

+y E Vﬁ(h-wo’)

E E
5~®*(h) ¥ ~P(5,a) o' ~O(-|3")

- E E
h~Hz a~7(-|D*(h)

- E E E Vﬁ(h-wo’)
5~T*(h) ¥~P([5.a) o’ ~O(|5")

(triangle inequality)
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< vy E E E E E [Vi(h-ad)- E V'(h-ad)
h~Hz a~7(-|©*(h)) [s~T *(h) s'~P([s,a) o’ ~O(|s",a) o/ ~O(|¢(s",0"))
+)/K‘7LP
+y- E E E E | E E V”(h-a-o’)]
ho~Hz a~7(|@* () s~T*(h) 5~ * () |¢ ~P(|(s.0).0) [0/ ~OC[5")

- E
§¥~P(-|5,a)

E V7(h- ~’]
o/ ~B(I5") (h-a O)‘

+y- E

E E V” (h ‘a- o/)
h~Hyz a~z(-|@*(h))

E E
5~D*(h) & ~P(-[5,a) o’ ~O(-|5")

- E E E V(had)
§~T*(h) ¥~P([5.0) o' ~O(|¥)

(Jensen’s inequality)

< vy Vﬁ(h-a-o’)— E V’T(h-a-é’)

- E E E E E B
h~Hz a~7(-|D*(h)) [s~T *(h) s'~P(:|s,a) o’ ~O(|s’ ,a) &' ~O(|¢(s",0"))

+ YKV Lp

+y- E E E E Ky;W;(P(|¢(s,0),a),P(-|5,a
Y ho~Hz a~7(|®*()) s~T*(h) s~D*(h) *. 1 (PC| §(s,0).a). (- | 5,0))

+y- E E E E E Vi(h-a0)
h~Hz a~7(:|©*(h)) |5~ D*(h) ¥ ~P(-[5,a) o’ ~O([3")
- E E E V'(h-a-d)
$~T *(h) ¥ ~P([5.a) o’ ~O(-|3")
(by Lemma 26)
=y E E E E E |Vi(h-a-d)- E V'(h-a-&)
h~Hz a~7(:|®*(h)) |s~T*(h) s'~P(|s,a) o’ ~O(ls’.a) o/ ~O(|¢(s",0"))

+yKy - (Lp + LY)

Ty

E Vﬁ(h-wo')

- E E E E E }
h~Hz a~7(-|®*(h)) [5~D*(h) |5 ~P(-[5,a) o' ~O(|5")

- [
5~T*(h)

E E V”(h-a‘o’)]
¥~P(-5,a) o/ ~O(|5")

(by definition of L®, Equation 4.6)
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IN

IN

IN

Y

- E E E E E
h~Hz a~7(-|®* (W) |s~T*(h) s'~P(ls.a) o' ~O(ls".a)

V’?(h-a-o’)— E V’T(h-a-é’)
F~B(IP(s"0'))

+yKy - (Lp +L7)

+y- E E Ko W, (T*(h), @*(h) by Lemma 26
Y hdty ar (Do) 7 d( (h), @*( ) (by )

y- E E E E E B
h~Hz a~7(-|©*(h)) [s~T*(h) s'~P([s,a) o’ ~O(|s",a) &' ~O(|p(s",0"))

+yKy - (LP + L(FD + L?) (by definition of Lz, Equation 4.6)

Vi(h-a-o)- E V”(h~a-6’)”

Vi(h-a-o) Vi (h-a-o
s~7[E(h)s/,o/~PE(~\s,o,a) ( ( a 0) ( 4o ))

+<V”(h o) - -Btifct 7riha 6,)>H

[V (h-a-o) —V”(h~a-o’)]’

vy E E
ho~Hyz a~7(-|D*(h))

+yKy - (Lp + LY + L7)

vy E E E E
ho~Hy a=7 (10 (1)) |s~T*(h) /.0’ ~PalCl5.0)

+y- E E E E Vﬁ(h-a-o')— E Vﬁ(h-wé')
ho~Hz a~7(|®*(h)) |s~T*(h) s.,0'~Pq(:[s,0.a) &~O(19(s".0))
+yKy - ( Lp + L(FD + L?) (triangle inequality)

[V (h-a-o) —V”(h-a-o’)]'

vy E E E E
ho~Hy a~7(1®*(h)) |s~T*(h) o' ~Pall5.0)

+y- E E E E
h.o~Hz a~7(-|D*(h)) s~T*(h) s'~P(:[s,a)
e |P(had)- £ T(had)
o'~O(|s".a) & ~O(1¢(s'.0"))
+yKy - (Lp + Lg’ +L7) (by definition of P and the Jensen’s inequality)

[Vﬁ(h~a-o/)—Vﬁ(h~a-o’)]

E E
s~T*(h) s’ 0’ ~Po(|s,0,a)

. 7 . / 3 A / /7
h,ogH,T a~;’r(-|ﬂc£1)*(h)) s~T[E*(h) s’~P[|E|s,a) KVdTV ((D( | S a) ’ O'E’,a (9( | ¢(5 0 ))>

+yKy - (LP + L(FD + L?) (cf. Lemmae 25 and 26)

vy E E
h,o~Hz a~7(-|D*(h))

+y
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. T a0 T P
Y h,oI]NEHﬁ aNE(-IH(EIJ*(h)) SNE(h)s’,n’NPE(-\s,o,a) [V (h ¢ 0) v <h ao )]’

+yKy - (Lp + Lg’ + Lz + L@) (by definition of L, Equation 4.5)
Vﬁ(h~a-o') —Vﬁ(h-a-o’)

IN

- E E E E
ho~Hyz a~7(-|®*(h)) s~T*(h) s’ 0’ ~Po(-[s,0,)
+yKy - (LP + L%D +Lz +Lo) (Jensen’s inequality)
ye E V()= V()] +yKy - (Lp + L® + L7 + Lo)
NHﬁ

(stationary property of Hz)

Putting all together. To recap, by Part 1 and 2, we have:
E VZ(h) = V*(h)| < Lr + LY + RyaxL7 +v - E V7 (h) — V" (h)|

+yKy - (Lp + LY + Ly + Lo)

E VZ(R) = V™ ()|-(1—y) < Lr + Ly + RyaxL7 + YKy - (Lp + Ly + L7 + Lo)

Lg + L +RyaxLy +vKy - (Lp + LY + Ly + Lo)
1-y

E [V7(h)-V7(h)| <
h~Hy
which finally concludes the proof. O

C.2 Hyperparameters

Table 5 provides the range of hyperparameters used in the search, along with the selected
values for each environment. The hyperparameter search was performed using OpTUNA
[Akiba et al.,, 2019]. Pre-training of the WAE-MDP involved collecting 10240 transitions
with a random policy and performing 200 training steps. These pre-training transitions
are taken into account in the reported results.

Additionally, Table 6 (for R-A2C) and Table 7 (for DVRL) present the specific
hyperparameters used for each algorithm. A grid search was conducted over all possible
combinations for both baselines. The hidden size of all neural networks was set to 128
neurons and two hidden layers (except for the sub-belief encoder, and the policy which
uses one) without further tuning. The experiments were carried out using 16 parallel
environments. The original implementation of DVRL and their version of R-A2C were
used in this study.

We ran the experiments on a cluster composed of Intel Xeon Gold 6148 CPU.
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follows:
*,

In the following tables the enviromnents are
STATELESSCARTPOLE , NOISYSTATELESSCARTPOLE
SPACEINVADERS &, NOISYSPACEINVADERS .

The t-SNE [van der Maaten and Hinton, 2008] presented in the main text, in Figure 4.9,
was obtained using cuML [Raschka et al., 2020]. Table 8 reports the hyperparameters that
were used. We used 50000 sub-belief-value pairs, sampled from a dataset of 1 million
timesteps collected at the end of the training.

represented  as
o, REPEATPREVIOUS

Table 5: Range of hyperparameter search and selection per environment.

Range v £ * LY *
WAE Updates per Belief Update 1-2 1 1 2 2 2
Activation function leaky relu, elu leaky relu  leaky relu ‘ elu elu relu
Activation function lipshitz leaky relu, tanh tanh tanh tanh  tanh leaky relu
Activation CNN leaky relu, elu elu elu
Policy config
Learning rate l.e-4, 3.e-4, 5.e-4 3.e-4 l.e-4 l.e-4 5e-4 5.e-4
Clip norm 1, 10 10 10 10 10 10
Belief config
Same opt as policy Yes, No Yes Yes Yes No No
Learning rate l.e-4, 3.e-4, 5.e-4 le-4 3.4
Loss factor l.e-1, 1.e-2, 1.e-3, 1.e-4, 1.e-5 le-1 l.e-4 l.e-5
Filter variance min l.e-2, 1.e-3 l.e-2 l.e-2 l.e-3 le-2 1le-2
Normalize log obs filter True, False False False True  True True
Sub belief prior temperature .5, 0.66, .75, .9, .99 0.66 0.9 0.66 0.99 0.99
Reward loss scale factor 0.1, 1, 10., 20., 50., 100. 0.1 20 100 100 100
Transition loss scale factor 0.1, 1., 10., 20., 50., 100. 50 100 50 50 100
Buffer size 4096, 8192, 16384 4096 4096 16384 4096 4096
N Critic Update 5,10 10 10 5 5 5
N State samples 16, 32, 64 32 64 32 32 32
N next state samples 16, 32, 64 32 64 64 16 32
‘WAE config
Latent state size ¥, &% : 5— 10, Others: 18 - 25 | 5 6 20 18 19
Minimizer learning rate l.e-3, 3.e-4,1.e-4, 5.e-5, 1.e-5 5.e-5 5.e-5 3.e-4 le-5 1l.e-5
Maximizer learning rate l.e-3, 3.e-4,1.e-4, 5.e-5, 1.e-5 5.e-5 5.e-5 l.e-3 3.e-4 le4
State encoder temperature 0.33, .5, 0.66, .75, .9, .99 0.33 0.75 0.66 0.5 0.5
State prior temperature 0.33, .5, 0.66, .75, .9, .99 0.75 0.75 0.5 0.75 0.75
Local transition loss scaling 10., 25., 50., 75., 80. 50 80 80 10 10
Steady state scaling 10., 25., 50., 75., 80. 80 80 100 25 25
N critic update 5,10 10 10 5 5 10
Batch size 128, 256 128 128 256 128 128
Clip grad 1, 10. 100. 100 100 100 10 10
State vs Obs reconstruction weight | 1, 2 2 2 2 1 1
Obs reg. min learning rate 1.e-3, 3.e-4,1.e-4, 5.e-5, 1l.e-5 5.e-5 l.e-4 l.e-3 5.e-5 5.e-5
Obs reg. max learning rate l.e-3, 3.e-4,1.e-4, 5.e-5, 1l.e-5 5.e-5 3.e-4 5.e-5 l.e-5 3.e-4
Obs reg. gradient penalty 50, 100, 500, 1000 50 50 1000 100 1000
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Table 6: R-A2C hyperparameters

‘ Range ‘ v - * o *
Opitmizer Adam, RMSProp RMSProp RMSProp Adam RMSProp RMSProp
Clip grad norm | 0.5, 1., 10. 1.0 10 10. 10 10
Learning rate 3.e-5, l.e-4, 3.e-4, 5.e-4, 1.e-3 | 5.e-4 l.e-4 5.e-4 l.e-3 l.e-3

Table 7: DVRL hyperparameters

Range v * * o *
Optimizer Adam, RMSProp Adam Adam RMSProp RMSProp RMSProp
Clip grad norm 0.5, 1., 10. 10.0 1.0 1.0 10 0.5
Learning rate 3.e-5, 1l.e-4, 3.e-4, 5.e-4, 1.e-3 | 5.e-4 l.e-3 3.e-4 l.e-3 l.e-3
Encoding loss factor | 1,.1,.5,.05 0.5 1.0 1.0 1.0 0.05
Number of particles | 5,10,15 10 3 10 5 5

Table 8: t-SNE hyperparameters

Method FFT
Perplexity 10
N Neighbors 50
Metric Manhattan
Learning rate 2400
Early exaggeration 50
Late exaggeration 3
Exaggeration iter 300

D Synthesis from DRL components

D.1 Details on the Experiments

In this section, we give additional information on the setting used during the experiments
presented in Chapter 5.

Grid world. Figure 1 shows a 3 x 3 grid environment where each room is composed
of 20 x 20 cells.

Hyperparameter search. To train our WAE-DQN agent, we ran 4 environments in
parallel per training instance and used a replay buffer of capacity 7.5-10°. We performed
a grid search to find the best parameters for our WAE-DQN algorithm. Table 9 presents
the range of hyperparameters used. In particular, we found that prioritized experience
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; ===z @ === ? = W ? ===z @ ===

; === @ === B === & === B === @ ===

Figure 1: Environment for N = 9 rooms of 20 x 20 cells. The agent is depicted in yellow
(top left), adversaries in red, power-ups as cherries, and the goal at the bottom right.
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(a) Goal reached per episode. (b) Failures (adversaries hit) per episode.

Figure 2: A more detailed version of Figure 5.8, where the WAE-DQN performance is
specified per direction.

replay Schaul et al. [2016] and a categorical Q-network Bellemare et al. [2023] did not
improve the results in our grid-world environment significantly. We used a batch size
of 128 for the WAE-MDP.

For synthesizing the high-level controller, we used the hyperparameters that worked
the best for each specific direction. We used the same parameters for the DQN training
instances shown in Figure 5.8. Additionally, with Figure 2, we provide a more detailed
version of the figure, showing the results of each latent policy for each specific direction.

For the MADE to model the latent entrance function, we used a dataset of size 25600,
and the training was split into 100 epochs (i.e., the model performed 100 passes through
the entire dataset) with a learning rate of 1073, We used a batch size of 32 or 64, and two
hidden layers, either with 64 or 128 neurons.
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Table 9: Hyperparameter range used for (WAE-)DQN. Parameters in green worked best
on average. For details about the WAE-MDP parameters, see Appendix B.

Parameter Value
Common to DQN and WAE-MDP
Activation {ReLU, leaky ReLu, ELU, tanh, sigmoid}

# Hidden layers per network
# Neurons per layer

CNN filters (3 layers)

CNN kernels (3 layers)

{1,2,3}

{128,256, 512}
{3-55-573->3->3}

{32 > 64 — 16,64 — 32 — 16}

Use Boltzmann exploration
Boltzmann temperature

Use e-greedy exploration (decay to e = 0.1)

Target update period

Target update scale (« in Algorithm 8)
Reward scaling

Learning rate

Batch size

Use double Q-networks van Hasselt et al. [2016]

{Yes, No}
{0.25,0.10,0.75, 1, 10, 100}

{Yes, No}

{1, 250,500, 1000}
{10%,5-107,10%,5-107%}
{1,10,25, 100}
{6.25-107°,107,2.5-107%,107° }
{32,04,128}

{Yes, No}

Latent state size (power of 2)

State embedding function temperature
Transition function temperature
Steady-state regularizer scale factor
Transition regularizer scale factor
Minimizer learning rate

Maximizer learning rate

State embedding function learning rate
# critic updates

State reconstruction function

{12,13, 14,15}
{1/3,1/2,2/3,3/4,0.99}
{1/3,1/2,2/3,3/4,0.99}
{10, 25, 50, 75}
{10, 25, 50, 75}
10°4,5-1074, 107
1074,5-1074, 1073
10%,5-107%,1073
{5,10, 15}
{L., binary cross entropy (for M)}
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A
A2C, 74
abstraction quality, 141
PAC bounds, 148, 158
acceptance condition, 86
action lifting, 137
activation function, 55
ReLU, 55
sigmoid, 55
actor, 70
-critic, 73
Adam, 56
adaptive learning rate, 55
advantage, 73
almost sure event, 28
aperiodicity, 43, 45
autoregressive density, 194
average
episode length (AEL), 72, 149
reward, 56

B
base, 37
batch, 55
Bayes rule, 31
behavioral
model, 161
policy, 54
e-greedy, 65

Index

Boltzmann, 65
belief, 213
MDP, 214
update function, 214
Bellman
equation, 47
error, 50
MSBE, 66
operator, 49, 59
Bernoulli, 171
multivariate, 194
relaxed, 172
bias, 55
bisimulation
between MDPs, 119
bounds, 140
distance, 130
fixed point interpretation, 129
kernel, 130
pseudometric, 130
quotient, 123
relation, 119
Boltzmann
policies, 65
temperature, 65
bootsraping, 73
Borel measure, 29
BSCC, 41
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C

cells, 55

compact plan, 258
latent, 263

consistent histories, 228

continual RL, 56

contraction mapping, 50

coupling, 125

critic, 73

cylinder set, 37

D
decoder, 163, 165, 173
deep

MDPs, 138

RL (DRL), 55
density function, 30
Dirac, 28, 167, 213
direction, 245
discounted properties, 101
discrete distribution, 29
distance, 124
distillation, 161
distortion, 164
DKL, 124
DON, 66

rainbow, 70

target

network, 68
value, 66

DRA, 87

acceptance condition, 86

drift, 75

E
earth mover’s distance, 127
edge, 246
ELBO, 164
local, 168

enabled actions (in an EC), 91

encoder, 161, 164, 193

end component (EC), 91
entrance
function, 245
latent, 264
loss, 264
entropy, 162
regularization, 173

episode, 57

episodic
process, 57
return, 57

value difference bound, 145
episodic process, 56
epsilon (e-)greedy, 65
epsilon (e-)perturbation trick, 62
equivalence class, 118
ergodicity, 43, 45, 61
event, 28
almost sure, 28
measurable, 28
exit function, 245
expectation, 30
conditional, 31
expected return, 46
experience replay, 68
prioritized, 70, 175
exploration vs. exploitation, 54

F
feed-forward network, 55

G
generalized policy iteration, 70
gradient step, 55
graph, 246
neighbors, 246
Gumbel
distribution, 170
samples, 170
softmax, 170
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H
Harris chain, 44
recurrent, 44
hidden layers, 55
hierarchical controller, 248
hierarchical model, 245, 246
high-level map, 245
history (in a POMDP), 213
consistent, 228
unfolding, 219
Hoeftding’s inequality, 155
Hutchinson, 127

I

importance sampling, 76, 175
weight, 175

infinitely often (visited states), 42

integral probability metric (IPM), 127

irreducibility, 43

J

Jensen’s inequality, 144

K
Kantorovich, 126
Kullback-Leibler (KL) divergence, 124

L
latent
belief, 222
belief encoder, 218
compact plan, 263
entrance function, 263, 264
MDP, 137
policy, 137
POMDP, 217
space model, 137
learning rate, 55
lifted latent policy, 222
linear program, 48, 85
Lipschitz

function, 126
liveness, 108
local losses, 140
location-scale distribution, 172
logistic
distribution, 172
function, 176
loss function, 55
LTL, 79
model checking, 94
PAC learnability, 97
semantics, 80
syntax, 80
synthesis, 93

M
MADE, 195
MAF, 194
Markov chain (MC), 32
(a)periodic, 43, 45
BSCC, 41
Harris recurrent, 44
irreducible, 43
limiting behaviors, 40
occupancy measure, 40
stationary distribution, 40
transient distribution, 40
with restarts, 45
Markov’s inequality, 147
maximal end component (MEC), 92
MDP, 32, 35
continuous, 32
episodic, 56
partially observable, 207, 213
plan, 253
product with DRA, 89
terminal, 58
unknown, 54
Mealy machine, 34
mean
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-payoff, 56
recurrence time, 149
memory of a policy, 34
meta-information, 69
metric space, 124
mini-batch, 55
mirror descent, 70
model checking, 78, 82
LTL, 88, 94
VLC, 111
Monge, 127
monotone mapping, 50
Monte Carlo estimation, 55
MSBE, 66

N

neighbors (graph), 246

neural network, 55
feed-forward, 55

neurons, 55

normal distribution, 170

o
observation loss, 225
occupancy measure, 40

omega (w-)regular properties, 86

on/off-policy algorithm, 54
optimal transport (OT), 125
optimizer, 56

Adam, 56

RMSprop, 56
outcome, 28

P
PAC, 65
learnability, 99
parity
automaton, 112
condition, 113
path (graph), 246
PER, 70, 175

bucket-based, 175

loss-based, 175
periodicity, 43
persistence, 108
planner, 248
policy, 34

behavioral, 54

encoded as a Mealy machine, 34

gradient, 71

latent, 137

Markovian, 34

memory, 34

proper, 255

stationary, 34
policy gradient theorem, 71
policy iteration (PI), 52, 86

generalized, 70
POMDP, 207, 213

refined, 216
Portmanteau theorem, 167
posterior collapse, 173
posterior distribution, 163
PPO, 75
prefix (of a trajectory), 37
priority exponent, 175
probability

measure, 28

space, 28

product of an MDP with a DRA, 89

proper policy, 255
pseudo-polynomial, 51
pseudometric, 128

Q

0-
learning, 64
network, 66
table, 64
value, 46
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R

Rabin
automaton, 87
chain, 112

random variable, 29
density, 30
expected value, 30
variance, 30

rate, 164

raw transition metric, 182
reach-avoid objectives, 245

reachability
discounted, 105
high-level, 247
in LTL, 82
in VLC, 105

recurrent Harris chain, 44
relaxed Bernoulli distribution, 172

RelU, 55

reparameterization trick, 170
representation quality, 152

reset, 56
return, 46
RL, 54
continual, 56
episodic, 56
RMSprop, 56
RNN, 209
room, 245
Rubinstein, 126

S
safety, 106

low-level, 247
sample space, 28
SGD, 55
sigma (o)-algebra, 28
sigmoid, 55

soft actor-critic (SAC), 73

softmax, 65

sparse rewards, 53
state embedding, 137
stationary distribution, 40
over histories, 219
steady-state regularizer, 187
stochastic shortest path problem, 84
straight-through gradients, 193
sub-belief, 232
encoder, 233
sufficient statistic, 214
supremum norm, 50
syntactically contractive operator, 102
synthesis, 79
from deep RL policies, 241
LTL, 93
reachability, 85

T
target network, 68
update rate, 68
temperature
Boltzmann, 65
relaxed distributions, 170
terminal
MDP, 58
state, 58
total variation, 127
trace, 33
distribution, 162
trajectory, 33
prefix, 37
transient distribution, 40
transition regularizer, 187
transport plan, 125
TRPO, 75

U
undiscounted return, 58, 72, 84
unknown environment, 54
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Vv
VAE-MDP, 165
value function, 46
episodic, 57
in VLC, 103
value iteration (VI), 49, 86
variable valuation, 103
variance, 30
variational
architecture, 164
inference, 163
vertex, 246
VLC, 101

linear properties, 105, 109

liveness and persistence, 108

model checking, 111
reachability, 105
safety, 106
semantics, 103
synthax, 102

w
WAE, 183
-MDP, 185
objective, 187
Wasserstein, 126
WBU, 211
weights, 55
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